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PREFACE TO THE ENGLISH EDITION 


THE AUTHOR of a book is not, of course, in a position to judge its merits. 
I trust that I shall not seem to overlook this fact if I express my hope that 
the appearance of an English edition of my book will prove useful. Perhaps 
I need only mention that the existence of a translation will make it possible 
to learn of the results obtained by Soviet physicists, which are still little 
known outside the U.S.S.R. For an example, it is sufficient to consider the 
recently published very complete book by Dr. K. G. Budden, Radio Waves 
in the Ionosphere, Cambridge 1961. In this book, out of 243 references to the 
literature, there is only one to Soviet work, and the date is 1948. In the 
present edition of my own book, out of a total of over 500 references, some 
240 are to the work of Soviet authors. The ratio of the numbers of referen- 
ces may be some reflection of the quantities of scientific results concerned, 
though it must not be forgotten that many problems have been independently 
resolved in different countries. 

The book certainly contains only a selection of the available material, on 
account of the inclination, mentioned in the Prefacc to the Russian edition, 
to attempt not a complete exposition but an account of those problems with 
which the author is best acquainted. This has led to some weaknesses in the 
book, of which I am fully conscious. For cxamploc, no discussion is given of 
such important problems as wave propagation in the presence of various (in 
particular, statistical) inhomogeneities; in plasmas in the presence of beams, 
and generally in non-equilibrium conditions; and in bounded systems (in the 
presence of walls, etc.) Moreover, insufficient attention is given to the allow- 
ance for spatial dispersion in the propagation of waves in various media, 
and particularly in plasmas. 

If I were rewriting or revising the book now, I should modify it very con- 
siderably, and, I hope, thereby improve it. Lack of time, however, has preven- 
ted me from making any extensive changes in the present edition. Apart from 
a few minor comments and corrections of misprints, therefore, I have merely 
asked for the addition of translations of tliree recent papers and appended 
a further list of references. It should be borne in mind that these added 


xiii 


xiv Preface to the English Edition 


references do not appear in the text itself and are included simply to assist 
the reader. 

Finally, my sincere thanks are due to the translators, Dr. Sykes and 
Dr. Tayler, for the trouble they have taken and for a number of useful com- 


ments. 
V. L. GINZBURG 


PREFACE TO THE RUSSIAN EDITION 


Iw recent years increasing attention has been given to plasmas, plasma dyna- 
mics, and various processes occurring in plasmas. An important problem in this 
field is the study of the propagation in plasmas of electromagnetic waves of 
various types (radio waves, plasma waves, hydromagnetie waves, etc.). A 
particular case of this is the behaviour of a plasma, i.e. an ionised gas, in an 
electromagnetic field which is uniform in space but variable in time. 

The present book deals with sueh problems, which are of importance in the 
theory of radio wave propagation in the Earth's ionosphere, in radio astro- 
nomy and astrophysies, and in the physies of laboratory plasmas. 

The study of wave propagation in plasmas involves a great number of 
different problems and various forms of these problems. The relevant litera- 
ture is very extensive, especially if kindred problems of plasma physics are 
ineluded. It must be emphasised that no attempt is made here to review this 
literature. The author has tried rather to discuss as simply as possible some 
of the fundamental results, in partieular for problems which he himself has 
helped to investigate. Thus neither the exposition of the material nor the list 
of references can lay claim to completeness. However, there seems to be 
no book, Russian or other, in which wave propagation in plasmas is discussed 
in even the amount of detail given here. The publication of this book would 
therefore seem to be justified. In compiling it use has been made, where pos- 
sible, of the material contained in the author's carlier book Theory of Radio 
Wave Propagation in the Ionosphere (1949) and in the second part of the 
book by the author, Ya. L. Al'pert and E. L. Feinberg, Radio Wave Propa- 
gation (1953). 

In order to assist the reader and to make the book more useful for reference, 
certain formulae have been repeated in different sections, and two sections 
are devoted to the collation of the principal results. Moreover, the list of 
references includes some original and review articles on subjects which are 
discussed only briefly or not at all in this book. The most important problem 


f Both are in Russian— Translators. 
xv 


xvi Preface to the Russian Edition 


omitted concerns the propagation of waves in the presence of statistical 
inhomogeneities. 

The author's thanks for useful comments and advice are due to E. A. 
Benediktov, B. N. Gershman, A. V. Gurevich, N. G. Denisov, V. V. Zhelez- 
nyakov, N. A. Mityakov, M. S. Rabinovich and V. P. Silin. 


V. L. GINZBURG 
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NOTATION} 


(number) density of electrons 

electron density at maximum of layer 

density of neutral particles (atoms, molecules) 

density of positive ions 

density of negative ions 

density of ions 

temperature of plasma or (whcre the ion and electron temperatures 
are not equal) ion temperature (always given in degrees Kelvin) 

electron temperature 

length of pulse and period of oscillation (mainly in § 21) 

mass of heavy particles (ions, atoms and molecules) 

wavelength 

wavelength in vacuum 

defined by (10.1) 

circular frequency 

frequency 

plasma frequency 

complex frequency; p = iw’ = iw — 

damping coefficient (E = Eye’! - e-y*) 

electric field 

magnetic field 

magnetic induction 

microscopic fi lds 

external (constant) magnetic field 

electric induction (electric displacement) 

=E,+iH#, (11.10) 

Fourier transform of E 

polarisation of the medium 

electric field potential (for a potential field E = — grad d) 

conduction current density 

total current density due to the motion of charges 

density of ‘‘free charges”; also, density of microcharges 

mean density of microcharges 

complex permittivity 

permittivity 

conductivity 

respectively permittivity, 
conductivity and complex permittivity tensors 


+ Symbols which occur only rarely are not given. In many cases suffixes also are 
omitted (for instance, in the text cross-sections are denoted by q with appropriate suffixes 
m, i, etc., but only the symbol q is given here). The quantities denoted by the same 
letter do not usually appear in the same section. The charge and mass of the electron, 
the velocity of light and the quantum constant arc denoted, as usual, by e, m, c and h. 
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Notation 


index of refraction; suffixes 1, 2, 3 to n and other quantities pertain 
to the extraordinary, ordinary and plasma waves respectively 

(used when c = 0) 

index of absorption (damping) 

Boltzmann’s constant = 1-38 x 10-*erg/deg (usually in the ex- 
pression x T) 

coefficient of absorption 

depths of modulation and cross-modulation (only in $39) 

(magnetic) permeability 

defined by (8.46) 

optical thickness 

relaxation time; free time 

collision frequency; suffixes m and 7 pertain to collisions with mole- 
cules and ions 

effective collision frequency 

velocity 

mean velocity 

= vlc 

= («T [me?) 

energy 

mean fraction of energy transferred from electron to heavy particle 
in one oollision 

value of 6 for elastic collisions 

kinetic energy of electrons 

mean free path 
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time 

radius vector 

wave vector (ky = wn/c, q = wx/c = iu) 

collision integral 

distribution function 

symmetrical and unsymmetrical parts of the distribution function 

Maxwellian distribution function 

deviation of the distribution from its equilibrium value 

Debye length (= y(xT/8z eN) for T, — T and N, = N) 

= lóz D'N = 2x T Die? 

element of solid angle 

angle of scattering 

angle between normal to wave front and z-axis 

value of 0 at boundary of layer (angle of incidence); in §§ 19 and 20 
o«(z) = sin 0(z) and o, = sin 6, 

cross-section 

= (c/w) ð Pð y = ck,/w 

= (c/w) ð Y'|0 z = (n — tx) cos0 (§ 29) 

phase velocity 

group velocity 

angle between wave vector k and external magnetic field H® 

angle between H and z-axis (only in § 29) 

electron gyration frequency 

ion gyration frequency 

modulation frequency (only in § 39) 
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coefficients in the wave equations (11.3) for a magnetoactive plasma 
polarisation coefficients for the normal waves 1 and 2 

electron pressure 

ion pressure 

density of the medium 

unperturbed density of the medium 

velocity of sound 


(this letter also denotes the variable (17.2)) 


quantity appearing in expressions such as E = Eye~*” "i 
= d¥/dz, etc. 

wave phase 

amplitude coefficient of reflection 
amplitude coefficient of transmission 
flux of electromagnetic energy 
critical frequency 

half-thickness of parabolic layer 
apparent height 

optical path 

group path 

phase delay time 

group delay time 


CHAPTER I 


THE FUNDAMENTAL THEORY OF 
ELECTROMAGNETIC WAVE PROPAGATION 
IN PLASMAS 


$1. GENERAL INTRODUCTION. THE PLASMA 
PARAMETERS IN VARIOUS CASES 


Various eases of wave propagation in plasmas 


THE PROPAGATION of electromagnetic waves in plasmas (that is, in partly 
or completely ionised gases) occurs in a number of problems. The most im- 
portant of these are the following. 

The propagation of radio waves in the upper layers of the Earth's atmos- 
phere (the ionosphere). 

The propagation of various low-frequency electromagnetic waves in the 
ionosphere and the adjoining regions of interplanetary space. 

The propagation of radio waves, of cosmic origin, in the Sun's atmosphere, 
in nebulae, and in interstellar and interplanetary space. These waves are 
studied by the methods of radio astronomy. Similar cases are the propagation 
of waves used in obtaining radar echoes from the Moon and planets, and com- 
munieation with distant artificial Earth satellites, space rockets, etc. 

The propagation of low-frequency (hydromaguetic and acoustic) waves in 
cosmic conditions. 

The propagation of plasma waves in cosmic conditions (in the solar corona, 
etc.) and in the Earth's ionosphere. 

The propagation of various kinds of clectromagnetic waves in plasmas 
generated in the laboratory (in studies of gas discharges, in apparatus for 
work on controlled thermonuclear reactions, etc.). 

Since almost all matter in the universe is in the plasma state, the whole 
of optical astronomy is also concerned with the propagation of electromagnetic 
waves in plasmas. In the optical region of the spectrum, however, the essential 
properties specific to plasmas do not appear at the densities occurring in stellar 
atmospheres. We shall therefore not discuss waves in the infra-red region of 
the spectrum or at shorter wavelengths. 

The concept of a plasma is appropriate and useful not only for a gas but 
also in considering ccrtain properties of solids (metal optics, discrete energy 
losses in solids, cyclotron resonance in semiconductors when therc are numerous 
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current carriers). However, we shall also leave out of consideration this group 
of phenomena, which pertain rather to solid-state physics. 


Plasma parameters 


The plasmas found in Nature or in the laboratory are characterised by 
parametcrs which may vary by many orders of magnitude. For example, 
the electron density N in the interstellar medium is usually between about 
10-3 and 10 per em?, the latter value occurring in interstellar gas clouds.f 
In the solar corona N is between about 10* and 3 x 108, in interplanetary 
space between about 1 and 104, the latter value occurring in the most powerful 
corpuscular emissions from the Sun. In the Earth’s ionosphere N is between 
about 10? and 3 x 108; in apparatus for the utilisation of controlled thermo- 
nuclear reactionstt N ~ 1015, and for various types of gas-discharge apparatus 
a typical value is N ~ 10. Finally, the density of conduction electrons in 
metals is N ~ 3 x 10??, and this is the density which is involved when the 
concept of a plasma is applied to metals. 

Another plasma parameter is the density N,, of neutral particles or the 
degree of ionisation r — N/N,,. In the Earth's ionosphere we have in the 
lower D layer N,, — 10% and r — 107 to 10-??, in the E layer Np ~ 1022 
and r ~ 10-7, and in the F layer Nn less than about 10° and r less than about 
10-4. (The structure of the ionosphere is discussed in § 30.) In the solar corona 
Nm is practically zero, i.e. r = co; elsewhere in the universe N,, is sometimes 
much less than N, but often (except in the neighbourhood of hot stars) N « Nm, 
ie. the gas is only slightly ionised. 

If only positive ions are present in the plasma, their density N, — N in 
the conditions of quasineutrality which usually hold. If negative ions also 
may be present, then N, = N + N_ (we assume for simplicity that all ions 
are singly charged), and N_/N, or N /N is a further parameter. 

The free path of the particles also varies in accordance with the difference 
in density, and over about the same range. 


The temperature of various plasmas is as follows. All temperatures throughout the book 
are given in degrees Kelvin. 


Earth's ionosphcre T ~ 300 to 3000 

Interstellar gas (weakly ioniscd regions) T — 100 
(strongly ionised regions) T ~ 103 

Solar corona T ~ 108 


In experimental apparatus for studying controlled thermonuclear reactionstf T ~ 108 
to 10’. When such machines are used for power generation the temperature will probably 
be 108 to 10? degrees. 


t All numerical values given are only approximate. 

Tf Rendiconti del Terzo Congresso Internazionale sui Fenomeni d’Ionizzazione nei Gas, 
Venice, 11-15 June 1957; Proceedings of the Fourth International Conference on Ionization 
Phenomena in Gases, Uppsala, 17-21 August 1959 (North Holland Publishing Co., Amster- 
dam 1960). 
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By giving the temperature as a plasma parameter we assume, strictly speaking, that 
the plasma is in equilibrium (or, more precisely, we assume that the particles in it have 
a Maxwellian velocity distribution). In fact, however, many formulae to be derived below 
are within certain limits independent of the form of the particle velocity distribution, 
or depend on it only slightly. In other cases the ion and molecule velocity distribution 
is unimportant. In § 8, moreover, we shall consider a two-temperature plasma, in which 
the electrons and ions both have Maxwellian velocity distributions, but with different 
temperatures. Nevertheless, we can say that in general the plasmas considered in this 
book are always assumed to be in equilibrium or quasiequilibrium in velocity space. This 
restriction is very important since, when the plasma contains various currents and beams 
of particles (i.e. when the particle velocity distribution function is quite markedly asym- 
metrical) the propagation of waves in the plasma acquires qualitatively different properties. 
The most important of these is that, when beams are presént, waves in the plasma may be 
either damped or amplified in the course of propagation. In other words, when beams 
are present, the plasma is in general unstable: perturbations (waves) generated in it for 
any reason are amplified with time, in a linear approximation. It is clear from the above 
that all such phenomena will be ignored in what follows. Moreover, we shall understand 
by the term plasma without further qualification not any plasma, but only one in which 
(in the absence of an electric field) the velocity distribution either is an equilibrium dis- 
tribution (a plasma with temperature T or differs only slightly from an equilibrium or 
quasiequilibrium state (a two-temperature plasma, etc.). 


Plasma properties 


The above-mentioned property of plasmas, namely the great range of 

variation of the parameters, leads to another property, which is important 
in the study of wave propagation. A plasma is often highly inhomogeneous, 
so that the propagation of waves takes plaee in media whose parameters vary 
from point to point. Of course, inhomogeneous media oceur in other problems 
also, but usually there are sharp boundaries; relatively slight and smooth 
changes in the properties of the medium are found much more rarely. In 
plasmas, on the other hand, sharp boundaries scldom appear, and the typieal 
situation is the existence of smooth and very large changes in the propertics 
of the medium. These changes are often so large that the permittivity e changes 
sign. 
A third characteristic property of plasmas is, indeed, the faet that they 
furnish without especial diffieulty a medium with ¢ ~ 0 and weak absorption. 
This leads to the possibility of plasma waves whieh are only very slightly 
damped, and to certain other important features. l 

A fourth property of plasmas is the marked change in their behaviour 
brought about by the action of a constant magnetic ficld. As a result of this, 
even magnetic fields (such as the Earth’s field) which are very weak by ordi- 
nary standards may considerably alter the propagation of waves in the 
Earth’s ionosphere and elscwhere. m" 

A fifth property of plasmas is the appearance of non-linearity of their 
electromagnetie propertics even in fields which are quite easily obtained. 
This leads to phenomena of non-linear interaction (cross-modulation, etc.) of 


]* 
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waves propagated in a plasma. In other media (except ferromagnetics, ferro- 
clectrics, etc.), non-linear effects occur only in very strong fields. 

Of course, the selection of just five properties of plasmas is somewhat 
arbitrary, but itis undeniable that plasmas have many distinctive properties. 
It is therefore reasonable to consider various problems of plasma physics 
independently, as has long been done in practice, and in particular the pro- 
pagation of electromagnetic waves in plasmas. 


$2. FUNDAMENTAL EQUATIONS. THE NATURE 
OF THE APPROXIMATIONS USED 


The field equations 


Our problem is to give à quantitative discussion of the propagation of 
electromagnetic waves in plasmas. In most cases the wavelength A4 is much 
greater than the mean distance F ~ N^? between electrons or ions, even for 
the shortest radio waves involved. For, in wave propagation in the ionosphere 
and the solar corona, N z; 10? and r zx; 0-1 em, whereas the waves mainly 
considered have 4 greater than 1 metre. Thus the condition À > 7 must hold 
for radio waves almost everywhere except in interstellar space. This case 
will be discussed in $37; elsewhere in the book we shall suppose that the 
above condition is satisfied. For the same reason we can and must discuss 
the propagation of electromagnetic waves in plasmas on the basis of the usual 
phenomenological equations of macroscopic electrodynamics: 


i , 

cull = 523g 19 py (2.1) 
` C Cc 

divD —47z0, (2.2) 

eun E = — — 1, (2.3) 

div H — 0, (2.4) 


where E and H are the electric and magnetic field vectors, D the electric 
induction (electric displacement) vector, j the current density and o the density 
of “free charge". We shall always use the absolute Gaussian system of units 
and the customary notation. 

Equations (2.1) and (2.3) presuppose that all variables are harmonic func- 
tions of time, i.c. are proportional to e'®, This factor will often be omittcd in 
what follows. Non-harmonic processes in which the principle of superposition 
holds can be discussed by cxpanding all quantities as Fourier series or integrals. 

Moreover, in equations (2.3) and (2.4) and everywhere below, the magnetic 
induction B is replaccd by the magnetic field H, since the magnetic per- 
meability of plasmas is practically equal to unity (sce $3). Taking the curl 
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of equation (2.3), and using (2.1) and the identity curl curl E = — AE + 
+ grad div E, we have 


4ni 





w? 2 : 
— curl eurl E + = (» — i] = A E — grad div E + Edd (» = an) =0. 
e w 
(2.5) 
In order to use equations (2.1)-(2.4) or (2.5) to solve problems of electro- 
dynamics, the way in which D and j depend on E and H must be given. If 
the effect of a eonstant external magnetic field on the properties of the plasma 
is neglected, D and j depend only on E and are parallel to it (if the medium 
is isotropic), i.e. 
D=cE, j-—cE, (2.6) 


where e is the permittivity (dielectric permeability or dielectric constant) 
and o the conductivity. When the effeet of an external magnetic field is taken 
into account the medium becomes anisotropic (magnetoactive), and D, j 
and E are related by the more general linear formulae 


D;—e£& Ey, Ji= Oir Er (i,k = 1, 2,3), (2.7) 


where summation over repeated suffixes is understood; D, = D,, D, = D}, 
D, = D,, etc. Furthermore, the permittivity and eonductivity tensors ¢;; 
and o;, depend on the external magnetie field HO. 

The field equations (2.1)-(2.4) involve the total fields from all sources, 
and, since &; and o;, in (2.7) depend on the external magnetic field, these 
equations may formally be regarded as non-linear. However, in the theory of 
electromagnctic wave propagation the external magnetic field is usually 
supposed given and independent of time, and consequently the field equations 
essentially relate only to the field of the wave itself. In the case (2.7) these 
equations are therefore linear. Sometimes, however, we have "truly" non- 
linear phenomena, whieh lead to an interaction of different waves in the 
plasma; then & and ø (or &;, and o;;) are themselves functions of the electric 
field. The non-lincar phenomena appear only in fairly strong fields, and will 
be discussed in detail in Chapter VIII. Elsewhere in this book we shall, unless 
the contrary is specifically stated, assume that the equations are linear, i.c. 
that £ and ø (or &;; and o;z) are independent of the field vectors. In the great 
majority of cases of wave propagation in the ionosphere and in eosmic con- 
ditions this linear approximation is entirely valid. 

Inhomogeneity of the medium has the result that € and o (or £j, and o;z) 
depend on the eoordinates. On account of dispersion, all these quantities 
are functions of the frequency c also. 

The permittivity and the conductivity may eonveniently be eombined into 
one quantity, the eomplex permittivity 


&€ —e—i:4mnalo. (2.8) 
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Similarly for an anisotropic medium we may conveniently introduce the 
complex permittivity tensor 


Eip = Eik - i: 4n ou oo. (2.9) 


The imaginary unit 7 should not be confused with the suffix ?. 
In the isotropic case (2.6), equation (2.5) becomes 


AE — grad div E + S e E =0; (2.10) 
alternatively, eliminating the field E from equations (2.1) and (2.3) we obtain 
AH +- grade’ x eu Hr + Te H=0. (2.11) 

Here we have used the faet that (2.1) and (2.6) give 
curl H = 1? ox. (2.1a) 


In deriving equations (2.10) and (2.11) it has been assumed that the relations 
(2.6) are valid in all space. This is not quite truc, however, since in field sources, 
for example an aerial, j = o(E + Ex), where E,, is the field due to external 
eleetromotive forces. Hence, for example, the right-hand side of equation (2.10) 
should read 7 (&xo[c?) j., (c, x, y, z), where jj, = c E,, is the current density 
due to external sources of e.m.f. This term in (2.10) and the corresponding 
term in (2.11) have bcen omitted, since they vanish in the regions of interest 
to us (outside sources). 


One-dimensional problems. Plane waves 


In the general ease, where ¢’ depends on all tbe coordinates, it is impossible 
to simplify the very involved equations (2.10) and (2.11). It is therefore very 
important to note that often the dependenee of e' on only one coordinate 
need be taken into account. For example, in the Earth's ionosphere the most 
marked dependence of &' (or ¢;,) is on the height above the Earth. Within 
a relatively small arca of the Earth's surface, for which the Sun's zenith 
distance may be regarded as constant (i.e. the curvature of the Earth may be 
neglected), the horizontal variation of e' is usually random (due to clonds 
in the ionosphere, etc.) and is superposed on a regular distribution in which e' 
depends only on height (the z coordinate). For the Earth as a whole, the regu- 
lar distribution of e’ depends not only on the distance from the centre of the 
Earth but also on position on the Earth's surface, on account of the varying 
zenith distance of the Sun. This latter dependence, however, is much less 
marked than the dependence on height, and may be either approximately 
allowed for or neglected altogether. Similarly, the permittivity e' in the solar 
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corona may, to a certain approximation, be regarded as depending only on 
the distance from the photosphere. 

Thus one-dimensional problems are of importance, and among them 
especially the propagation of waves in a plane-parallel medium (when e, 
depends only on one Cartesian coordinate z). The permittivity of a plasma 
may, in fact, often be regarded as constant in space, so that we have wave 
propagation in a homogeneous medium. A detailed analysis of this simplest 
case is necessary in order to solve various more complex problems. In a homo- 
geneous medium the propagation of monochromatic plane waves of the type 
E = E,e''-*- js, of course, of fundamental importance. The propagation 
of pulses and, in particular, of quasimonochromatic pulses, can be reduced 
to the propagation of monochromatic waves by expanding the field as Fourier 
integrals over frequency and wave vector. Ín a plane-parallel medium, the 
propagation of monochromatic plane waves of the form E = E,() e'(^!- *«*- kyu) 
is of greatest interest. 

The discussion below is therefore based entirely on a consideration of the 
propagation of plane waves. Here again, however, we may distinguish a 
particular case of great importance in both theory and practice, namely the 
propagation of plane waves when they are incident normally on,a layer. For 
an isotropic medium the problem of oblique incidence reduces to that of normal 
incidence. When anisotropy (the effect of an external magnetic field) is taken 
into account, however, even the problem of normal incidence is very complex, 
and for the case of oblique incidence no rigorous solution is yet known. Using 
the example of normal incidence, we can at least elucidate some of the main 
properties of wave propagation in a plane-parallel magnetoactive plasma. 
The problem of normal incidence is also of great practical significance. It is, 
for instance, approximately realised in vertical probing of the ionosphcre, 
which is of fundamental importance in radio studies of the ionosphere. 

In an isotropic f medium with e' = e' (z), equation (2.10) takes the following 
form for a plane wave incident normally: 


dE o 
ull cef 7 — 9.12 
ia + ae (w,z)H=0, ( ) 


and this equation applies to both the components E, and E, (for which reason 
we have put simply #). In going from (2.10) to (2.12) we have used the fact 
that the field E can depend only on z for normal incidence of a plane wave. 


T We shall use the term "isotropic medium" (or plasma) for one which might more 
precisely be called a locally isotropic medium. This means that we assume the validity 
of the relations (2.6) or, more generally, that in a homogeneous and isotropic medium 
there is assumed to be no physically preferred direction. If the medium is isotropic but 
not homogeneous, there may be a preferred dircetion (for example, when e' = e' (z) the 
direction of the gradient, i.e. the z-axis, is preferred). In this case the term “‘isotropic 
medium” signifies that the rclations (2.6) hold good and that there is no preferred direction 
other than that due to the inhomogeneity of the medium. 
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Under the same conditions equation (2.11) becomes 
* g Le! dH 
Cu o ndr eK gr E 
dz? e y 


by (2.4) dH,/dz = 0, i.e. H, = constant and is of no interest. 





Plasma oscillations 
The third (z) component of equation (2.10) is equivalent (if w + 0) to 
£' (c, z) E, = 0. (2.14) 


If e' (c, z) + 0, it follows from (2.14) that E, = 0, and we have pure transverse 
waves. The case where e'(w, z) = 0 corresponds to the possible existence of 
longitudinal oscillations in an isotropic plasma. Then E, = 0, E, = 0, E, + 0, 
and the frequency of the oscillations is determined by the condition e' (c, z) — 0, 
or, for à homogeneous medium, 


e'(w) = 0. (2.15) 


The frequency w which satisfies this equation is complex, i.e. the oscillations 
are damped. (The absence of increasing oscillations in an equilibrium state 
follows from general properties of the function e'(c), and is physically quite 
evident from the fact that equilibrium exists.) This damping is the reason 
why longitudinal field oscillations in a medium are not usually considered. 
The plasma is an exception because here the damping is often very slight, 
since the imaginary part of e’(w) is small. In such conditions the frequency 
of longitudinal oscillations, usually called plasma oscillations, can be deter- 
mined with sufficient accuracy from the equation 


elw) = 0, (2.16) 


which has a real root, the plasma frequency wọ (see $ 8). 

For plane plasma oscillations E, = E, (œw, z), and the magnetic field H = 0, 
as follows directly from equation (2.3). 

In a more general approach to (longitudinal) plasma oscillations, i.e. not 
necessarily considcring plane waves, we can begin from the condition 
curl H = 0, whence (see (2.1a)) 


e' (w, r) E = 0; (2.14a) 


the same result is, of course, obtained by starting from the condition 
curl curl E = 0 (see (2.5) and (2.10)). Since for plasma oscillations curl H = 0 
and div H = 0, in the absence of sources and external magnetic fields we 
have H = 0. 

If we consider plasma oscillations of the type E, = E,,e@!-"'", we 
see that the quantities w and k are entirely unrelated, since equation (2.16) 
determines only the frequency w. Hence we have used the term “plasma 
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oscillations" and not “plasma waves”; if œ is independent of k, the group 
velocity of the waves is zero, i.e. they transfer no encrgy. The absence of 
any flux of energy for the plasma oscillations (2.14a) is immediately evident 
also from the fact that the Poynting vector S = cE x Il/A4z is zero. In 
reality, however, there is a relation between w and k in this case also, so 
that we do in fact have plasma waves. To find the corresponding function 
= w(k) we must make the approximate relations (2.6) more accurate. The 
reason is that the relations (2.6) or (2.7) do not depend on the manner of 
spatial variation of the field, i.e. they are valid only if we neglect the spatial 
dispersion, that is, the dependence of &' (or &jj) on wavelength. 


Spatial dispersion 


The magnitude of the spatial dispersion, when absorption is neglected, 
is characterised by the parameter a/A = am[Ag, where a is a characteristic 
length for the medium concerned (the size of the molecules, the lattice constant 
or, in a plasma, the Debye length), A, = 2c/w is the wavelength in vacuum, 
À — An is the wavelength in the medium, and x is the refractive index. In 
most cases, even in the optical part of the spectrum, not to mention at 
radio frequencies, the parameter a/A is extremely small, and the spatial 
dispersion is negligible. The time dispersion, which lcads to the dependence 
of &' and ej, on the frequency w, may, however, be large under such con- 
ditions, since it is characterised by the parameter w/w;, where the œ; are the 
intrinsic frequencies of the medium. In the case of an isotropic plasma a, 
is represented by the plasma frequency «, the root of equation (2.16). 

The spatial dispersion may, nevertheless, be of importance even at radio 
frequencies. This occurs, in particular, for plasma oscillations, where (as 
already mentioned) there is no relation between œw and k if the spatial dis- 
persion is neglected. This dispersion is also important near resonances, where 
n — oo and so the parameter anj becomes large. Such is the case in a magneto- 
active plasma, that is, one in a constant external magnetic field; see [1] for 
some other cases where spatial dispersion is important. 


Propagation of various types of waves 


Plasma waves will be diseussed in § 8. In most other scctions we shall not 
need to consider such waves. This is because thc frequency of plasma waves 
is usually different from that of transverse waves which are propagated in 
the plasma. Moreover, in the linear approximation uscd here, the longitudinal 
waves in a homogencous plasma, or in a planc-parallel plasma with normal 
incidence, are entirely unconnected with the transverse waves described 
by equation (2.12) and the condition 


E, — 0. (2.17) 


da PEW 
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The plasma waves and other electromagnetic waves (for example, radio waves) 
can be regarded as independent (apart from non-linear effects and scattering 
by fluctuations of clectron density) except in regions of an inhomogeneous 
plasma where c ~ wo, ie. near the point e(w, r) = 0 (where w is the fre- 
quency of the radio waves and @, the plasma frequency). For a plane-parallel 
medium, it is further necessary that the incidence should be oblique. The 
relation between radio waves and plasma waves in such conditions will be 
discussed in § 20. . 

In an anisotropic (magnetoactive) plasma we cannot in general separate 
the longitudinal and transverse waves. For example, even in a homogeneous 
medium, and in a wave propagated with a definite velocity in the z-direction, 
all three components Z,, E,, E, are non-zero. The situation is simplified only 
if the angle œ betwcen the direction of the external magnetic field H and the 
z-axis (i.e. the direction of the wave vector k) is zero or 42. The plasma waves 
in an anisotropic medium are also essentially different from those in an iso- 
tropic medium, which are in a sense degenerate. The problem of the pro- 
pagation of electromagnetic waves in a magnetoactive plasma will be discussed 
in detail in Chapter III. Here we shall merely remark that, for normal incidence 
of plane waves on a plane-parallel anisotropic medium, equations (2.5) and 
(2.7) become 


dE, wo 24m. 

Ge tg (Pei) =O 

d? E, w? 4n, 

Fatt (Pv i) = (218) 
.4m. .4m. 

Teck Heu pe uj (e. 2) By. 


The study of electromagnetic wave propagation in plasmas amounts to the 
solution of two problems. First, we must express the permittivity &' or e;; 
in terms of parameters characterising the plasma, i.e. in terms of the densities 
N, N; and Nnm of electrons, ions and ncutral particles. Here, of course, we 
take into account also the dependence of e’ on w and of ej on œ and HO, 
The second problem is to solve the wave equations for given functions e'(r) 
or ej, (r). For example, in the case of normal incidence it is necessary to intc- 
grate cquation (2.12) or, in the anisotropic case, equations (2.18). However, 
this division of the problem into two parts is of only limited value, and often 
is quite unsuitable when spatial dispersion is taken into account. Never- 
theless, from the point of view of the exposition in general, and also for the 
majority of applications, it seems more correct not to attempt the grcatest 
possible generality immediately. We shall therefore select various particular 
cases in which the spatial dispersion may be neglected, the wave frequency 
may be regarded as high or low, and so on. This is the basis of the subsequent 
discussion. At the samc time it should not be forgotten that waves of different 
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frequencies and different types propagated in a plasma (e.g. high-frequency 
waves, plasma waves, acoustic waves, low-frequency waves, hydromagnetic 
waves) may be considered by a single procedure and in some cases form single 
branches (i.e. waves of different types pass into oue another when the para- 
meters are appropriately varied). For example, in a magnetoactive plasma 
the high-frequency and plasma waves form a single branch (see $ 12). Hydro- 
magnetic waves propagated in the direction of the external magnetic field 
differ from transverse high-frequency waves only in frequency; that is, the 
hydromagnetic and high-frequency (radio) waves lie on a single curve (or 
branch) when the velocity of wave propagation is plotted as a function of 
frequency. In the general case, hydromagnetic waves are only a particular 
form of low-frequency electromagnetic waves (sec $14). Thus, besides in- 
vestigating and taking account of the characteristic properties of waves of 
various types, we must also notice their common features and interrclations. 

In conclusion, it may be noted that the usual statement of the problem of 
electromagnetic wave propagation in a plasma is based on the assumption 
that the plasma parameters are known. A different approach also occurs 
in practice, namely when the study of wave propagation is a means of deter- 
mining the plasma. parameters, e.g. of measuring the electron density, tem- 
perature, ete. 


1a* 


CHAPTER II 


WAVE PROPAGATION IN A HOMOGENEOUS 
ISOTROPIC PLASMA 


$3. THE COMPLEX PERMITTIVITY OF A PLASMA: 
ELEMENTARY THEORY 


Elementary derivation of the expressions for e and o 


THE PERMITTIVITY & and conductivity o of a plasma are usually determined 
entirely by the motion of the electrons and ions. The contribution to € and ø 
due to the presence of neutral particles (atoms and molecules) need be taken 
into account only if the degree of ionisation of the gas is very small. At radio 
frequencies and below, we obtain in practice only a small constant increment 
in e, and in what follows we shall neglect it. 

To caleulate & and c, it is sufficient to consider a plasma in a uniform electric 
field. If this is not sufficient, i.e. if spatial dispersion is important, then it is 
also incorrect to use only the local characteristics e (w) and o (w) of the medium. 

In the general case, £ and o must be calculated from the Boltzmann equation, 
and this we shall do in $ 6. Here we shall discuss the elementary derivation 
of the fundamental formulae. 

Let v, be the radii vectores of the electrons, and r those of the ions. Then 
the total current density due to the motion of charges is 


N 
ce Sie iB), 


where e(« 0) is the electron charge, and the dot denotes differentiation with 
respect to time; the ions are, for definiteness, assumed to be singly charged, 
and negative ions are assumed absent; thus, if the medium is quasineutral, 
N = N; = N,. The high conductivity of the plasma has the result that the 
condition of quasineutrality may be taken to be very nearly valid.[ Next, 


T It may be mentioned that the accepted term *'quasineutrality" signifies that the 
medium is neutral (i.e. the mean charge density 6 = e(N — N,) = 0), but consists of 
free charged particles. 
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by definition we have 


:=jt+ioP (e i$ e)z 
. @ r 
men DE 
N . . à 
= (f, — 7), (3.1) 


where j is the conduction current and P the polarisation and, strictly speaking, 
all quantities should be taken as averaged over a physically infinitesimal 
volume and over a time At « 2z/w.t 

When several species of ions are present, of course, there is no essential 
difference, and we need only sum over the coordinates of all the ions. The 
quasineutrality condition becomes N+)5/N_, —2/N,,, where Ns, is the 
density of positive and negative ions of species | (with mass Mj). 

If the constant magnetic field and the collisions of electrons with one an- 
other and with ions and molecules are neglected, the equation of motion of 
each electron becomes 


m T,—eE, c! =e E,| (3.2) 


where E, is the electric field amplitude, constant in space and time, and m 
is the electron mass. 
The solution of equation (3.2) is 


e E 
re ae TRU) (3.3) 


where 1°) is the radius vector of the electron in the absence of the field. 
For ions of mass M,, the equation of motion and its solution are the same as 
(3.2) and (3.3), but with m replaced by M,. Using (3.3) and the corresponding 


1 The field equation (2.1) is obtained by averaging the equation of electron theory 


l de 


4n 
eurl h. — ov +— c ot" 


where e and h are the microscopic electric and magnetic ficlds, and ọ and v the microscopic 
charge density and velocity of the particles. A comparison of this equation with (2.1) 
shows that €= E, h = H (the magnetic permeability 4 = 1), and the current defined 


above is 
h-09- -jroPji-eX(s $,— if), 


where P = (D — E)/4x, and the bar denotes averaging. 

In the case of variable fields in which we are interested, the quantities j and P need not 
be used, and we may consider only the ‘‘total current" j, and the complex permittivity 
e! = & — ig, = £ — i: 4nojw. It seems more suitable, however, to adhere as closely as 
possible to the terminology and notation of the theory of fields. 
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expression for rf?, it is clear from (3.1) that o = 0 and 
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since 5/{r — 1429] = 0, because P = 0 in the absence of a field. 
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where N, is the density of ions of either sign with mass Mj. 

It is evident from (3.4) that, in the absence of magnetic fields and absorp- 
tion, the ions are equivalent, as regards their effect on e, to electrons of density 
Nese = Xm NyM,. For Og ions the ratio m/M =1-7 x 10-5, and for OF ions 
m/M = 3-4 x 10-5. Thus the effect of the ions is usually very small, and on 
account of the quasinentrality condition it can become important in the 
calculation of e only when a large number of negative ions are present. We 
shall not usually take explicit account of the effect of ions when considering 
an isotropic plasma. 

For electrons alone, or taking N to be the effective electron density, we have 


4zeN N 


e= =1— 3-18 x 10 7 = 1] — 806 x 10? V/P., (3.5) 


m w? 
where f = c/2z, and we have used the values e = 4-80 x 107? e.s.u. and 
m = 9-11 x 10-8 g. 

The reason why o is zcro under the above assumptions is evident. Since there 
are no collisions, the electrons do not transfer energy to molecules and ions, 
but merely oscillate in the field. In the elementary theory the effect of col. 
lisions, which leads to the appearance of a non-zero conductivity ø and to the 
absorption of energy, can be taken into account by adding to the right-hand 
side of equation (3.2) the frictional force gr, the explicit value of the coefficient g 
being derived as follows. The expression gr is the mcan change in momentum 
per second due to collisions. This change is equal to mver, where vege is the 
effective number of collisions per second or effective collision frequency (in 
each collision the electron gives to the molecule or ion an average momentum 
of the order of mr, where r is the directed velocity given to the electron by 
the field). This is essentially a definition of v, — g/m. But evidently 
v = gz0? NU, where a is some effective radius of the molecule and ë some mean 
electron velocity (here, for simplicity, we ignore collisions with ions, and 
electron-electron collisions do not lead directly to friction, because of the law 
of conservation of momentum). 


Thus, when collisions are taken into account, the equation of motion 
becomes 


mV, + Mm veg ry — e E eit, (3.6) 
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Proceeding now as before and using (3.1), we easily have 
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If, as often happens, 
o> wer, (3.8) 
then 
4neN 2 
pe Pa BO 5. E EAA (3.9) 
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If, on the other hand, 
wc wer, (3.10) 
then 
4zeN ?N 
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It is clear from the above that the exact value of v, remains unknown; 
it can be determined only from a kinetic discussion (§ 6). Moreover, it follows 
from the kinetic theory that the exact formulae for £ and ø do not reduce 
to the expressions (3.7) with any one value of v, independent of frequency. 
Thus the formulae of the elementary theory are themselves approximate; 
but the approximation is a good one in most cases. 


The effective field 


` Let us now consider the validity of using the mean macroscopic field E 
in (3.2) and (3.6) as the field acting on an electron. The fact that we have 
indeed taken the mean macroscopic field to be the effective field E, which 
appears in (3.2) and (3.6) is evident from the fact that the relation (3.1) has 
been used, and here the field E is by definition the mean macroscopic field. 
Thus it has been assumed that in the plasma 


Ey = E. (3.12) 

In general, however, the field E, acting is not cqual to E, and for an isotropic 
medium (the only case we consider, for simplicity) it can be written 

E, = E+ Ana P, (3.13) 


where P is thc polarisation and a is some coefficient, which may depend on 


the density, etc. 
In the linear theory, formula (3.13) is the most general possible for an iso- 
tropie medium. The value of the coefficient a can be caleulated only by assum- 
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ing a certain model. For example, if we suppose that the molecules of 
the medium are point dipoles arranged in a random manner, then a = 4 and 


E,;,— E--4z P—1(c 2) E, (3.14) 


where the term 4z P/3 is often called the Lorentz polarisation term; the 
derivation of (3.14) on the above assumptions is given, for example, in [2]. 

Formula (3.14) is not in general applicable to actual bodies. This is reason- 
able, since in liquids and solids the distances between the molecules are of the 
same order as the dimensions of the molecules themselves, which consequently 
cannot be likened to point dipoles. However, even if the value of a is not a 
universal constant, it nevertheless follows from experiment that usually 
a -- 0. Here the question arises of the value of the coefficient a for a plasma. 
This is an important question; for example, if we use the expression (3.14) 
in (3.2), where the field E must mean the field acting, then instead of (3.5) 
we obtain 

Ane N 


YC RFER SGT II UNICO 3.15 
m o? (1 + 42e2.N/3m o?) todo) 


The difference between (3.5) and (3.15) may be very considerable. For 
example, according to (3.5) e = 0 when 4ze? N mo? = 1, but according to 
(3.15) e = 0 when 4ze?N mo? = 3/2. As we shall show later, reflection of 
radio waves from the ionosphere occurs in a region near the point where e = 0. 
Thus the electron densities in the reflection region as calculated from formulae 
(3.5) and (3.15) differ by a factor of 1-5. When the effect of an external magnetic 
field is allowed for, the difference between formulae based on (3.12) and (3.14) 
is sometimes even greater. It is therefore obvious why the problem of the effec- 
tive field in the ionosphere has attracted much attention; the problem, more- 
over, is complex and there is a diversity of opinions [3-8]. (See [4] for references 
to earlier literature.) In consequence, the matter has been under continued 
discussion, and formulae obtained with the Lorentz term and without it 
(i.e. assuming that a = 0) are frequently both given. 

There is, however, no reason to proceed in this way. A detailed consideration 
of the problem [4, 5, 8; 6, § 6] leads to the conclusion that the Lorentz term 
is unnecessary, and in a plasma E, = E, the mean macroscopic field. The proof 
is quite complicated and lengthy. The numerous simpler proofs of this result 
are, unfortunately, not satisfactory and would equally admit, if desired, 
a "proof" of the exactly opposite conclusion that the Lorentz term is necessary. 
We shall therefore omit these proofs, as well as the rigorous analysis of the 
problem; see in particular (6, $6; 8]. Although thus avoiding a detailed 
discussion of the problem of the cffcctive field, we shall make two relevant 
comments. The fact that E, = E in a plasma at a sufficiently low frequency 
is evident from the following simple, though not rigorous, arguments. When 
€ — 0, the electric field may be regarded as a potential field, and the mean 
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macroscopic field E = — grad, where © is a potential, Next, when an 
electron traverses a macroscopic path L between points A and B, the work 
done on it is e(D, — z) = eL- E. By the definition of the effective field, 
the force on the electron is € E.g, and the work done by this force along the 
path Lis eL» Eg. Thus eL+ E = eL: Esp, ie. Egg = E.j 

The second comment concerns the transition from bound to free electrons [7]. 
Let us assume that formula (3.14) holds for bound electrons, i.e. that the equa- 
tion of motion of the electron is 


mi + mo; Tr =e Eg = elE + 4a P), (3.16) 


where c is the intrinsic frequency of the oscillator corresponding to the bound 
electron considered. 
Since P= e Nr, it follows from (3.16) that, for a harmonic external force 
E = E,¢', the polarisation is 
eNE e-l 


P= m 
m(co$ — c — 4z e? N/3m) 4 








E, 


whence 
4zxe?N 


ve m(oj — w? — 4z e? N[3m) ` 


(3.17) 
If we put here w; = 0, we obtain the expression (3.15), which (as already 
stated) is incorrect. On the other hand, it would appear that the transition 
from bound to free electrons corresponds in fact to the limit «o; — 0. This is 
actually true, however, only for a very rarefied medium, when N > 0 and the 
Lorentz term necessarily tends to zero. If N 4-0, the electron can never, 
strictly speaking, be considered completely free, since the greatest electron-ion 
distance r is of the order of N^3. The force on the electron at this distance 
is e*/[r? ~ e NS. Equating this to a quasiclastic force maj? ~ moNS, we 
obtain œw; ~ e? N/m. The fact that the plasma is a medium which has, in a certain 
sense, an intrinsic frequency such that w? ~w, = 4zte? N/m follows also from 
other arguments (sce, for instance, § 8). If in (3.16) we put œ? = 42e?N/3m, 
then (3.17) becomes (3.5), as it should. The intuitive arguments given above 
are not, of course, sufficient for a rigorous proof of formula (3.5), but they 
show why we cannot put c; = 0 in (3.17). Thus there is no paradox in the 
problem of the transition from a bound to a free electron. We shall hence- 
forward suppose that Eep = E, i.e. that (3.12) is valid.fT 


f In the case of a dielectric this argument is invalid, since a test charge (or dipole) 
is regarded as localised at some point, and the effective field is calculated at that point. 

Tf It may be noted that the proof of (3.12) given in [6, § 6] assumes that the field F is 
weak. The same applies to the results of [8], where it is shown that in a weak field (the 
electron and ion distribution functions being assumed Maxwellian to a first approxi- 
mation) the effective field is equal to the mean field to within quantities of order 
l/æ = (16 D? N)71; see § 4 and, in particular, formula (4.24). In the ionosphere and the 


corona « > l, and usually « > 10%. 
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The range of applicability of the formulae 


Besides the problem of the effective field, there is also the problem of the 
validity of applying the classieal theory, as we have done above, to the motion 
of electrons and ions. In the absence of collisions, when formulae (3.4) and (3.5) 
hold, it is a question of the applicability of the classical theory to the inter- 
action of free eharges with a variable electromagnetic field (the radiation 
field). In this case the classical theory is valid if the inequality 


hox<me (3.18) 


is satisfied, where 4, = 1-05 x 10-2? erg see and m is the mass of the particle, 
which for definiteness we shall take to be an electron; for ions, the conditions 
of applicability are certainly less stringent. The scattering of light (electro- 
magnetie waves) by free electrons is described, when (3.18) is satisfied, by 
Thomson’s well-known formula in both quantum and classical theory, and 
the quantum corrections are of the order of 4«o/mc? when this ratio is small; 
see [9]. The condition (3.18) is met not only at radio frequencies, but even for soft 
X rays (mc? = ho, = 0:51 x 109eV = 8-2 x 1077 erg; c, = 8 X 102 see! ; 
Am = 22zte[oy,, = 2:4 x 1071? em). Moreover, it is well known that the scattering 
of light entirely determines the refractive index, which in the absenee of 
absorption is equal to ye (§ 7). Thus formulae (3.4) and (3.5) are exact when 
collisions are neglected, and are obtained either by one of the classical deri- 
vations (see above and §6) or by using the quantum theory of dispersion. 

The absorption resulting from eollisions is due, in quantum terms, to the 
fact that the quanta of radiation (photons) are absorbed by electrons, whose 
motion is thereby altered. This absorption process eannot occur with a free 
electron, since it would violate the laws of conservation of energy and momen- 
tum; it therefore takes place only when the effect of molecules and ions on the 
motion of the electrons is allowed for (i.e. as a result of collisions). At radio 
frequencies, where / is much less than the ionisation potentials even of 
highly excited atoms and molecules, the absorption of radiation quanta is 
not accompanied by bound-free electron transitions; hence only electron 
transitions between states of the continuous spectrum are involved (free-free 
transitions, in the language of astropliysics). The opposite process to absorption 
by such transitions is, of course, electron bremsstrahlung, in which the electron 
emits radiation quanta as a result of acecleration in collision with a molecule 
or ion. The probabilities of the direct and inverse processes are connected 
by Einstein's relation, which shows that one may consider either process 
(837). The classieal theory is applicable to the bremsstrahlung of non-rela- 
tivistic clectrons if the radiation quantum energy is much less than the kinetie 
energy of the electron, i.e. in our case, if 


ho «xT, (3.19) 
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that for a non-degenerate electron gas the susceptibility y is given by (see [10]) 


ge -s( en )zr 3.22 
x= 43m  S|2mc] xT^ G22) 





Here the spin magnetic moment of the electron has been taken into account; 
in the absence of spin, y < 0 and its magnitude is half that of (3.22). 

Since eh/2mec = 9-3 x 10-21, we see that, even with N ~ 10% and T ~ 300°, 
y ~ 10-2, i.e. the difference between u and unity is infinitesimal. It must 
be emphasised, however, that the above remarks apply in thermodynamic 
equilibrium; non-equilibrium states of the plasma may have a diamagnetic 
susceptibility which is appreciable or even large. 


$4. THE METHOD OF THE BOLTZMANN EQUATION 


The distribution function and the Boltzmann equation 


The permittivity e and conductivity o calculated in §3 involve as a para- 
meter the effective collision frequency vy, whose value was only estimated. 
To find vep, or more precisely to find general expressions for e and ø in both 
weak and strong fields, the method of the Boltzmann equation must be used. 

In this method the state of the gas is described by the distribution function 
f(t, r, v), which is defined so that the mean number of particles dN in the 
volume drdv = dzdydzdv,dv,dv,is dN = f dr dv, where v is the par- 
ticle velocity and r the radius vector. By definition 


f tlt, T,v) do -—N, (4.1) 


where N is the particle density at the point r at time t. 


The Boltzmann equation from which the function f must de determined 
is (see, for example, [11—-13]) 


of e 1 
gri mid + [eie ex n) erat. 4 80, (4.2) 


where e and m are the charge and mass of the particles considered, E and IT 
the electric and magnetic ficlds, 
4 2 M os aee of 
ad, f= — i + — CS 
grad, f i+ 2 jt3 
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and $ (called the collision — gives the change in f due to collisions 
of the particles considered (for example, electrons) with all other particles 
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(i.e. electrons, ions and molecules). S may also inelude terms which allow 


for changes in f due to various processes such as ionisation, inelastic seattering, 
ete. 


In equilibrium and in the absenee of ficlds, the distribution function is 
the well-known Maxwellian: 


f= fool) =xN( 


m 
2nznxT 


The Maxwellian distribution (4.3) is easily seen to satisfy the normalisation 
eondition (4.1), sineef foo dv = 4nf foo v? dv =N. 





3 
Jenar (4.3) 


A plasma in a strong electric field 


If an ionised gas or plasma is in a variable field E = E et ®t, then the funetion f 
is, of course, not Maxwellian, and in a sufficiently strong field it may not be 
even approximately so. This problem will be considered in detail in § 38. 
Here, in order to ascertain the nature of the deviations of the electron distri- 
bution function from the equilibrium form, we shall consider a steady state, 
in whieh the mean eleetron energy does not vary with time. This is so if the 
energy transmitted to the electrons by the field is equal to the energy trans- 
mitted by the electrons to the heavy partieles (ions and molecules) by eollisions. 
The former energy is A = er- E per unit time, where r is the directed velocity 
of the electron in the direetion of the field, determined by equation (3.6). 
This equation shows that r= eE,e'°!/m(iw + vg), or, using the real form 
E = E, coswt whieh is more convenient in calculating 4, 

T = e Ey (Meg¢ cos t + w sinw t)/m(w? + veg). (4.4) 
Henee 
A =et. E = e Ej(vtcos?o t + o sino (coso t)/m (o? + veg), 
A = e Bo vag/2m (o? + vier), (4.42) 
where the bar denotes averaging with respeet to time. 
The energy transmitted per unit time by the eleetrons to the ions and molc- 


eules is _ » 
U = W vet = ô(K = 3 x T) Veff ; (4.5) 


where W = 6(K — $xT) is the mean energy transmitted in one eollision, 
E = 1m v? the mean kinetie energy, and 6 the mean fraetion of energy which 
is transmitted per effective collision when K > jxT. 

In an elastic collision with a heavy partiele the electron loses only a small 
part of its energy, and for collisions with either ions or molecules wo have 


ô = 64 = 2m/M, (4.6) 
where m is the mass of the electron and M that of the heavy particle. 


The heavy particle is here assumed to be at rest. The eorresponding eal- 
culation of ôe is given in $5; the allowance for the motion of the heavy 
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particles is unimportant when K > 3xT7.+ For the atoms, molecules and 
ions O, O+, O, OF we obtain from (4.6) 


Ôo ET 6.8 x 10- aa el, 0; — 3.4 x 10-5. (4.7) 


When inelastic collisions do occur they are relatively infrequent, and we 
usually still have 6 <1 as the mean over all collisions. 
In the steady state assumed, when A = U, we evidently have 


= : e? Ez 3 
E — M €—Á— T. 4.8 
K=—mv? "o (a? jð +5 2^ (4.8) 


If the frequency c is small, so that w? < vèr, the effective time of acceleration 
of the electron by the field is of the order of the mean free time T = 1/veg¢ = 1/0, 
where J is the mean free path and ? the mean velocity. In this case it is clear 
from (4.4) that ? X fmax ~ eEgl[m?, and if K > 3x7, from (4.8) 


e E ( 1 Jj e Eol max 
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Fmax ~ ] 09, K~r~ek,lyo, K»ixT. (4.9) 


In the opposite limiting case where w? > verp, the effective acceleration time 
is of the order of 1/w, and if K > $xT then 
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It is clear from (4.9) and (4.10) that the energy K considerably exceeds jx T 
in fields E > xT Vd/el and E > xTw \6/elveg respectively. The distribution 
function f differs greatly from the equilibrium function f))(v, T), but the 
velocity ? of the directed motion is nevertheless small compared with the 
mean velocity 5, even in a strong ficld, since 6 is small. 


The form of the distribution function and the equation for it in a weak field 


We can now draw an important conclusion concerning the distribution 
function f. Let us represent this function as f = f,(v) + o (v), where f, depends 
only on the magnitude v of the velocity, i.e. is the symmetrical part of f. 


1 The expression for Ü can also be written in other forms, e.g. U = 6’ K v4, where 
5’ is the mean fraction of cnergy which is transmitted in one collision for any K and 
2xT. The value of 6’, however, must depend on tempcrature even in elastic collisions, 
since „when K > 2x T we evidently have ð = ô, but in thermal equilibrium (when 
K = §xT) 6' = 0. It is therefore more convenient to use the parameter 6, which may be 
regarded as constant for elastic collisions. 
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The current density j, is 
j=eNr=efvfdv=efvg(v)dv, (4.11) 
i.e. it is determined only by the asymmetrical part of the function f (since 
f vf,dv = 0). On the other hand, the mean velocity 6 = f vfdv/N is in 
general determined by both the symmetrical and the asymmetrical part of /; 
but if the condition ? « 9 holds, as in our case, ? is determined only by the 
symmetrical part of f, which is considerably greater than the asymmetrical 
part p (v). 
Thus, since the mean fraction of energy lost by the electron in a collision 


with a heavy particle is small (i.e. since 6< 1), the electron distribution 
function may be written 


f(v) = fo(») + P(e) = fo(v) + v fi(v)/v, | 
Ie (o)] — 1h) |<« fol), 


where the validity of writing (v) in the form v*f,(v)/v requires explanation. 
This explanation is as follows. The function p(t) may be written as p(v, œ, B), 
where « and f are angles determined by the direction of the vector v. Ex- 
panding g as a series of spherical harmonics Y,,,(«, 8) and taking the polar 
axis in the direction of the current j,, we see that the most important term 
in this expansion is the function Y,, = constant x cosa, whence it follows 
that p(v) may be written as g,(v) cosx = v-*f,(v)/v, where the vector f,(v) 
is parallel to j,. The proof of this statement is given in § 38; see also [11, 13, 
34, 258]. The conditions for (4.12) to be valid are discussed in § 38. Here we 
may note that in a homogeneous plasma these conditions reduce, in the cases 
of interest to us, to the requirement that 6 « 1. In a non-homogeneous plasma 
the condition 


(4.12) 


v 
> eS ae MP 
V(e? + veer) 


where z is the direction in which thc distribution function varies, must also 
be fulfilled. 

The dependence of f on the coordinates has to be taken into account, for 
example, in considering such problems as thermal conduction and diffusion, 
which we shall not discuss herc. We shall be concerned with distribution 
functions f(r) which depend on the coordinates only when taking account 
of spatial dispersion. It must also bc emphasised that, whereas the expression 
(4.12) for the clectron distribution function is valid in a field of any strength, 
for heavy particles the distribution function f has the form (4.12) only in 
weak fields. 

The mean kinetic energy of the electron is 


icd and ipl 
Ras [ 5 mttto my [ tide. (4.13) 
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Since the ratio m/M is small, we can draw a further important conclusion: 
the collision integral S, which takcs account of collisions between electrous 
and heavy particles, can be written not as an integral but as a differential 
expression. This expression is particularly simple in the case of weak fields, 
when K ~ $xT, and the symmetrical part of the distribution function f 
may be taken to be the Maxwellian function fọọ. Then 


Sem + Sei = (Vem + Vai) g(v) = (Vem T Vei) v f), (4.14) 


where Sem and Sp; are the collision integrals corresponding to collisions with 
molecules and ions respectively, and the collision frequencies are 


Vem = Vm = Ulin = qu (v) Nm, 
v; = v; = vh = qu(v)v Ni, 
ei d Jl; = qi(v) i (4.15) 


Im, i) = 220 f q5,i(v, 9) (1 — cos) sind dé, 
0 


where N,, ; are the densities of molecules and ions, and q,, ; (v, 0) are the differ- 
ential cross-sections for elastic collisions of electrons with molecules and ions.T 

The relation (4.14) is easily obtained by appropriate calculations (see 
[11, 13, 258]) but its significance is immediately clear. S,,,+ Se; is the number 
of electrons leaving a volume element dr dv in phase space per unit time 
as a result of collisions with heavy particles. The cquilibrium distribution 
function f,, gives zero collision integral, and S therefore depends only on g (v). 
Finally, since the heavy particles may be considered to be at rest (their velo- 
cities being less than those of the electrons by a factor /(M/m) ~ 100), Sem + Sei 
must simply be the number of collisions with heavy particles of those electrons 
which have non-equilibrium velocities. This number is just 


(vem + Vei) PV) = (qu Na + qi Ni) v p(v). 
The only point here which requires a more rigorous proof is why the cross- 
section g (4.15) is not the total cross-section qt = 2x f q(v, 0) sin d0, but 


the “transport cross-section” q! = 27 f q(v, 6) (1 — cos0) sin0 d0. The reason 
is qualitatively clear: scattering through different angles is not equivalent, 
since the momentum given to the heavy particle is v(1 — cos0), which is small 
when the scattering angle 0 is small and increases with 0. The appearance 
of the transport cross-scction instead of the total cross-section in the expression 
for S corresponds to this result, since the greatcr scattering angles receive 
greater weight in the transport cross-section than the smaller ones. 


T It may bo recalled that the differential cross-section q(v, 0) for elastic scattering is, 
by definition, the ratio of the number of particles elastically scattered through an angle 
0 in the solid angle dQ = 27: sin0 d0 to the number of particles incident in the same 
time on unit area perpendicular to their velocity. The scattering angle 0 is that between 
the velocities of the incident and scattered electrons. 
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As stated above, in weak fields we have 


fv) = foot v-fi(9)v, lhl < foo; 


=e ( o gerre, i 





Substituting this expression in the Boltzmann equation (4.2) and using (4.14), 
we obtainf 

2h + I E +—— EBX htnt) h+ S020, (417) 
where See = S,,,: v/v is the part of the collision integral which arises from 
collisions between electrons. The term v-*grad,/ has been omitted; we have 
used the fact that grad,fo9 = (d/y9/dv)v/v, and have neglected the asym- 
metrical part of the distribution function in the term containing the field E, 
since it is much smaller than the symmetrical function f,,. From the fact 
that in (4.17) the magnetic field H is multiplied only by the asymmetrical 
part of the distribution function it follows that a magnetic field without an 
electric field does not modify the equilibrium velocity distribution. For this 
reason the magnetic field in (4.17) need not be supposed weak (since it is 
multiplied by the small function f,). The condition for the electric ficld E 
to be small is obtained by solving the Boltzmann equation in the next approxi- 
mation (see [22, $ 64]) or in a field of any strength (see $ 38). Using elementary 
meen, the criterion for the field to be weak is clear from (4.8), and is 
K- ixT« 2xT, i.e. 


E & E, = y[3 (m x T/e?) 6(w? + visr)]. (4.82) 


The characteristic field Z, is sometimes called the plasma field; we shall return 
to it in Chapter VIII. 

Concerning the field E which appears in equations (4.2) and (4.17), it should 
also be noted that, in accordance with what was said in $3, this field must be 
taken to be the mean macroscopic field of phenomenological electrodynamics. 


Transport cross-sections. Debye screening 


In order to use cquation (4.17) to solve actual problems, only one point 
must be further clarified, namely, expressions must be given for the transport 
cross-sections q,,(v) and q;(v) for collisions of clectrons with molecules and 
ions. When an electron collides with a molecule (by which we mean any ucutral 
particle, i.e. both atoms and molecules proper), the cross-section gm (v) cannot 
be calculated exactly. We shall consider this problem further in § 6, and here 
note that in many cases the molecule may, for our purposes, be replaced 
by a hard sphere having some effective radius a. For collisions of an clectron 


t It is easy to sce that v x H - grad, [foo (v) + © : fi ()/v] = H x f, v[v, since, for example, 
grad, fo, (v) = (dfoo/dv) V/v, etc. 
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with a hard sphere at rest we have 
qs (v, 9) = £0, 
qa (v) = v a?, (4.18) 
Vm = Qs U Nm = 71029 Na. 
For a collision between an electron and an ion, the cross-section is given by 
Rutherford's well-known formula: 
q;(v, 0) = 4 (e/m v?)? cosec* 10, 
q;(v) = 2 (e/m v?)? In(1 + cot? 30,4.) 
= 2 n (e?[m v*? In (1 + p3, m? v4/e4), 
v; — qi(v) v Ni, 


(4.19) 


where Omin is the minimum angle of deflection, Pm = (e2/mv?) cot 40, is the 
maximum impact parameter, and v the veloeity of the electron far from the 
ion (‘‘at infinity"). The ion is assumed to be singly charged; if its charge 
is Ze, then in (4.19) e* becomes Z?e*. The necessity of introducing some maxi- 
mum impact parameter p, is due to the fact that the cross-section q;(v) 
diverges for large p in a purely Coulomb field. In reality the Coulomb ficld of 
a given ion is always screened at large distances by the fields of other ions 
and electrons surrounding that ion. When this is taken into account, a finite 
expression is obtained for q;(v). 

Let us consider the screening of the field of a positive ion with charge e > 0 
at the origin. The potential of the field of the ion and the particles screening 
it satisfies, in à steady state, Poisson's equation: 

A= PD + A 4o 

dr? r dr 

where we have used the spherical symmetry of the problem, r is the distance 

from the central ion and o is the charge density, taking into account the 

contribution of the central ion and the screening particles. In thermal equi- 

librium the mean density of positive particles at a point where the potential 
is Ø is, by Boltzmann’s formula, 


N (0) =Ne-e*rT, 


- —4np(r), 


where N is the mean density of positive particles in all space; far from the 
ion when ® = 0 we must, of coursc, have N, = N, since for definiteness we 
assume that there are no negative ions and that the plasma is quasineutral. 
The electron density is 


N,(®) = Netix? 
whence the charge density of screening particles is evidently 
Osor = € N (e * 9I T — ge ?l*T) w — 2e? N D/x T, 


wherc we have uscd the fact that in our case eO < xT. 
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The charge density of the central ion can be written oy = eó(r), where 
ô(r) is the delta function (fà (r) dr — 1, ó(r) 2 O when r+ 0). 
Thus we have for © the equation 


d? D 2 dð  8me?N 
WP op 9--4neó(n). (4.20) 


The solution of this equation is 
Q = (ejr) e", 
where D is called the Debye length; 


Ty T(d 
D (em) - (525m) -49 (4.21) 


Hitherto we have regarded the ion and electron temperatures as being cqual. 
The calculation can, however, be made without this assumption, and the 
Debye length is found to be 


xTT, i 
Dum. serpy) (4.22) 


where T, is the electron temperature and T the ion temperature. If T, > T, 
the expression for D differs from (4.21) in that the coefficient 3 becomes }. 
If the medium is quasineutral, but N, + N, then N in (4.21) must be replaced 
by N,. 

The use of the concept of a Debye length assumes that the mean number of 
particles in a sphere with this radius is large, since otherwise the statistical 
averaging made above is meaningless. This condition is equivalent to the in- 
equality 

47 D?/3 > 1/N, (4.23) 


since the mean volume per charged particle is 1/N. Evidently 4z D? N/3 ~a, 


where is iod 
x = 160 D? N = 2x T Die? = (0-542 Tle Ns) = (324 T|NS) ^ — (4.24) 


and the numerical coefficient betwcen œ and 4x D?N/3 is chosen for future 


convenience. 
In the Earth's ionosphere we always have 


a>, (4.25) 


and the inequality (4.23) holds. (In the most unfavourable conditions, where 
T = 200?K and N; = 10°, x œ~ 1000.) In the solar corona, with N < 10° 
and T ~ 109, the parameter œ is much larger still. In the chromosphere also 
the condition (4.25) is satisfied. l 
The physical significance of the condition (4.23) or (4.25) becomes evident 
if we expand the expression for x or D and write the condition in the equi- 


28 Propagation of Electromagnetic Waves in Plasmas 


valent form 
x T [e* N $ > 1. 


Thus the condition (4.25) holds if the mean kinetic energy $x T of the electrons 
considerably exceeds the mean energy of their Coulomb interaction, which in 
order of magnitude is e?/r ~ e? N$. Hence it is clear that, when the condition 
(4.25) is violated, the plasma cannot be regarded as a gas, and therefore the 
Boltzmann equation cannot be used. 

When screening is taken into account, it would, strictly speaking, be 
necessary to consider the scattering of electrons not in the “cut-off” Coulomb 
ficld, but in the Debye ficld with potential (e/r)e7'/P from the start. However, 
in (4.19) the maximum impact parameter appears only in a logarithm, and 
so this refinement is unimportant. For T =T, we can use the solution for a 
Coulomb field, putting 

Pm = D = (xT [Bn e? N,y. (4.26) 


If the electron temperature T, > T, then the temperature T again appears 
in (4.26) but the coefficient 4 must be replaced by +. The latter change will 
not be made in what follows, since the argument of the logarithm is, by 
(4.25), very large, and a factor 2 is of no significance. It should also be borne 
in mind that the setting up of the screening field requires a finite time, which 
leads to the possibility of some further relaxation losses in an alternating 
field. In the ionosphere, according to [15], this effect is unimportant at all 
frequencies. 

Here one further remark must be made. We have used the classical 
theory to calculate q,, ;(v) in (4.18) and (4.19), whereas in general, cross-sections 
must be calculated on the basis of quantum mechanics. For example, for a 
hard sphere (i.e. when the potential energy of interaction between the electron 
and the particle is of the form U(r) = 0 for r > a and U (r) 2 co forr € a), 
according to classical theory q(v) = za? [cf. (4.18)], whereas in the quantum 
theory for particles of wavelength A = 27 h/mv > a we find the cross-section 
q(v) = 4na?; see, for example, [16, p. 406]. Since, however, a and q,,(v) are 
not caleulated but determined from experimental data, we shall use the ex- 
pression (4.18). For molecules, q,, (v) must be found either from quantum-theory 
calculations (which are possible in principle, but usually unreliable in practice 
for cases of interest to us) or, better, from the appropriate experimental 
data. 

For collisions with ions, it is known that Rutherford's formula is rigorously 
valid in quantum theory also, and so the expression (4.19) for q;(v, 0) is always 
correct. This is not true of (4.19) for g;(v), however, since it depends on the 


classical relation p, = (e?/mv?) cot 40min. When an electron moves in a 
Coulomb field, classical theory is valid if 


e Zlhv > 1, (4.27) 
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where Ze is the charge on the nueleus and v the velocity of the eleetron at 
infinity.f This condition is easily seen to be equivalent, for Z — 1, to 


v«3x108em/see, T ~ mv?/3x « 3 x 10° deg K. (4.28) 


When the inequalities (4.27) and (4.28) hold, the expression (4.19) for q;(v) 
is valid. If these inequalities do not hold, however, the relation between Omin 
and Pm can be estimated from the indeterminaey prineiple. The change in 
velocity dv  eorresponding to an angle Onin<1 is such that 
Av ~ vs, Z h/mp,, whenee the impact parameter is Pm Z hlmvOnin- 
Hence, in the non-elassieal ease, 


q;(v) = 2x (e?/mv?)? In (Y + eot? 10,4) 
= 2y (e[mv*)? In (1 + ymi p,2[h?), 


where y is a faetor of the order of unity and is of no praetieal significance. 

If the opposite inequality to (4.27) holds, the “Born approximation" is 
valid, and g;(v) is easily ealeulated to a higher aeeuraey than has been used 
above, directly for a field of potential p = (e/r) e~/?; this gives 


qi(v) = 22 (e?/mv?)? [In(1 + 4m? v? D2/h2) — 1], (4.192) 


using the fact that D » h[mv. 

In the Earth's ionosphere, the inequality (4.28) is always satisfied. and 
we ean use the expression (4.19) with p,, = D. In the solar eorona, on the other 
hand, formula (4.19a) is more eorreet. However, if we use the faet that (4.25) 
holds, it is easily seen that there is very little differenee between the two 
formulae for the ionosphere, the eorona or any other similar medium. We 
shall therefore use formula (4.19) heneeforward, unless the eontrary is 
explieitly stated. 


The limits of applicability of the kinetie-theory formulae 


There is one essential restrietion which has not yet been mentioned. It is 
that, for à Coulomb interaetion, the whole of the usual kinetie diseussion 
given above is valid only for fields of suffieiently low frequeney. The reason 
is that, in deriving the Boltzmann equation, it is assumed that the collision 
time At is much less than the period 27t/c of the alternating field, i.e. that 
eaeh eollision oeeurs in an external field whieh is eonstant in time. In eollisions 
between eleetrons and neutral partieles, this condition is always satisfied at 
radio frequeneies, sinee At —a/v x; 10- see (the moleeular radius a ~ 10-? em, 
and the mean eleetron velocity 6 z; 107 em/sce). In Coulomb interaction the 
situation is quite different, beeause in this case the radius of the seattering 


T The condition (4.27) is obtained directly from the requirement that, in thc classical 
approximation, thc wavelength 2 = 2z:h/mv must be much less than the shortest distance 


fai = 2€? Z[mv? to which the electron can approach the nucleus. 
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particle is the Debye length D, and 


xT \t7/ am 1 m H 
aprel- qi c gm ee 4.29 
ADM (sx) lm 4 (ay) : Cee 


where 6 = )/(8x7'/am) is the arithmetic mean velocity of the electrons. 
Thus the condition for the usual kinetic discussion to be strictly valid is 
w/22 < 1/At, or ; 
(&nx e? N [mo?)? > 1. (4.30) 


If o? > v2, then by (3.9) the condition (4.30) holds only for frequencies 
where € < 0. The cases of greatest interest, however, are those where ¢ 2 0, 
ic. 4zxe?N[mo? 3; 1. In the most important range, therefore, the above 
discussion of collisions with ions is not rigorous. This fact will be of importance, 
of course, only when collisions with ions play the determining part, whereas 
if collisions with neutral particles are mainly involved, the kinetic discussion 
is valid regardless of whether the condition (4.30) is satisfied or not. Even 
for collisions with ions, however, the restriction imposed by (4.30) need hardly 
ever be taken into account. The reason is that the parameter p,, appears only 
in a logarithm in formula (4.19) and the consequent expressions for the effec- 
tive collision frequency and the absorption coefficient. Hence the exact value 
of p, is relatively unimportant, especially as the logarithmic factor is much 
greater than unity if (4.25) holds.} In what follows we shall put Pm = D and use 
the Boltzmann-equation method, bearing in mind that the resulting formulae 
are in gencral of only logarithmic accuracy. In the ionosphere this is very 
high accuracy and in practice it is certainly sufficient; see §§ 6 and 37. 

The error resulting from equating p,, and D [sec (4.26)] is, however, impor- 
tant when we consider the absorption of radio waves in a very rareficd medium, 
such as the interstellar clectron gas, where the incquality opposite to (4.30) 
holds. The solution to the problem of absorption of radio waves in this case 
is given in § 37. 

We have not mentioned the effcct of a magnetic ficld. When such a field 
is present it may be assumed not to affect the nature of the collisions if Tg > D, 
where ry = v/wg ~ V(xT|[m) > |e| H)/mc is the radius of curvature of 
the particle's orbit in the field and D ~ y(« T [m) + w is the Debye length. 
Hence we derive the condition c > wy; if this docs not hold, the collisions 
take place somewhat differently according as the ficld is present or absent. 
This again, however, affects only the logarithmic factor and can therefore 
be important only if wy > wo. 





t The kinetic calculation, which involves representing the field as being constant over 
the collision time, is certainly unsuitable cven as a first approximation if the condition 
e*/x T 9 « 2n/w is violated; this may also be written 


(e 1 al Ni ) 
m w? « — A324T/ ` 





Propagation in a Homogeneous Isotropic Plasma 31 
$5. MICROPROCESSES IN PLASMAS 


Microprocesses in plasmas. The equations of conservation of particles 
of each species 


In the Boltzmann equation discussed above, we have taken into account 
only elastic collisions of electrons with molecules and ions. In a plasma, how- 
ever, a number of other processes may also occur, including ionisation, re- 
combination, attachment and detachment (formation and destruction of 
negative ions), dissociation and various inelastic collisions. 

Here there arises the question of the effect of these microprocesses on the 
electron distribution function, and furthermore it is necessary to derive 
equations which describe the occurrence of the microprocesses themselves. 

The inclusion of microprocesses in the Boltzmann equation is not difficult, 
though we shall not pause to do so here, since for the subsequent treatment 
it is sufficient to derive the equations of conservation of cach species of particle. 
These equations could be obtained from the Boltzmann equations for elec- 
trons, molecules and ions by integrating them over all velocities. It is simpler, 
however, to deduce the resulting expressions directly from obvious arguments 
concerning conservation of particles. Denoting the densities of electrons, 
ions of either sign and molecules by N, N, and Nm, we have 


dN/dt =J — oNN, - BNN, +yN_Ny +IN_, (5.1) 
dN,/dt = J —a,N,N_—a,N,N, (5.2) 
dN_/dt = BNN, —o;N.N, — y N.N, —IN_. (5.3) 


Here J is the number of electrons formed (i.e. the number of ionisations) 
per unit volume of gas in unit time by the incident radiation, or by any other 
agency not allowed for by the remaining terms in the equation. For photo- 
ionisation, which is the predominant process in the ionosphere, J = q,S,. Mss 
where q, is the photoionisation cross-section and S, the flux of photons (equal 
to the energy flux S divided by the photon energy Ac). The bar denotes 
averaging over the spectrum. In (5.1)-(5.3) it is assumed for definiteness that 
there are ions and molecules of only one species. Also «, and œ; are the re- 
combination coefficients of positive ions with respect to electrons and negative 
ions, B the coefficient of attachment of clectrons to molecules, y the coefficient 
of detachment of electrons from negative ions in collisions with molecules 
(the corresponding process in oollisions of negative ions with other ions of 
any kind is neglected in these equations), and J N_ is the number of electron 
detachments caused by the radiation per unit volume and time. The quantity 
I depends on the intensity and spectrum of the radiation: / N. = ge S, N., 
where grem is the removal cross-section, i.e. the cross-section for a process of 
the type Og + hw — 0, +e or O- + ho — O +e, e being an clectron. 
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In order to see the significance of the coefficients œe, «;, B and y, let us con- 
sider in more detail the process of electron recombination, i.e. processes of the 
type Oi +e O4 +ho, N*+e=N + ho, etc. The mean number of 
recombinations between a given ion and electrons per unit time is qq, v N, 
where grec is the recombination cross-section, v the relative velocity of the 
electron and the ion (which is practically equal to the velocity of the electron), 
and the bar denotes averaging over the velocity distribution; this is necessary, 
since greo depends on v. The total number of recombinations per unit volume 
and time is qi, N N,, whence it is clear that a, = rect. If the velocity dis- 
tribution is the equilibrium one, then 


TEIG. m in -mv*[2xT y2 

X = Qroc Y = fasst n e xT Y dar, (5.4) 
The quantity B is detcrmined in an exactly similar manner, viz. B = q,v, 
where q, is the attachment cross-section and v the electron velocity. 
The coefficients œ; and y are given by similar expressions, but here v must be 
taken as the relative velocity of the ions or of the ion and the molecule. Tt 
is clear from the above, and in particular from (5.4), that the coefficients 
Xe» Xi, B and y need not depend on the pressure, and in equilibrium (more 
precisely, when the velocity distributions of all particles may with sufficient 
accuracy be regarded as equilibrium ones) are functions of the temperature T 
only. This situation, however, may apply only for low pressures, when only 
binary collisions need be considered. In the ionosphere this condition is usually 
satisfied ; if it is not, then we can go back to equations of the type (5.1)-(5.3), 
but with the coefficients «,, «;, ete., depending on the pressure. 

We have not written down so far the equation which gives the variation 
with time of the molecule density N,,, but have used the fact that Nm may 
often be regarded as a given quantity. If this is not so, then the equations 
(5.1)-(5.3) must be augmented by 


dN,Jdt— — BN Nue, NN, Ex; NN, y N NSAIN.. (5.5) 


Moreover, equations (5.1)-(5.3) and (5.5) do not take account of any possible 
expansion of the medium, or of motions in it, or of diffusion. The presence 
of a macroscopic velocity w of the medium is very easily taken into account. 
It is sufficient in (5.1), for example, to replace d N/dt by 0.N/0t + div (Nw), 
where N and w arc functions of coordinates and time. The other equations 
must bc modified similarly. The allowance for diffusion in the ionosphere is 
rendered more difficult because it is necessary to allow also for the electric 
field produced by diffusion in an ionised gas, and for gravity. In some cases 
the effect of the Earth's magnetic field is also important. Thus the problem 
is quite complex, and we shall not onter into it here; cf. [17-19]. 


T The following discussion is unaffected if the recombination process is of the type 
Of + e= O' + O", where O' and O” are excited oxygen atoms. 
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Neglecting diffusion, and because of the high conductivity, we may usually 
assume the plasma quasineutral, so that 


N+N_=M,, (5.6) 


where for definiteness we assume all ions to be singly charged. 

It follows from (5.1)-(5.3) that d(N + N_)/dt = dN, /dt, i.e. the condition 
(5.6) continues to hold. Using this relation and a parameter A = N_/N, it 
is easily shown that (5.1)-(5.3) give 


aN J N dà 
Aot Moe. e Oo: RR ee 
dt 1-4 (n, + Ao) N 1+2 dt’ (5.7) 
or aN J 
D NC S | 


" 1 d 
N,=(1+4)N, N_=AN, mat hart a gin +2). | 


Of course, the use of an effective recombination coefficient «' affords a simpli- 
fication only if the ratio A of the densities of negative ions and electrons is 
constant or varies only slowly with time. Then 


a“ =a, +10;, (5.9) 


and to a first approximation A is independent of N. On these hypotheses, 
equation (5.8) is much simplified and is equivalent to one determining N only 
from recombination and photoionisation, neglecting the effect of negative 
ions. For this equation, derived from (5.1) with N_ = 0, is 


dN|dt = J —«,N?, (5.10) 


where we have uscd the fact that, by (5.6), N, = N when N_ = 0. 
With å = constant, equation (5.10) is of the same form as (5.8). In a steady 
state, when dN/dt = 0, we have 


Jil +a) =a! N?, a! — a, + Ao. (5.11) 
For J = 0 the solution of equation (5.8) with A = constant is 
N(t) = N/l +o’ Not), (5.12) 


where N, is the density at time ¢ = 0. 

It must be cmphasised, however, that we cannot in general put A = constant. 
For, if we do this in equation (5.7), which follows from (5.2) and (5.6), it is in 
general incompatible with (5.1). Hence the relations (5.9), (5.11) and (5.12), 
which are based on the assumption that tho parameter À is constant, can be 
used only within certain limits. 

The above relations [especially (5.1)-(5.3) and (5.5)] are the starting-point 
for a consideration of processes occurring in plasmas in the presence of neutral 
particles, radiation, ctc. 

2 PEW 
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The analysis of these processes in various conditions, and particularly in 
the Earth’s ionosphere, is outside the scope of the present discussion; see 
[20-24]. We shall therefore continue with some comments and estimates which 
are useful in the subsequent devclopments. Only applications to the Earth’s 
ionosphere will be under considcration. 

Experimental data, when reduced on the basis of equation (5.8) with 4 = con- 
stant, yield the following values: for the D layer «' ~ 10-9 to 10-7; for the 
E layer «’ ~1 to 3 x 10-8; for the F} layer «’ ~ 10-8 to 10; and for the 
F, layer x' ~ 10-1? to 10-11. Taking these values as a rough estimate, we can 
immediately estimate the lifetime of an electron, i.e. the mean time between 
the ionisation (or detachment) and recombination (or attachment). This time 
is evidently [e.g. from (5.12)] of the order 


to ~ lo! N, (5.13) 


since in a time l/x'N the electron density would be halved if there were no 
ionisation. The relation (5.13) also follows directly from the definition of 
the coefficient «' (for example the mean number of recombinations of a given 
electron per unit time is xN = qv N, and the mean lifetime v, = l/x,N; 
if we are using the effective recombination coefficient «’, it is clear that in 
order of magnitude also v, ~ 1/x’ N). From the above values we have for the 
various layers 


TE~ 10% sec, tor, — 10? to 104sec, tor, ~ 104 to 1095sec, (5.14) 


taking Ng ~ Ny, ~ 105, Ny, ~ 106. 


The slowing-down time of non-equilibrium electrons in a plasma 


We can now go on to consider how the production and disappearance of 
electrons in the gas affects the clectron distribution function. This problem 
arises because the electrons formed will certainly not have a Maxwellian 
velocity distribution and, in general, are relatively fast; in the ionosphere, 
they may have energies of the order of a few electron-volts. The electrons 
which undergo recombination or attachment, on the other hand, are mainly 
the slowest ones, with energy <7’. Hence, even when there is no electric 
field, if processes of ionisation, recombination, etc., take place the distribution 
function may in principle differ considerably from the Maxwellian. In order 
to estimate this difference, we must compare the lifetime of an electron in 
the free state [sec (5.14)] with the slowing-down (or relaxation) timo, i.c. 
the time in which a fast electron formed in the gas is retarded to thermal 
velocities. 

When an electron with velocity v collides with a heavy particle, the momen- 
tum of the electron is changed by some amount mAv = m(v — v’). The heavy 
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particle receives a momentum —mAv, and its energy changes by 


(p— m Av} p? mè 





where p is the momentum of the heavy particle before the collision. If the 
electron velocity is sufficiently great, so that the kinetic energy K > 3x7 
(where T is the temperature of the hcavy-particle gas), then the heavy particles 
may be considered to be at rest. Thus, putting p = 0 (or averaging over 
directions on the assumption that p and 4 v are independent, as they are for 
K > $xT), we see that in one collision the electron loses an energy 
m? (A v)?/2 M. Hence the mean energy lost per unit time by electrons of velo- 
city v is 


2 
U (o) = | (Av)? a, (9,8) ON ns dQ, 
where N,, ; is the density of heavy particles (molecules m or ions i), q,, ;(v, 0) 
the differential cross-section (4.15), and dQ = 2z sin 0 d 0. Taking the direction 


of the initial electron velocity v as the z-axis, we have Av, = v(1 — cos) 
and (4v,)? + (4v,)? = v? sin?0. Hence 


= mN m,i 


U (v) = ADR [v ((9, 9) (1 — eos0) dQ 
(2m[M) (4m v?) v4, ; = (2m/M) K v4 i, (5.15) 


I 


since Vm i = Ym,i(¥) VN m.i and qs, ;(v) = fam, i0, 6) (1 — cos6) dQ [see (4.15)]. 
Thus, if K > xT, we have for elastic collisions between electrons and 
heavy particles Ū (v) = 6,K%m,;, where 6. = 2m/M [see (4.6). If v4, is 
independent of the velocity v, then we have formula (4.5) for K > $xT. 
This is to be expected, since the elementary theory is identical with the kinetic 
theory for Ym, = Yer = constant. 7 
The relative fraction of energy transferred, 6(v) = U (v)/ K v, ;(v), is equal 
to ôa only if there are no inelastic collisions. If such collisions are not ruled 
out on energy grounds, we usually have ô > ó4. The lower excited electron 
levels of atoms and molecules arc about 1-10 cV above the ground level. 
For a low-temperature plasma the excitation of these levels is not of great 
interest; an energy of lcV corresponds to a temperature T, ~ 10* deg. In 
atomic gases and in collisions of clectrons with ions in a low-temperature 
plasma, therefore, ô = 04. This equation is valid for a mean electron energy K 
considerably less than the lowest ionisation potential. In molecular gases, 
however, we have ô =d6(T,)>6. even at an clectron temperature 
= 2K[3x ~ 300°, i.e. inelastic collisions are possible, with excitation 
mainly of the rotational levels of the molccules. This is because the distances 
between rotational levels are very small, being (e.g.) ~10-* eV in the molc- 
cules O, and N,, corresponding to T ~ 10°. Hence, when T, = 10°, the elec- 


Q* 
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trons can lose energy by exciting rotational levels, whereas excitation of 
vibrational levels barely occurs in O, and Ne, for instance, even for Tẹ ~ 300°. 
The reduction of various experimental data (see [14], and also [21, 25, 26]) 
leads to the values of ó shown in Table 5.1 for hydrogen, oxygen, nitrogen, 
air and various heights in the ionosphere. 


TABLE 5.1 
Values of 6 x 10? 


Ionosphere 


100 km | 200 km | 300 km 


T, | H, O; Ns Air 








For a mixture of gases (air, ionosphere, etc.) the values of 6 are obtained 
from the formula 


y, y, 
ô = ô; eff, 1 ô, eff, 2 , 
Veff,ı + Veff,2 Veff,ı - Vett, 


where 6,,, arc the values of ô for gases l and 2, and veff,1,2 the effective fre- 
quencies of collisions between electrons and molecules of gases 1 and 2. The 
gencralisation to more than two components is obvious. The different valnes 
of à in the ionosphere and at various heights thercin are due to the change 
in composition by dissociation, etc. We shall not give here the data used in [14] 
concerning the composition of the ionosphere, since the actual values of 6 
are uscd below only for purposes of estimation. Moreover, even values for gases 
of definite composition cannot be regarded as firmly established because of 
certain discordances in the literature. Finally, in Table 5.1 the mcan electron 
energy K is expressed in terms of the electron temperature T, = 3 K [x, assum- 
ing a Maxwellian electron velocity distribution, but the results do not depend 
greatly on the form of tho distribution function, since 6 depends only slightly 
on T,. Hence Table 5.1 can be used as a first approximation even for non- 
Maxwellian distributions, with T, defined by K = 3xT,. 


38 Propagation of Electromagnetic Waves in Plasmas 


With K, —1eV in the E layer, (5.19) gives AT ~ z'[x v, ~ 0-1 °K, and in 
the F layer (5.20) gives AT —— 10 °K. These estimates are very rough, but 
they definitely show that the effect of ionisation, recombination and other 
processes on the electron distribution function in the ionosphere is very slight, 
on the above assumptions. In the F layer we can further assert that the elec- 
tron distribution function is Maxwellian to a high degree of accuracy, but with 
an electron temperature T, + T; in other words, the only deviation from 
equilibrium in this case is that the electron temperature is not equal to the 
heavy-particle temperature. This follows from a consideration of collisions 
between electrons, which have not so far been taken into account. The cross- 
section for such collisions is immediately seen to be of the same order as the 
cross-section (4.19) for electron-ion collisions, the only difference being that 
which is due to the equality of mass of the colliding particles. Moreover, in 
sufficiently close encounters between electrons the average change in their 
energies is of the same order as the energies themselves. Hence, if we have a 
pure electron plasma (without molecules), the relaxation time t, for the 
establishment of equilibrium between electrons is m/M times less than the 
time z' for establishment of equilibrium between electrons and ions, which 
is given in order of magnitude by (5.18). 

It will be shown in § 6 that in the F layer the value of v,f due to electron-ion 
collisions only is of the order of the experimentally measured value of Yer. 
Thus the conditions are similar to those in a pure electron-ion plasma, and 
t, c (m/M) v ~ (1/ve¢¢) In(K,/« T), since 6 in (5.18) is of the order of m/M 
for collisions with ions. 

If veep ~ 3 x 103 sec! and Ky, — 1eV, we have v, ~ 10-?sec, t/t! ~ m/M ~ 
~3x 10-5, and v/v, ~ 10-7 (with t, ~ 104sec). Thus, in the F layer we can 
always assume that equilibrium is established between the clectrons, and 
therefore that the distribution function is a Maxwellian with some temperature 
T,. As already stated [see (5.21)], since (7'/v,) Ky is relatively small, we also 
have T, ~ T, where T is the ion temperature. The calculation of T, requires 
the use of the Boltzmann equation, including terms which take account of the 
appearance and disappearance of electrons. This problem is considered in [27] 
on the basis of certain assumptions, which we shall not discuss here, and the 
result is in agreement with the above. In a particular case for the F layer given 
in [27], T, — T — 50K,, where K, is measured in electron-volts; according 
to (5.21), T, — T ~ $ (T'/To) Kyx ~ 8 x 103(t'/ty) Ky — 10 K, if v'/vy ~ 10-8 
aud K, is measured in elccetron-volts. 

Summarising, we may say that, in the absence of external fields, the assump- 
tion of a Maxwellian electron distribution function in the ionosphere is entirely 
reasonable and must be a good approximation to reality. Since, moreover, 
it is not usually possible to obtain reliable information about the actual form 
of the distribution function in the ionosphere or the amount of its deviation 
from the Maxwelliau, the choice of the cquilibrium distribution as a basis 
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for discussion is indeed unavoidable in practice. The same may be said of the 
solar corona. Thus the effect of an electromagnetic wave on the distribution 
function, which is our fundamental problem, will be examined on the basis 
of the Boltzmann equation (4.17), neglecting microprocesses in the plasma. 
The same procedure will be used for strong fields (Chapter VIII). Cases are, 
of course, conceivable in which this approximation is invalid. For examplo, 
if the electrons formed in ionisation undergo recombination or attachment at 
energies above the thermal (mean kinetic) energy of the molecules and ions, 
then we naturally cannot regard the electron temperature T, as being close 
to the temperature 7' of the heavy particles. Moreover, in such conditions we 
cannot always suppose the electron distribution function to be Maxwellian 
even for a pure electron-ion plasma. It may also be noted that, even when 
the distribution function is mainly Maxwellian, deviations may quite easily 
arise at velocities v > y(xT,/m) (for example, in an electric field; see § 38 
and [258]). 


$6. THE PERMITTIVITY AND CONDUCTIVITY 
OF A PLASMA: KINETIC THEORY 


General relations 


Let us now calculate the permittivity £ and the conductivity ø of an iso- 
tropic plasma from the Boltzmann equation. 

Neglecting for the moment collisions between electrons, we write the initial 
equations as 








ef. SE Oh digo; 

ot m Ov e 
ve 1 (2) -x( m Jhon on 

f= fot — , foo = dnx T . 


Here y = v, + »; is the collision frequency. In accordance with $5 and the 
assumption that the field is weak, the symmetrical part of the distribution 
function is taken to be Maxwellian, with the electron temperature T, equal 
to the heavy-particle temperature T. If the clectric field E is zero, then (6.1) 
shows that f,(v, t) = f (v, 0) e^"), i.e. the asymmetrical part of the dis. 
tribution function is damped, and in a steady state T= fä: 

To calculate ¢ and o in a uniform electric ficld which varics with time, 
we must put in (6.1) E = E,” and seek a solution in the form f, = fee’ 
This gives directly 

e E 0f, [dv 


1 miw + (o) id 
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The total current density is [see also (4.11)] 
ji=e f vfdv 
De 
=e J v fı dv 


v 





— efv(v-f)vdvdO 
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0 
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= 3yz m w? + 9? (u) eq) , ce) 
where : : 
u = V(m/2xT) v (6.4) 
and we have used the fact that 
0f, 0v = —mvfoux T = — (N[223?) (ma T ue". 
By the definition of € and ø we have 
ho (oio = )B=io lp, (6.5) 


Equating (6.3) and (6.5), we find & and ø. 
The effective collision frequency », is also often used; it is defined by 
4zeN eN Vere 


SS i t ge sce sss 
m (o + vege) ’ m (o + veer) 


(6.6) 
The use of this v; is, however, not always convenient or justified [28]. If 
v (v) is independent of v, i.e. v(v) = vef = constant, then of course we have 
at once from (6.3) the expressions (3.7), which are identical with (6.6). This 
approximation in fact corresponds to the elementary theory of $ 3. When the 
dependence of v on v is taken into account, we must regard v, in (6.6) as a 
function of the frequency w, and this function is not the same in the two 
expressions for € and o; furthermore, the function »,-(@) in the expression 
for o is two-valued [28]. In the kinetic theory, therefore, it is best to use v.s 
only in the limiting cases of high and low frequencies w. 
In the limit 


o?» Vett (6.7) 
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when 
e = l —4nxe?N[mo?, o = EN v¢/mw?, (6.8) 


the value of v, is evidently, from (6.3), (6.5), (6.7) and (6.8), 


eo 5/2 eo 

Vert = > y(u) ute" du = hed (| f v(v)vte-mviz«T dv, (6.9) 
3 yx 3y(2x) Vx T , 
0 0 


where we have taken into aeeount that in the most important range of inte- 
gration we have, as well as (6.7), w?> v?(u) (see below). 

The quantity v(u) in (6.9) is to be taken as (4.15), with v replaced 
by Y(2xT/m) u. 


Collisions with molecules 


In collisions with moleeules the eross-scetion q,,(v, 0) is in general only 
very slightly dependent on v and 0. In particular, for air at electron energies 
above about 0-25 eV, the Ramsauer effect (veloeity dependence of the eross- 
seetion) seems to be almost absent. The data available for oxygen, nitrogen 
and air are to some extent eontradietory. It is therefore best at present to 
assume the cross-seetion independent of veloeity, especially as we are inter- 
ested only in thermal velocities, where there is in general no reason to expeet 
a marked Ramsauer effeet (see also below). 

Regarding the moleeule as a hard sphere of radius a and thus taking the 
expression (4.18) for vm, we find from (6.9) 


"um T RN, 83x lO^ z a* VT Nn, (6.10) 


where 6 = )(8xZ'/xm) is the arithmetic mean eleetron veloeity. For T = 300°, 
$ = 1-08 x 10? em/see. From the arguments given below we take 
4-4 x 10-16 em? as the value of za? for air, or the radius a = 1:2 x 107? em, 
in approximate agreement with the result given by gas kineties. For this value 
of a we have, by (6.10), 


N T 
j =j: n "——l-——. jl 
Veff, m 1-7 x 10 29.7 x 1019 V3; (6 ) 


At atmospherie pressure and T = 300 °K, therefore, vep = 1-7 x 10" see. 

In subsequent estimates we shall usc (0.11), although it must be remembered 
that this may involve an error of several tens per cent when applied to the 
ionosphere, even negleeting the change in composition and temperature; sec 
below. 

It may also be noted that (6.9) has been derived by using the faet that the 
important range of integration in the integrals (6.3) is that where u — 1; 
for u > 1 the integrand deercases exponentially, and for u < 1 it is proportio- 
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nal to u5. The condition (6.7) used is thercfore practically equivalent to the 
condition w? > »?(u) whereby (6.3) becomes (6.9). This is clear also from the 


fact that, by (6.10), vat m~ »(u = 1). 


Collisions with ions 
The situation is similar in calculating vesc for collisions with ions. In this 
case we must substitute the expression (4.19) for v in (6.9). Using also (4.26), 


the result is 
2 et 
Voff, i = 3 7t (x Ty 


us [SURE xxe? dx 
Iper’ 


3/2 
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N:=N, +N; N,=N_+N, (6.12) 


where N , is the concentration of positive or negative ions; sec [29]. Similar 
calculations had previously been given in [30], where it was assumed that 








m ~ 1/N3. 
The integral 
./1 1 l 
1- - es(z e085 s |in- asin =], 
X «X 2 
where 
oo z P 
cia) = — f ee at and Sig = f i 
z 0 


are the cosine and sine integrals. From the condition (4.25), which shows 
that l/æ is small, we have Z œ — Ci(l/x) = ln x — 0:577 = ln («/1-78). Thus 


et xT 5-5 Ni T 
Vett, i =N N; ln {0-37 = t In {220 —- |. 6.13 
eff, 7 (x Ty | aa) T5? o(2 a) ( ) 








In what follows we shall replace N, in the logarithm by N;=N,4+N_, 
since N, < N; S 2N, and the error in (6.13) duc to replacing N, by N; is 
niegligiblo. Moreover, in the majority of the cases we can assume that N_ = 0, 
N; = N, = N, and thus use the formula 


et xT 55N T 
Vef i = 7t —--— 9 N lni 0.37 = —— l| 220——.). : 
offi Ty ( sal m «| Wi ) (6.14) 
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If the eleetron temperature T, is not equal to the ion temperature T, we 
can caleulate similarly and easily derive the formula which replaces (6.13). 
For example, if T, > T, and N; = N, = N, then 

55N 280 T 1, T 


y . = ————— Li qon 7 6.15 
eff, i Tal? Ni 3 T, ( ) 


The difference between formulae (6.15) and (6.13), apart from the replacement 
of T by T,, is in general outside the limits of accuracy of these formulae. 
For, as stated in $4, by putting p, — D [see (4.26)] we commit an error 
which affects the argument of the logarithm in (6.13). 

However, it must be emphasised that, if (477€? N/mo?)* = 1, then formula 
(6.13) can be relied on to within a factor of the order of unity in the argument 
of the logarithm, which ensures very high SEGUE acy, of the calculated value of 


Verr; (for T = 300° and N; = 10$, In (2207/5) = — 6-5 and, even if we double 
or halve the argument of the logarithm, the value of vef ; is changed by only 
10 per cent). The accuracy of formula (6.13) is insufficient only in the opposite 
limiting case, i.e. (4zte? N [mo*?)* « 1. The calculation of the absorption coef- 
ficient u in such conditions, when u = (1 — n?) vejen ~ 4zte? N Ver¢/mew? 
(sce 8 7), is given in $ 37. The results there obtained enable us to assess the 
accuracy of formula (6.13) under the conditions prevailing in the ionosphere. 
The accuracy is usually not worse than 5-10 per cent. 


The part played by collisions between electrons 


The validity of this conclusion is closely related to the fact that in the case 
(6.7), when w? > v2, collisions between clectrons, which have been neglected 
in (6.1), are indecd unimportant [31]. This is not obvious, since the cross- 
section for collisions of electrons with electrons is of the same order as that for 
collisions with singly charged ions. In general, therefore, collisions between 
clectrons are important, and it may be shown that at low frequencies, when 
œw? < rêr (and, in particular, in a constant ficld), the conductivity is reduced 
by a factor 1-73 when N; = N and collisions between clectrons are taken into 
account (see bclow, and [32]). 

When w? > ,, collisions between elcetrons are unimportant in an iso- 
tropic plasma, for a variety of reasons. When such eollisions are neglected, the 
distribution function satisfies equation (6.1), from which we sec that the 
number of electrons which leave a given velocity range as a result of collisions 
is proportional to v and to the dcviation of the distribution function f from the 
equilibrium function fg, i.e. is proportional to vfi. Next, when œ? >», 
according to (6.2) f, ~ eE (3foo/3v) (iw — v)/mo?; thus the value of f, is 
mainly determined by the acceleration due to the external field, and only 
in a higher approximation by collisions with ions and molecules (the part 


2a* 


44 Propagation of Electromagnetic Waves in Plasmas 


depending on collisions is proportional to the number of collisions v, which 
is small compared with w). 

A peculiarity of collisions between electrons is that, by the law of conser- 
vation of momentum, such collisions cannot in themselves change the mean 
electron eurrent, which is proportional to the mean electron momentum. 
Hence, if there were no collisions of electrons with ions and molecules, collisions 
between electrons would make no contribution to the conductivity. From this 
it follows that, as regards the effect of collisions between electrons, the only 
part of the deviation of the distribution function from the equilibrium form 
which is important is that which is due to collisions with ions and molecules. 
The above discussion shows that this part is of the order vf,/w < f,. The part 
of the collision integral S,,, which is due to collisions between electrons 
and must be added to (6.1) [see (4.17)] is equal in order of magnitude to the 
number of collisions between electrons} vee ~ »,;, multiplied by that part 
of the deviation of the distribution function from the equilibrium function 
which is important as regards the effect of collisions between electrons. As 
has been mentioned, this latter factor is of the order of vf,/«, and therefore 
Si ee ~ "e, filo, whereas collisions with ions and molecules give a term 
vf, = (Vem + Yei) f, in (6.1). This result, which may be confirmed by a more 
rigorous calculation [31], indicates that, even in the absence of molecules 
(when v = »,;), the contribution of collisions between electrons to the con- 
ductivity is less than that of electron-ion collisions by a factor of about », ;/w. 
In the F layer of the ionosphere, therefore, where v —»,; (see below) 
and usually v/w ~ 10-4, collisions between electrons may be entirely neglected. 
The same applies, of course, to the solar corona. In the lower regions of the 
Earth's ionosphere this conclusion is still valid, since here, inter alia, the 
frequency of collisions between electrons v,, ~ Vei Vett ^ Vett, m- 

Before going on to make use of formulae (6.11) and (6.13), which have been 
shown to be very accurate, we may note that the expression 


mci (037 d 
(x Ty e? Ns 
[see (6.13)] for the mean cross-section for electron-ion collisions has an evident 
physical significance. Let us first consider a collision in which the momentum 
of the clectron is considerably changed, i.e. the clectron is deflected through 
an angle 0 of the order of unity. Such a collision occurs if an electron approach- 
ing at some impact parameter p has a potential energy of the order of its 
kinetic energy, i.e. e*/p — x T, or np? — ze*[(z TP. The appearance of a 
logarithmic factor also in the expression for the cross-section represents an 
allowance not only for very closc but also for more distant collisions, the con- 
tribution from which cannot be neglected, because of the slow rate of decrease 





f It may be recalled that 7,;= r is the number of electron-ion collisions; »,, — 1, 


only if N — N,. ‘ 
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of the Coulomb field. Since the logarithm is large, moreover, most collisions 
are distant, and we can suppose with logarithmic accuracy that each indi- 
vidual collision involves only a small change of momentum. The effective 
collisions occurring with frequeney vep are thus each the result of a large 
number of individual collisions. 


The collision frequency in the ionosphere 


The cross-section for collisions with ions at temperatures of the order of 
hundreds of degrees is fairly large, about a million times that for collisions 
with molecules. This is clear from Table 6.1, which gives approximately a 
number of values of vett m and »,;,; calculated from formulae (6.11) and (6.13). 
The numbers in the first column are N,, or N; correspondingly. 


TABLE 6.1 


Values of vet m aud ross; 


| T —250?K T = 300 °K T = 600 °K 


N,, or Nj 

Vett,m Veni Vett m Vott, i Vett, m Vert, i 
104 —. 111 — 85 -— 33 
105 — 982 — 768 — 297 
10$ = 8-9 x 10? —, 69 x 103° -— 2-7 x 10? 
109 55 5-6 x 10$ 6 4-4 x 109 8:5 2.2 x 108 
1012 5-5 x 108 — 6 x 10? — 8-5 x 10? — 
1014 5:5 x 105 | 6 x 10 — 8:5 x 10 — 
1015 5-5 x 108 6 x 109 — 8-5 x 10$ — 








In the D layer Nm ~ 10% to 10! and v, ~ 10? to 105. In the E layer 
Nm ~ 10% to 101? and v, 4, ~ 10* to 105. The electron density at the maxi- 
mum of the E layer is Nmax S 2x105, and if N; ~ N we have v;7-3 x 10°. 
If N;» N,as has sometimes been assumed for the E layer and as may be 
true for the D layer, then ve, may exceed vett m3 if N,, ~ 10P, then v; ~ 
eim for N; ~2 x 107. However, it scoms that actually N ~ N; in the 
E layer, and thus collisions with molecules play the dominant part. Here we 
may note that, when collisions take place both with ions and with molecules, 


(6.9) evidently gives 


~y 


Vefe = Vett,m T Vett, i: (6.16) 


where the values of v,;;,,, and »,5; ATC as before, i.e. are given, for example, 
by formulae (6.10) and (6.13). In applying (6.16) it is necessary to remember 
that we have as yet considered only the case of high frequencies [sce (6.7)]. 

When vej is determined experimentally from measurements of the absorp- 
tion of radio waves in the ionosphere, we of course find this total 
value vef = Vers + vano In the D and E layers, as already mentioncd, 
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we almost certainly have veti < vo, 5. In the F layer, or more precisely in 
its lower part, the situation is more complex and more interesting. The reason 
is that, cven if we assume that N; = N, =N in the F layer, as follows from 
various arguments, then with N 3 2 x 10° we have v; S 105; the experi- 
mental value for the F layer is v; ~ 10? to 10* (details are given in [22, 23]). 
Thus in the F layer vg ~ vt; but the lack of careful measurements properly 
reduced makes it impossible to say what is the differenee vet — v.s; which 
is to be equated to v,;,,. (The above comments refer to the lower part of 
the F layer, since in the higher regions ve — vog; € Vor, ANA vqg,,, cannot 
be reliably determined from radio measurements.) The determination of 
Ver, iS, nevertheless, very important, since the density of molecules in the 
F layer is not sufficiently well known and varies with time. A measurement 
of v,;,, would make possible a determination of this quantity important 
in the study of the F layer (see below for details). In order to exhibit the possi- 
bilities of this approach, let us write the expression (6.16) in explicit form, 
substituting the values of v, and vege; from (6.10) and (6.14): 

ver = 8-3 x 1057 YP Ny + “pais (220). (6.17) 
Here the electron density N may bc assumed known, since it is easily found 
by radio methods. If, therefore, we knew the temperature T also, a mcasure- 
ment of v; would immediately give za? NN, (of course, if vg m K Vett,i, 9 
measurement of v4; can give only an upper limit to za?.N,,). In practice, 
however, the temperature T is unknown, and must be found either from (6.17) 
itself or by some independent method (see [31]). 

If the cross-section za? is independent of T, the latter can be determined 
from (6.17) by measuring v, for various values of T; this ean in principle 
be done by measuring vep at various times of the day and at various altitudes. 

Thus, if the temperature dependenee of za? is neglected, radio methods 
enable us, at least in principle, to find na? Nm, where ma? is the cross-section 
of the molcculc (regarded as a hard sphere) and Nm the density of molecules. 
More aceurately, ma? N,, should be replaced by X rat N,,,, where the suffix k 
refers to the species of atoms or molecules present. 

For oxygen and nitrogen molecules, different determinations of ra? have 
led to valucs differing by a factor of nearly 2. This wide scatter seems to be 
due to the fact that the cross-section za? depends on the electron velocity 
on account of the Ramsancr effect, and this velocity is not the same in different 
cases. The value of za? for air at T ~ 300°, aceording to [26], is fairly accura- 
tely known to be 4-4 x 10-16 em?, the value which has bcen used in (6.11). 
In discussing the F layer, however, it must be borne in mind that atoms of 
oxygen and possibly nitrogen are present as well as N, and traces of O,. 
There arc no experimental data concerning the cross-section za? for O and 
N. Certain theoretical data [33] lead to the conclusion that the oxygen atom 
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may exhibit unusually strong scattcring, giving a cross-section as high as 
1000 x 10715 cm?. Such a value is unlikely, but cannot, apparently, be entirely 
dismissed, because we do not know certain properties of the oxygen atom 
which are involved in the calculation of za?. Thus, until the value of the O 
cross-section is decided, we cannot derive N,, from the measured values of 
za? N,. At the same time, despite the progress that has been made in measure- 
ments by means of rockets and satellites, a determination of the value of 
za? N, in the F layer at different times would be a notable step forward in 
the study of the upper layers of the ionosphere. 

To conclude our discussion of the collision frequency in the F layer, we 
may note that statements are to be found in the literature (e.g. [20, Chapter VI, 
§ 6]) to the effect that v, = vq, in the F layer, since collisions with ions 
cannot be important, on account of the low ion density. It is clear from the 
foregoing discussion that this view is mistaken, since it is bascd on an in- 
correct idea that the cross-sections for electron scattering by ions and neutral 
particles are about the same. In reality, at 7' ~ 300? the ion scattering cross- 
section is about a million times that for molecules. 


Low frequencies 


So far we have considered only the case of high frequencies (06.7), which 
is that usually encountered in radio studies of the ionosphere and in radio 
astronomy. Nevertheless, in practice we do, of course, often meet with fre- 
quencies which are less than the collision frequency and, in particular, with 
fields independent of time. As an example it may be mentioned that, at à 
height of about 70km in the Earth's atmosphere, N,, ~2 x 10 and 
Vett, m ~ 107, while at sea level vt, 4, ~ 2 x 10H. Thus it is clear that we can- 
not restrict the investigation to the high frequencies only. 

As well as in the high-frequency case (6.7), the formulae for e and ø can be 
very simply derived in the opposite case of low frequencies: 


w? « [arl (6.18) 


The resulting formulae are, of course, valid for a constant field also. 
The effective collision frequency »(9) which appears in (6.18) is defined by 


o = e N/m var. (6.19) 


The values of » and of the effective collision frequency v; used previously 


for the high-frequency case are the same according to the elementary thcory 
($3), but the two are in fact equal only if thc collision frequency v is inde- 


pendent of the velocity v. 


a T More precisely, we may consider not the whole of the F layer but only the lower part 
and the region of transition to the E layer. The reason is that, by using formula (6.17) 
and the data given in Figs. 30.1-30.3 for heights above 200 to 250 km, we obtain the 
inequality already given, v, — Vert, = ver, 4 X Yer» In such conditions, of course, no 
reliable determination of Vet,m can be made by the method here discussed. 
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From formulae (6.3) and (6.19), taking into account the possibility of 
replacing the inequality œw? « »?(wu) by the condition (6.18), we obtain 


oo 
1 8 ute “du 
———————— | ————. 6.20 
vir 23|ym T v(u) San 
0 
Substituting (4.18) in (6.20) gives 
1% mn = = nai) Nyy. (6.21) 


The difference between this formula and (6.10) is that the factor 4/3 = 1:33 
has been replaced by 32/8 = 1:18. The slightness of this difference, especially 
in view of our imprecise knowledge of the radius a, means that the elementary 
theory is in practice adequate to deal with electron-molecule collisions. 

In ordinary steady or quasisteady gas-discharge experiments the quantity 
y) is found from the values of the conductivity. According to [26], the mean 
free path in air is 1 = p% = 5-4 x 10-? em for 5 = 1-08 x 10? cm/sec 
and a pressure of 1 mm mercury. Hence za? = 4-4 x 10716 cm? and 


N T 
w, =l 11 m LE .22 
Veff, m 1 5 x 10 9.7 x 1029 V 3o (6 ) 


In fact, we have used (6.22) (which may be regarded as an experimental value), 


(6.10) and (6.21) to derive above the value of v, for the other limiting 
case [sce (6.11)]. 


For collisions with ions we have, substituting (4.19) in (6.20), 














Bw / e yxT 1-6 N; T 
vit, i = 9 N,ln[0-54 -J- ~In{324y—,], (6.23 
TRU 32 C) i í eu Tale | "x) 
since the condition (4.25) shows that the integral involved is 
oo 
aede 3 





In(1 +0222) ^ In(yo) ' 


where y ~ 1. Apart from the unimportant difference in the argument of the 
logarithm, formula (6.23) differs from (6.13) by the factor 32/32, i.e. »(9) , is 
about onc-third of v ;. However, it is not entirely correct to make a direct 
comparison of formulae (6.13) and (6.23), since the former is valid even when 
collisions between electrons arc taken into account, while (6.23) applies only 
to electron-ion collisions and is not valid when collisions between electrons 
are included. The reason is that, as already mentioned, in the low-frequency 
case (6.18) we cannot-neglect collisions between electrons, and if N; œ~ N 
such collisions certainly affect the conductivity. Thus formula (6.23) -holds 
good only if N; > N, in which case collisions betwecn electrons are not im- 
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portant.[ If on the other hand (e.g.) N; = N, = N, then the results of [32] 
show that 
2 o4 
1% = 173 =" N Inf054y 
32 (x T? 





£ a) ; (6.24) 
e? N3 
It is seen from (6.23) and (6.24) that the effect of collisions between electrons 
in this case is to introduce a factor 1-73. A comparison of formulae (0.13) 
and (6. 24) shows that, other conditions being the same, vett; is 55/28 ~ 2 
times »(9) ;, the frequency of collisions in the case of low frequencies. 

It should also be emphasised that for low frequencies, as is clear from 
(6.20), the relation (6.16) is not valid, i.e. »(9 + »(0 m + »(9 ;. Hence, in 
comparing formulae (6.13) and (6.24), we have assumed a purely electron-ion 
plasma, with no molecules, so that »( = »@ . 


The general ease of an arbitrary frequency 


The permittivity and conductivity of a plasma for any ratio of frequency 
to collision frequency are conveniently put in the form [28, 34] 


w ) 4ne2N 
m(w? t vb)’ 





e=1-K( 
Veff 


eNy 
OR: (2 ogee 
Voge / (co? + vest) 


(6.25) 


where v, is the collision frequency introduced in (6.9) for the case of high 
frequencies. 

By definition K, and K,— 1 when «/v — co. For intermediate values 
of w/ 4, the factors K,, K, give the deviation of the expressions for e and 
c from the formulae obtained in the elementary theory. The functions K, m 
and K,,, for collisions with molecules are shown in Fig. 6.1 and Table 6.2. 


'TABLE 6.2 


Collisions with molecules 





O[V,rt m | | Kom | ©/Pett.m 

0 1-51 1-13 2-0 0-985 0-95 
0-01 1-51 1-13 40 10 0-98 
0-05 1-50 113 6:0 10 0-99 
0-1 1-48 1-12 10-0 1:0 1-0 
0-2 1-40 1-09 35-0 10 10 
0-5 1-19 1-02 co 1-0 10 
1-0 1:07 0-94 





f Such collisions may also be neglected when multiply-charged ions are predominant 
(Z » 1). 
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The value K, m(0) = 1-13 is, as it should be, in agreement with formulae 
(6.10) and (6.21). The fact that K, m(0) = 1-51 + Ko, ,, (0) shows that the same 
value of »() cannot be derived from the expressions ø = e?N/myeg_ and 





log( wrer, m) 


Fro. 6.1. The functions Ke, m (w/vett,m) and Ko, m (w/veff, m). 


=1—42e2N/mv%, of the elementary theory. In the low-frequency case 
(6.18) we have therefore used only the expression (6.19) for the conductivity c. 
The functions K,; and K,, for collisions with ions when N; = N, = N 
are shown in Fig. 6.2a,b and in Table 6.3. 


TABLE 6.3 
Collisions with ions 









Ks Koi 





OV, including neglecting including neglecting 

electron-electron collisions electron-electron collisions 
0 4-59 19-8 1:95 3-39 
0-01 4-59 19:5 1:95 3°38 
0-05 4-51 15:8 1:92 2-76 
0-1 4-34 1I: 1:86 2-12 
0-2 3-79 5-47 1:65 1:40 
0:5 2-30 2:44 1:07 0-90 
1:0 1:41 1:52 0-72 0-68 
2:0 1:05 1:15 0-62 0-59 
4-0 0-97 1-01 0-73 0-63 
6-0 0-98 0:97 0-82 0-72 
10-0 0-99 0-96 0-92 0-78 
35-0 1:00 0-99 0-99 0.91 


oo | 1-0 10 10 10 
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In order to exhibit the significance of collisions between electrons, values 
are given both with and without allowance for such collisions.} For the limiting 
cases, these results [34] are in accordance with those obtained in [31, 33, 35]. 
When collisions with both ions and molecules occur, the above expressions 
are, strictly speaking, applicable only in the limiting case of high frequencies. 





log (w/t) 


Fira. 6.2. The functions K; ; (o/vett,i) and K,,; (w/vett, i) 'The continuous curves 
take account of collisions between clectrons; thc broken curves do not. 


Collisions of ions with ions and molecules 


Let us now consider briefly the calculation of € and ø in the case where 
collisions of ions with ions and molecules are predominant. This can, of course, 


f The values in Table 6.3 have been derived in the approximation used in the first 
of [32]; the allowance for collisions between electrons brings in a factor 1-74. Formula (6.24) 
involves a factor 1-73, which is obtained in higher approximations [32]. This also explains 
the slight difference between the value of c from (6.19) and (6.24) and that from (6.25) 
ard Table 6.3 when o[v. 0. 


52 Propagation of Eleetromagnetie Waves in Plasmas 


occur (in the absence of a magnetic field) only for a plasma containing very 
few electrons or none at all. 

A rigorous treatment of collisions between heavy particles is in general 
much more complex than that of collisions between electrons and ions or 
molecules. However, if we ignore a numerical factor of the order of unity, 
an expression for the frequency of collisions of an ion with molecules can be 
derived from formula (6.10) for electron-molecule collisions, if we replace a 
in (6.10) by the sum of the radii of the two particles and replace the mean 
velocity ð by the mean relative velocity by = V[8x T (M; + M m) M; M,,]. 
where M; and M,, are the masses of the ion and the molecule respectively. 
If M; = M,, and the particles are of equal radius a, then ?, = V27; and, 
apart from a factor of order unity (3; = V(8x T[z M)), we have 


; 16/2002 _ 
Y m & Js Nin (6.26) 


For O£ and N+ ions, taking a as in (6.11), we find 
(i) Nm T 
O aad xl L^. J/.—. 
OES laa cg 


For ion-ion collisions we can use for v) ;, with the same proviso as above, 
formula (6.13) except for the conversion to numcrical coefficients, taking 9 
to be the mean ion velocity and multiplying the whole expression by Ņ2. 
It must also be borne in mind that the arguments concerning conservation 
of momentum mentioned previously in connection with electron-electron 
collisions apply also to ions of like sign. In the expression for v9 ;, therefore, 
it is morc correct to take N, as the density of ions of one sign, equal to half 
the total density. The result is 


i RE e T 3-9N T 
a.i ~ — —— v; N , ln (rms = ETT th 220y,—), 
y2 («Ty e Ns Tale M Ns 








(6.28) 


where y ~ 1 and the factor 0-37 in the argument of the logarithm is retained 
only for convenience of comparison with formula (0.13). 

The formula for »@ ; thus obtained, like formula (6.26) for vÈ m, is directly 
applicable to the case of high frequencies.[ However, as we have seen, even 
in collisions of charged particles, only a factor of order unity appears in the 
frequency of collisions at low frequencies. The introduction of such a factor 


in the approximate formulae (6.26) and (6.28) would exaggerate the accuracy 


T In the elementary theory r$, = VO m Tob + vite for all frequencies, and the 


. 4 MER . (6) E x 
effective frequency of ion-cleetron collisions is Vette = N veri Ni. Here ver, i8 given by 


(6.13). It follows from this and (6.28) that vitre « 91%}, if N < N,y(m] AL). 
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of the calculation. In other words, we can use only the formulae of the cle- 
mentary theory for an ion plasma treated in the above manner. 

In the approximation corresponding to the elementary theory we have 
for a plasma with an arbitrary ratio of electron and ion densities 


— PE ze N _ 4z e) N, 
mlo?) M(w? + DORT) Nah 
" eN vef eN; MYA 
mot) Mlo + DOT) 


These formulae can often be simplificd. For example, in the D layer of the 
ionosphere there seems to be a range of frequencies for which œ? > [v(}]? 
and o? < vêr. Then 
NN 4neN Ane N; 
m vr Mo? ’ 
eN eN; mU | (6:30) 
GAL + 
M Voff Mo? 
Dispersion relations 


It is clear from the above discussion that the functions e(w) and o(c) for 
a plasma are in general quite complicated. It may therefore be useful to bear 
in mind that for any medium e and ø are connected by what are called dis- 


persion relations: 
ae 
£(0)—128 Ed ede 9 : | 


(6.31) 
4z[o (o) — o(0)] Z _ 2@ ze fs U " on. | 


w 


where the integral must be taken as a snes value at w = w’. Further 
dctails are given in [36, § 62] and [22, § 83]. 


§7. THE PROPAGATION OF ELECTROMAGNETIC 
(TRANSVERSE) WAVES IN A HOMOGENEOUS PLASMA 


The indices of refraction and absorption 


When clectromagnctic waves are propagated, unlike what happens in the 
quasistationary case, the permittivity e and the conductivity o arc of subsidiary 


f The variation of +, with frequency (as regards the use of the formulae of thc 
elementary theory with »,,, a function of w), as for electron-molccule collisions, will in 
most oe be very slight. For ion-ion collisions the frequency effect is larger and it may 
be that v(p. , for low frequencies (i.e. for w? < [rth] ) is about half its value for high frc- 
quencies (ie. for œ? > [vin dT). 
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importance. A direct physical significance now attaches to the indices of 
refraction and absorption, and to certain other related quantities. 
To introduce these, let us consider the propagation of a plane electromagnetic 


(transverse) wave, 
E = Beet, (7.1) 


in an infinite homogeneous isotropic medium. The starting point here is equa- 
tion (2.10) with e’ = constant. For a transverse wave, where div E = 0, this 


equation becomes 
AE + (w2/c?) e'(w)E = 0. (7.2) 


Substituting the solution (7.1), we obtain the equation 
k = (w*/c*) &' (v), (7.3) 


frequently called the dispersion relation. The relation between the fields E 
and H is obtained from the field equations (2.1a) and (2.3), which for the 
plane waves (7.1) give 


woe E-— —kXxXH, oH-—ckxE. (7.4) 


Scalar multiplication by k gives the conditions for transverse waves: k* E — 0, 
k. H = 0. The former of these follows from (7.4) only when e' + 0; if &' = 0, 
longitudinal waves also are possible (sce $$ 2 and 8). In general, when the 
frequency w is real, the wave vector k is complex, and can be written as 
k = kọ — ig, where kọ and q are real vectors. The field (7.1) becomes 
E = EQe 2776 O:-5e7) and the difference in the directions of ky and q 
corresponds to the difference in the planes of equal phase and amplitude. 
Such plane waves are said to be inhomogeneous. For homogeneous plane 
waves the planes of equal phase and amplitude coincide, and the vector k 
may be written in the form 


k = (w/c)(n — tx)k/k. (7.5) 


Taking the direction of the vector k/k as the z-axis, we can write the field (7.1) 


in the form 
E= E, et oxzlc ei(ot T onze). (7.6) 


where, by (7.3) and (7.5), 
(n — tx)? =e’ = e — i : 4nojw. (7.7) 


The F sign in (7.6) corresponds to waves propagated in the dircctions of the 
positive and negative z-axis respectively. The quantities n and x are the 
indices of refraction and absorption. The wavelength in the medium is seen 
from (7.6) to be 

À = hon, dy = 2nc[o (7.8) 
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for the reasons discussed above, the directions of the phase and group velo- 
cities must be the same. Another proof of this statement is given in [36, § 64]. 
When spatial dispersion is taken into account, the group velocity may be 
in the opposite direction to the phase velocity; see Appendix A. 


Damping of waves in the absence of absorption 


When c = 0, therc is no absorption of electromagnetic energy, since the 
heat generated per unit time and volume is j: E = o £?. This does not 
mean, however, that waves cannot be damped. For, if ø — 0 and €> 0, then 


n = |e, x = 0, (7.13) 


and the solution (7.6) has the form of pure travelling waves; but if o = 0 
and e « 0, then 
n=0, *=J-—e (7.14) 


and the solution is damped [the minus sign must be taken in (7.6) for a wave 
propagated in the dircction of the positive z-axis]. 

In this case the damping of the wave signifies that travelling waves cannot 
be propagated in the medium; the energy flux S = cE X H/4z vanishes 
on being averaged over time, and the wave is completely reflected from the 
medium with e < 0 (total internal reflection). The term “index of absorption” 
is unsuitable and inconvenicnt here, and the imaginary index of refraction 
“n = —t/—e = —ix is thercfore often used. Thus for c = 0 it is convenient 
to define 5 

n? = (n — tx)? = e. (7.15) 


Expressions for » and x in limiting cases 
If o + 0, we must use the formula (7.12). When 


> 45 : 
we have for e > 0 Da 1519) 


nee ye = y — 4zc e N/m(w? + va), 

x a 27: o[c ye = 2t e? N v.m e (o? + vg) V[Y — 42: e? N/m(w? + 92g)), > (7.17) 

u S 200 xc & 4 mt ofc ]/e 

and for e < 0 

n es 2z:0[o ||.— € — 2t e? N vag [m e (o? + veg) [4 zc e? N/m(w? + v?g) — 1], 
(7.18) 

x & -e = V[&zt e? N [m(o? + vig) — 1]. 


Here we have substituted for e and ø the expressions given by the “elementary 
theory” for a plasma of the simplest type (sec $ 3). 


T In writing the Poynting vector S or the energy lossesj - E in the usual form, we assume 
that only the real parts of the fields are taken. 
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In the opposite limiting ease, when 


[e| < 4zo/o, (7.19) 
we have 


n ~ X a (27 olw) = V[2z eN v.g[m w(w? + 92g), (7.20) 
L= 20 x[c e (82: ofc?) = 4zxy(o fle = 4n y(ojc Ay). (7.21) 
Here the field deereases by a faetor of e = 2-72 over a distance 


ô = clox e y(c?[9z:00). (7.22) 


The quantity 6 is frequently ealled the thickness or depth of the skin layer, 
since in metals, where the condition (7.19) is usually satisfied, the length 
ô = c|} (2x00) is of the order of the depth to which the variable field pene- 
trates into the material. 

The values of ¢ and o have not yet been made specific in this seetion, except 
on the right of formulae (7.17), (7.18) and (7.20). This is natural, sinee the 
above diseussion relates to any medium exeept where there is appreeiable 
spatial dispersion. For an isotropie plasma we must use for ¢ and c the ex- 
pressions derived in $8 3 and 6. 


Real and complex frequencies 


In eonelusion, it may be noted that hitherto the frequeney w has been re- 
garded as real, and we shall usually continue to do so. It must be emphasised 
that this is not a truism, but a certain manner of stating the physical problem. 
For there is another possible way of stating the problem, whieh is in faet 
sometimes encountered, whereby a real wave vector K is taken, i.e. a wave 
field harmonie in space is used. The application of this to plasma waves is 
diseussed in § 8. The relation (7.3) between w and k evidently holds good 
whether or not these quantities are assumed to be real. It is elear from this 
(and, of eourse, from the nature of the problem) that for real k the frequeney w 
is in general complex (i.e. the field is damped or amplified in the course of 
time). If k is real and the frequency is w = w + iy. and y « w, then the 
relation ck = (w + ty) [n (co + ty) — ix(w + iy)] gives 


y = ox + d(no)ldo = wx(o) vg/c, (7.23) 


where vg, = c + d(wn)/dw is the group velocity of the waves (see $21). The 
relation (7.23) between the index of damping of the wave with time and the 
quantity wx/c which determines the spatial damping [see (7.6)] is quite 
natural, since the energy in the wave travels with the group velocity vgr; the 
eondition y < œw ensures that the damping is small, so that the eonecpt of the 
group veloeity can be used. Equation (7.23) has been derived without using 
the familiar dispersion relation c?k? = (n — ix)’w? for real w. It is quite 
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clear, however, that the same result is obtained if we first find the relation 
between real k and complex w; then (7.23) gives x for any value of y. 


If n —y(1— odo?), x-—2o|on = os v,g/20? n = (1 — n?) %g/20 0 
(cf. (7.17) for œ? > ve, 08 —4ze N[m), then c — d(on)/do —cn and 


y =} (1 — n?) veg = 20 eN vm o? = WF vg[2o*. (7.24) 


$8. THE ALLOWANCE FOR SPATIAL DISPERSION. 
PLASMA WAVES AND ACOUSTIC WAVES 


Plasma (longitudinal) waves. Phenomenological allowance for spatial dispersion 


The problem of the existence of longitudinal (plasma) electromagnetic 
waves in an isotropic medium has already been touched upon in § 2. If spatial 
dispersion is neglected, the frequency wọ of these waves is given by the con- 
dition &'(c) = 0 [see (2.15)] or, when the conductivity is sufficiently low, by 


e=1—427e2N/moi =0, 


Wy = V(&z e N/m) = 5-64 x 10 yN, (8.1) 


where we now consider the particular case of a plasma and neglect the motion 
of the ions. 

The magnetic field in longitudinal waves is zero, and hence the term "'electro- 
magnetic waves" is in this case somewhat arbitrary. It is better to use the 
term ‘‘electric waves" or "charge waves”, but we shall use below the more 
customary term “plasma waves". However, even the term “waves” is strictly 
correct only when spatial dispersion is taken into aecount. The allowance 
for spatial dispersion takes us beyond the merely local relation D — &E, 
and we must take into account the dependence of the induction D at a given 
point on the field not only at that point but also in its neighbourhood. 

In a general isotropic medium the allowance for spatial dispersion can be 
madc by assuming that the induction D depends linearly not only on the 
field E but also on the appropriate derivatives of this field. The result is 


D —cE + ô AE + 6, grad div E. (8.2) 


Terms in the first derivatives of thc field do not appear in an expansion such 
as (8.2), on account of symmetry.] There can also be no other second-order 
terms in (8.2), since AE and grad div E are the only second-order invariants. 
Tt is in general incorrect, when spatial dispersion is weak, to take account 
of higher-order derivatives in the expression relating D and E (see below). 


T The medium is assumed non-gyrotropic, and therefore has a centre of symmetry, 
whereas the relation D, = y,,,0 E,[0x; is not invariant with respect to inversion (replace- 
ment of z; by — z,). For further details see (1, 36]. 
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The current density j is also related to the field E by an expression of the 
type (8.2) when spatial dispersion is taken into account. For simplieity this 
expression will not be used in what follows, i.e. absorption will be neglected. 

The field equations (2.1)-(2.4) are, of course, valid independently of the 
relation between D and E. The same applies, therefore, to the wave equation 
(2.5). Substituting (8.2), this equation gives 


A E — grad div E + (w?/c?)(e + ôA + 6, grad div) E = 0. (8.3) 


Hence, for, homogeneous plane waves E = E,¢@t-k-r) — E, ef(wt-onk-rick), 
we have for transverse waves (k* E = 0) 


k = (w?/c?) (e — 0,42), A = eklo? = elll + wô); (8.4) 
for longitudinal waves (k. E = kE) 
(o*[c)[e — (0, --0,)5?] — 0, Aj = c2h?/w? = elw? (ô, + 62). (8.5) 


It is clear from (8.4) that when the coefficient 6, is sufficiently small the allow- 
ance for spatial dispersion is unimportant for transverse waves, but (8.5) 
shows that for longitudinal waves it is important whatever the value of 
6, + 6,. When 6, + à, — 0, the index of refraction fj can be finite only 
for ¢ = 0, and this is also the condition for longitudinal waves to exist when 
spatial dispersion is neglected [see (8.1)].f 

The coefficients 6, and 6, cannot, of course, be determined by a phenomeno- 
logical approach, but their values may be estimated as follows. The expression 
(8.2) represents the first terms in a series expansion, the parameter of the expan- 
sion being the ratio of some characteristic length a to the wavelength in the 
medium A= Ay/n = 22c/wn (in practice we use the quantity 4 = 4/27 = c/wn). 
The wavelength appears because the wave field varies considerably over 
that distance. If the field also varies appreciably over a distance a, i.e. if 
À — a, then the inhomogeneity of the field is of grcat importance, and the 
induction is, roughly speaking, determined equally by the field and by its 
spatial derivatives. Thus |ô, AE| ~ ô w?n? E[c? = 0, E[À? ~ E for å ~a. The 
same applies to the term 6, grad div E. Hence 


ô, (m Ô> Pr aè. (8.6) 


In a plasma, the characteristic length a is the distance traversed by an 
electron in one oscillation, i.e. @ ~ v/wp where v is the mean velocity of tho 
electron. For when 4> a the electron oscillates in a nearly uniform field, 
but if å xi a the electron passes through various fields in the course of its 
oscillations. It is thercfore clear why, when allowance is made for the thermal 


+ Whether or not spatial dispersion is taken into account, the general condition for 
plasma waves is curl H = (1/c) (4j + 0 D/0t) — 0, which in the absence of absorption 
becomes ô D/0t = 0, with E +0. 
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motion, the current density at a given point in the plasma depends not only 
on the field at that point but also on its derivatives. Thus in a plasma we have 


ô om. bs et v2/we. (8.7) 


When the electron velocity distribution is Maxwellian, v ~ vp = V(xZ'/m) 
and v2/w? ~xT/82e2N = D?, where D is the Debye length (4.21). Hence 
in a Maxwellian plasma we have 


ô ~ 0, ~ voe ~ D? = xT[8ne? N. (8.8) 


This result is readily understandable, since in the plasma the Debye length 
represents the radius of interaction between molecules or the radius of screening 
(see § 4). 

It is evident from (8.5) and (8.8) that the index of refraction of a plasma 
wave i, = ñy has the form 
1 — ego 

Peale” 
where ¢ is a numerical factor of the order of unity. The notation n in place 
of ny for longitudinal waves in a plasma is an anticipation of that used in 
Chapter III and afterwards. 

In going from (8.5) to (8.9) we have used the fact that the frequency w 
in the denominator may be replaced by wọ. This is because the index n, 
becomes very large when there is an appreciable difference between the wave 
frequency w and the plasma frequency w,. The approximation used above 
is then invalid, since, by taking only the second-order terms in the expansion 
(8.2), we essentially assume that the next terms are small, i.e. that] 


a*JÀ? ~ by 3/22 « 1. (8.10) 


Since À = c/wn = Ajn, this inequality can be written 


its = ñf = 





wg=4n2eNi/m, vp- y(xT[m), (8.9) 


n? « lw , ~ Aija. (8.11) 
For the plasma wave governed by (8.5) and (8.9) this signifies that 

le] = |1 — ox/o?| « 1, (8.12) 
i.e. the frequencies œw and œw, arc almost the same. 


For transverse waves the condition (8.10) signifies that spatial dispersion 


is unimportant [sce (8.4)] Equations (8.4), (8.8) and (8.10) show that, for 
a plasma, 


ni = hig = Ell — w? ô, aC) =e+ Ae, | 
e=1—afo®, |As|- e wth ot = (0o) (onlo), | (8.13) 
Vpn = ¢/ V€. | 


T The third-order terms do not appear in the expansion of the type (8.2), on aeeount 
of symmetry; the fourth-order terms arc less than the seeond-order terms in the ra*io 
a?/2?, since the parameter of the expansion is a/A. 
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Even for T ~ 10° we have vp = ly(x T[m) ~3 x 108 cm/sec and |Ae| S 10-4. 

It might seem at first sight that the expansion (8.2) can be supplemented 
by higher terms, leading to more general results. In general, however, this 
is not so. The higher terms are evidently important only when the wavelength 4 
is close to the characteristic distance a, and in regions whosc dimensions are 
of the order of a the whole macroscopic approach used above becomes in- 
valid.f For solids and liquids this is immediately obvious, since, as has been 
mentioned in § 2, a ~ d ~ 10-8 to 10-7 cm. The situation in a plasma is similar, 
since the macroscopic (quasihydrodynamic) description is impossible for 
regions whose dimensions are less than the Debye length D. It is sufficient 
here to note that a discussion of waves of length less than D is possible on the 
basis of the kinetic theory, and leads to the conclusion that these waves arc 
strongly damped (see below). Thus the range of validity of the expression (8.9) 
for the index of refraction of plasma waves is in fact limited by the condition 
(8.12). When this condition is not fulfilled, there can be no plasma waves 
which are undamped or only slightly damped. 


The kinetic theory 


The calculation of the coefficient £ in (8.9) and the determination of the 
index of absorption require a more detailed description of the plasma, and 
for a rarefied plasma they can be effected by the use of the Boltzmann equation 
[37-43]. Neglecting collisions, and in the absence of a magnetic field, we have 
the linearised Boltzmann equation (4.2) in the form 


2g[0t + v-grad,y + (e E/m) - grad, fo = 0, (8.14) 


where g is the deviation of the distribution function from the unperturbed 
distribution fọ and e is the electron charge. In what follows, we shall suppose 
for definiteness that this unperturbed distribution is the equilibrium distribu- 
tion, i.e. that the function fis the Maxwellian function foy. When the Boltzmann 
equation is used, spatial dispersion is automatically taken into account. For- 
mally, this is due to the inclusion in equation (8.14) of the term v- grad,g, 
which depends on the spatial derivatives. 

Equation (8.14) must be solved together with the ficld equations, which 
are obtained by averaging the equations of clectron theory: 


eurl h = (l/c) (4r ov + 0ef0ot), dive=4z0, 

curle = — (1/c)Oüh/Ot, divh=0; 

o= Xeó(r—rj)--oi, Qv= devu,d(r—%), (8.16) 
k k 


(8.15) 


T Here we pass over the fact that, when a/A ~ 1, the series of the type (8.2) converges 
very slowly or at not all and must be replaced by an integral relation between D and E. 

It may be noted that the terms “macroscopic approach " and “hydrodynamic approach” 
are employed with the customary meaning that the medium may be regarded as conti- 
nuous. 
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where r, is the radius vector of the kth electron and o; the ion charge density 
(the ions being supposed at rest). When the microfields are averaged in the 
plasma we have, with e = E, h = H (the bar denoting averaging), 
curl H = (1/c) (4x j, + OE/0t), divE=4276, | 
curl E = — (1/c) 3 H/ət, divH=0, 


À-e[vodv, ü—e[f pdr. | 


Here it is assumed that the current density j, and the mean charge density 6 
are zero in the equilibrium state with distribution foo- 
From (8.17) we obtain in the usual way (see § 2) the wave equation 


1 GE 4x oj 
AE — grad div E — zc M 


(8.17) 








c 0f c at?’ (8.18) 
j= e J vgdv. 
Substituting in (8.14) the solution 
plt, v, v) = pi (v) et“, (8.19) 
we find 
i(o — k-v)g = — (e[m) E - grad, foo. (8.20) 


Ignoring for the moment the possibility that w — Kk. v may vanish, we get 
from (8.20) 
p = ie(E- grad, foo)/m(w — k- v). (8.21) 


Substitution of this expression and a solution of the form E = E,e*(@t-*-" 
in the wave equation (8.18) gives 





k2 E, — k(k+ Ey) — (e [c?) E, = —i-4zt eo jol, | 
, | $e fv(E grade foo), (8.22) 
3e Q9 — k.v ep | 


The condition for the homogeneous equations (8.22) to have a non-trivial 
solution E, + 0 is called the dispersion relation; it involves w and k. Again 
ignoring the possibility that w — k- v may vanish and assuming that the 
value of j,, is determined by the region where w > k* v, we obtain 


: ie? ('v(E,- grad kev (kev)? 
E E "OR grated (y E? Ea 
m w w : 

ie? N Jd 
| ———— ( + ae =) E, for transverse waves, 
m w Mm Ww 


(8.23) 








ve N 3x T k Cof Es 
— ( + ——. z) E, for longitudinal waves. 
M w w? 
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Here, in effecting the integration, foo has been assumed to be a Maxwellian 
function [see (4.3) or (6.1)], so that grad, foo = (@f99/0 v) v/v = — (mv/x T) foo- 
From (8.22) and (8.23) we have the dispersion relation for transverse waves 








2 
soatiga | 
8.24 
=o ok Bley? = 1 — w/w? RI 
Mp endure 1 + (x T[m c?) c/o? ` 


The result (8.24) is entirely in agreement with the earlier discussion [see (8.4), 
(8.8) and (8.13). Thus in (8.4) for a plasma ô, = x To/mo*]. It should, 
however, be noted that the correction term (x7'/mc?)w?/w? is of the same 
order as the rclativistic effects. Since the latter have not been taken into 
account, the temperature correction in (8.24) cannot be regarded as established 
with accuracy. We shall not give here the corresponding rclativistic calculation, 
since for transverse waves with T < 109 the temperature correction is in any 
case negligible, but merely mention that for xT/mc? <1 the result of the 
relativistic calculation is [267] 


alc (ooN — 5x Tm c? 
ACT 1 + (x T/m c) oo 





For a plasma (longitudinal) wave we find from (8.22) and (8.23) 


z 3xT 
m w m (8.25) 
2 1 — ojo? " 1 — oo | i 
3 (8% T /mc®) ojo 3xTm e’ 


which agrees with (8.9) for € = 3. 

It should be noted that in (8.25), unlike (8.24), the temperature correction 
is exact for sufficiently short waves. The allowance for relativistic effects 
(i.e. the dependence of mass on velocity) leads to a change in we by an amount 
of the order of (x T'/mc?)c. In (8.24) this alters the temperature correction 
itself, but in (8.25) it merely adds in the numerator a term of the type 
(x T'/me?)w?/w?, which is small compared with unity. The essential point, 
therefore, is that for longitudinal waves there is in the dispersion relation 
no large term c?k?, and the term involving the temperature cannot be regarded 
as a correction; it is the only term which depends on £*. 


t In a longitudinal wave the magnetic field H = 0, and so we need not use the wave 
equation; instead the field equation div E = 4xe f «dvo, together with the equation 
E = —grad Ó which defines the electric potential, can be used. This would not, however, 
afford any simplification in the problems here discussed. 
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For xT'/mc? < 1 the relativistic calculation [42] gives the dispersion relation 








T 
uiuat TELL ye See we, | 
(8.25a) 
1 — (w/w?) (1 — 5x T[2m c?) 


32 
"S 32 Tm c 
confirming the above result. The correction term — 5xT'o/2mc? is small 
but nevertheless of importance for relatively small values of #3, i.e. for suffi- 
ciently large values of the wavelength A = 2z/k. For example, (8.25) gives 
ñi = — 2 25 ives #2 = 1 when 
fi; = 1 when w — w ~ 3xTw,/2mc?, whereas (8.25a) gives 73 
w — w ~ {xT wmc. In other words, formula (8.25) is valid only if |w — wo| 
» xT wo/mc?. 

The phase and group velocities of plasma waves are, from (8.25), 


vpn = w/k = c/n = (3x T/m) + V(Y — ex/o*), 
Vg, = dwjdk e 3x T k/m wy 

~ (3x T/m) x Y(1 — w§'w?) 

= vpn (1 — 8/0”). 


(8.26) 


Here we have regarded the temperature term in the dispersion relation as 
a correction, and to the accuracy used we can putt 


3 2/,)2 
= na = Dk, 
w = Wy + 5 (x T/m) k?/ws = wo(1 +3 ) (8.27) 


D=Y(xT/8xeN). 


The condition for the temperature correction to the plasma wave frequency 
to be small can evidently be written 


Dk = DJÀ « 1. (8.28) 


This condition is clearly equivalent to the conditions (8.11) and (8.12) used 
previously, and implics that, to the accuracy used, we can always replace (8.25) 
by (8.27) and 1 — ox/o? by 2(1 — w/w). However, we shall for simplicity 
refrain from making this change. 


Cherenkoy radiation in a plasma. Absorption of plasma waves 


The question of plasma waves whose wavelength is less than those which 


satisfy the condition (8.28) is closely related to the possibility of satisfying 
the equation 


w = kev, (8.29) 


f It may be noted that an expression frequently used in the literature for the Debye 
length is y(xT,/4ze? N), which holds for a plasma in which the electron temperature 7’, 
eonsiderably exceeds the ion temperature [see (4.22)] 
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If this condition may be satisfied then equations (8.21) and onwards are not, 
strictly speaking, meaningful. This is reasonable, since (8.21) can be derived 
from (8.20) only if œw — kev +0. For a transverse wave in a plasma the 
condition (8.29) cannot hold, since w/k = vp, = €/m, = c + (1 — cxlo?) »» c, 
and v <c. Admittedly the condition v <c is not automatically included 
when the non-relativistic Maxwellian distribution is used, but the validity 
of the above statement is evident from physical arguments besides being confirm- 
able by a telativistic caleulation. The physical arguments have already been 
given in essence, but we may make the supplementary comment that equation 
(8.29) is identical with the condition for the occurrence of Cherenkov radiation. 
This is usually written 

v cosl = c/n, (8.30) 


where c/n = w/k = vy, is the phase velocity and 0 is the angle between the 
velocity v of the particle and the wave vector I. Cherenkov radiation (the 
Vavilov-Cherenkov effect) is possible, evidently, only if v > c/n. For trans- 
verse waves in a plasma, n}, < 1 and Cherenkov radiation is not possible. 

In the ease of plasma waves the conditions (8.29) and (8.30) may be satisfied, 
and this corresponds to Cherenkov emission of plasma waves by a particle 
(electron). But if the partiele can emit a wave of this kind, then it must be 
able to absorb it, i.e. acquire energy from a similar wave during its propagation. 
Thus plasma waves must be damped even if there are no collisions.T 

The amount of damping is determined principally by the relative number 
of plasma particles for which the eonditions (8.29) and (8.30) ean be satisfied. 
For a plasma wave of phase velocity vp, = w/k propagated in a Maxwellian 
plasma, the number of absorbing particles is large when vpn ~ vy and expo- 
nentially small when 

V(3% T/m) 
ya — ojo?) 
This condition is obviously the same as (8.12) and (8.28). If the initial distri- 
bution function f, is not Maxwellian, but differs from it by the absence of 
very fast particles, there will be no damping. It is clear that there is no physical 
distinction between very little damping and absence of damping. Thus, when 
(8.12), (8.28) or (8.31) holds, the above expressions for the frequency and the 
index of refraction of plasma waves are valid, and the region of Cherenkov 
emission, where œw = k+v, may be neglected. 


Ubh > vp = Jy(x T/m). (8.31) 


f In the absence of collisions the damping of plasma waves increases the energy of 
electrons for which the condition w = k-v is satisfied. Since in fact collisions always 
occur, the energy acquired from the wave is subsequently transformed into thc energy 
of random thermal motion. The collisionless damping of plasma waves was first demon- 
strated in [38]; its physical interpretation was given in [43], although without explicit 
reference to Cherenkov radiation. The author is uncertain as to where such reference 
was first made, but recently the Cherenkov mechanism has been treated as well known 
(see, e.g., [82, 83]). 


3 PEW 
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The above calculations are, however, insufficient to find the damping 
coefficient and to analyse the propagation of short plasma waves with 
24 = 1/k x D. To deal with these problems it is necessary to solve simultane- 
ously the Boltzmann equation (8.14) and the wave equation (8.18), e.g. with 
the following conditions [38]: at the initial instant ¢ = 0 there is a given 
deviation of the distribution function g(0, r, v) from the equilibrium distri- 
bution foo; and we require the form of the function g(t, r, v) at subsequent 
instants. Without loss of generality we may consider only functions of the form 


9 (t, r, v) = g(t, v) ér, (8.32) 


where the wave vector k is assumed to have a given real value. At times ¢ 
close to the initial instant = 0 the function g (f, v) is not in general harmonic, 
and so there is no relation between w and k. In the course of time the initial 
perturbation g(0, v) is “broken down” and transformed, and for sufficiently 
large ¢ the electric field E depends on the time as e'^' = ei*'e7Y! (where 
œw =w + iy is the complex frequency). We assume that the initial pertur- 
bation g(0,v, v) is a smooth function and that the unperturbed velocity 
distribution f, also has no singularities (this is, of course, true if f, is the 
Maxwellian distribution f,,). Then the solution E — ei*'! = éi*te^*! becomes 
valid after a time of the order of 1/w, ~ D/vp, where D is the Debye length 
(4.21). Thus the relation between w’ and k is set up, as it were, asymptotically, 
but fairly rapidly in practice.T 


In order to indicate how the damping coefficient y may be calculated 
without solving a problem with given initial conditions (see above), we shall 
procced as follows. If we neglect the possible existence of a pole, (8.22) gives 
for longitudinal] oscillations the dispersion relation 


2 
eee MEE NIMES (8.33) 
mo w—ku 
where u is the component of the electron velocity in the direction of k, the 
integration over the components perpendicular to k has been effected, and 
foo(u) = N y(m/2zxx T)e- "'?*T. Where it is possible that w = ku, the relation 
(8.33) has no precise significance, since the result obtained depends on how 
the integral is calculated. This means that there is in general no relation 
between w and k. Such a relation does exist, however, for the waves which 
are least rapidly damped in the course of time for a given real k. The solution 
of the initial-condition problem stated above [38] shows that this relation 
is given by equation (8.33) with the integration in the plane of the complex 
variable u along the contour C shown in Fig. 8.1, i.e. passing above the pole 


1 The behaviour of the field at times t < 2n|a, has not to the author's knowledge 
been analysed in detail. 
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Uy = w'/k = wlk + iyglk: 
_ 4m (udfy(u)du du — S ( m ) u? foodu 


mo. w —ku — «o AXXTN]J o —ku 





=1. (8.34) 


Here w has been replaced by w! = w + iy, since for real k the equation 
has a solution only for a complex frequency.t 





reu 
Fic. 8.1. Contour of integration C in the dispersion relation (8.34). 


For small k, the pole uy is remote [re wu,» V(x T[m)], and fy9(uo) is very 
small. If we neglect damping, therefore, we need only integrate along the 
real axis of u, and this gives formula (8.25). To calculate the damping (on 
the assumption that k is small and y « wọ), the integral in (8.34) is reduced 
to one along the real axis together with an integral along the semicircle shown 
by a broken line in Fig. 8.1. The latter integral is equal to xi times the residue 
at the pole. Thus (8.34) gives 


4nc?N | Axuc&N 3xT ke ime dfoolw'/k) — 
m o? m w? m oc? m k? du z 








1. (835) 





An approximate solution of this equation, using the condition y « w, gives 
for w the previous expression (8.25) and for the coefficient » the value 


y= ys c e 3/2 ur g- 14 Q.D) 


8 (k Dj 
~ y e732 = (A) g- moljax T ie 
8 k? XI (8.36) 


0-05 Wo . 107 0.11/(k D» i 


~ Tk D) 
kD=DA<1, D-y(xT/8z&N), yov. 


It is clear from (8.28) and (8.25a) that for w — w, S; (xT/me@)w, the 
index of refraction ñ is small and may be less than unity. When m, < 1 
Cherenkov absorption of plasma waves is, of coursc, impossible (see the 


T The same condition (8.34) may be derived by Seeking an initial perturbation 
(0, v) eik’ such that the field is E = Ey e'*'' for all t [39]. 

It may be noted that in calculating the coefficient of absorption of plasma waves 
the question of the limits of applicability of the linear approximation should be given 
special consideration. This has not yct been done, 80 far as the author is aware, although 
it is much to be desired in the light of the results of [40]. 


8* 
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corresponding comment above regarding transverse waves). Thus for 7, < 1 the 
damping yọ = 0. This is not shown in formula (8.36), the calculation being 
non-relativistic. In the relativistic theory of plasma waves [42] we necessarily 
have yg = 0 for 1; < 1. From (8.25), (8.25a) and (8.36), however, it is easy to see 
(cf. also Table 8.1) that for «7'/mc? x; 107? formula (8.36) ceases to be valid 
only for values of y, so infinitesimal that they are of no interest whatever. 

The problems of wave propagation usually encountered differ from those 
discussed above in that the wave is regarded as being damped in spacc and 
not in time. Equations (8.14) and (8.18) must then be solved for a distribution 
function o which is given at every instant ¢ on some plane z = 0, to obtain 
the value of y for all z (the z-axis being in the direction of the normal to the 
wave). When there is a relation between w and k we can go directly from time 
damping to space damping, because in finding the relation between w and k 
both quantities may be supposed complex from the start. The expressions 
(8.27) and (8.33) are therefore valid for complex k also. 

Hitherto we have had 


: : 3 
p=io— y= ilot S (Tim) ejos — Yo» (8.37) 


where y, is given by formula (8.36). Now let p = iw (with wrcal)and k = kọ — iq, 
where q < ky ~ k (as is certainly true if y < wo). Then the relation betwcen 
ky œ k and w is the same as (8.27), and 


q= wxc = mogyo(k)/3x T k = Vo(k)/Ygr; (8.38) 


see (8.26) and (8.36). Formula (8.38) is, as we should expect, of the same 
form as formula (7.23) for transverse waves. 

Collisions in the plasma have not so far been taken into account. When 
collisions oceur, for plasma waves of long wavelength but such that w? > vêt, 
the dependenee of w on k is again given by formula (8.27) and there is damping 
with coefficient 

Yeo = Fett» Yeon € o; (8.39) 


where vep is the effective collision frequency (6.9). 

Formula (8.39) is obtained from the fundamental condition ¢'(w') = 
1 — w/w (w — ivet) = 0, which gives the complex plasma frequency 
c) = w + iy (we use also the fact that, when y < w, c = wọ to a good approxi- 
mation). When damping (8.36) and collision damping (8.39) are both taken 
into account we have 


y = yo t Yoon, xc = yl?gr , y«o, OV (8.40) 


The speeifically plasma damping is small only so long as the wavelength 
is much greater than the Debye length. If kD — 1, then y, — c, and for 
kD »1 we have y >w. In such conditions plasma waves cannot exist. 
The exponential form of the expression (8.36) has the result that the plasma 
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wave spectrum is very sharply cut off at about kD = 0-1, ic. at 
Ac (em) = 27/key s 63D ~ 300 V[T (deg)/N]. (8.41) 


In the lower part of the solar corona, where T'— 105 and N — 108, A ~30cm. 
For N~ 108, the frequency is wọ ~5 x 108 sec! and the field in a wave of length 
Àj is damped in a time 1/y) which is of the order of 1 sec (see Table 8.1). 
A wave of length even 14, is damped in a time l/yọ ~ 10-7 sec. 

When kD < 0-1 to 0-05, the damping y, is very small (though it may be 
considerably increased if the unperturbed distribution function differs from 
the Maxwellian in having more electrons with velocities v > vp). In this range 
collision damping is therefore usually more important. For example, in the 
lower corona Yoon = $Yet¢ ~ 3 to 10 sec™! and exceeds yy even for kD = 0-1. In 
the Earth's ionosphere below the maximum of the F layer v.s; = 10sec"! and 
Yeon z 10? ~ 10-5 w, (for N ~ 109 we have wy ~5 x 10’sec™!). Thus in 
the ionosphere yeon >> yo for kDz01 or Ayz10cm, while even for 
y ~ Yon 7-10? sec and vg « V(3xT/m) [sce (8.26)] a plasma wave is consi- 
derably damped over a distance vg,/y, < 104 cm. 


TABLE 8.1 


Values of w and y, for plasma waves 


kD w/w Yolo 
0-01 1-0003 10-1100 
0-1 1-03 0-5 x 107? 
0-15 1-07 1-7 x 10-4 
0-2 1-12 0-01 


0-3 1-27 ~0-16 
1 4 ~0-04 





Note. In the last two cases formulae (8.27) and (8.36) are not strictly applicable and 
can be used only to give an estimate of w/w, and yo/w9. 


The effect of ions. Acoustic waves 


The effect of ions has been entirely ignored hitherto except for the compene 
sation of the electron charges in the equilibrium state. The formulae in th- 
present section are therefore cqually valid for a plasma in which the electron 
temperature T, is not equal to the ion temperature 7',f except that T must 
of course be replaced by 7,. 

For the plasma waves considered it is legitimate to neglect the effect of 
the ions, since (when N; ~N, ~N) they make only a small contribution, 
of the order of m/M, to the expression for the index of refraction (see § 3). 
The effect of ions may, nevertheless, bc of importance for another branch 


T Weignore the fact that in a non-equilibrium plasma the electron distribution function 
may be appreciably different from the Maxwellian. 
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of waves in a plasma. For sufficiently long waves in a plasma, as in any quasi- 
neutral medium, longitudinal acoustic (sound) waves must be propagated. 
In these waves the electrons and ions move in unison to a first approximation, 
so that there are no uncompensated charges.t The elasticity of the medium 
which permits the propagation of an acoustic wave is, of course, related to 
the pressure. To transmit pressure, the particles must collide sufficicntly 
fre.yucntly. Hence acoustic waves in a gas are strongly damped unless the 
mean frce path | ~ vp/vet is much less than the wavelength: 


l~ Um] Vert «A-— Vpp/@ > Var 0 Up[Vph . (8.42) 


If this condition holds, the ordinary hydrodynamic approximation is applicable, 
i.e. the equations for the velocity v and plasma density MN; + MN ~ MN 
are, in the linear approximation, 


MN0v[0t = —gradp, @N'/dt + N divv = 0, (8.43) 


where N’ is the difference between the density and the equilibrium value 
No=N=N,=N,. 

Assuming that the pressure p is the same as that for a perfect gas of electrons 
and ions (p = 2x N T), and for simplicity regarding the oscillations as iso- 
thermal, we find from (8.43) for waves v = vét, N' = yod ttin 
the values 


o = y(9xTIM), vy = V(2xTIM). (8.44) 


Here, as in any gas, the velocity of sound vpn is of the order of the thermal 
velocity of the hcavy particles. If the plasma contains not only electrons 
and ions but also molecules of density Nm, then for N,, > N = N; the velocity 
of sound is given by the usual expression for a gas. For example, in the 
isothermal approximation, which may serve to give an estimate only, 
vpn = V(«T/M). Formula (8.44) is in general itself only an approximation. 

When the condition (8.42) does not hold, acoustic waves in a gas are strongly 
damped, and when 4 g l the damping takes place over a distance of the order 
of 4. Thus for sound in a gas the free path J is analogous to the Debye length 
for plasma waves. 

The above discussion of the propagation of acoustic waves in gases applies 
to a plasma also, but only if we neglect the uncompensated space charge. 
In other words, it is assumed that in an acoustic wave the quasineutrality 
of the plasma is almost maintained, and that the elasticity of the medium 
is due only to collisions, not to the Coloumb interaction of macroscopic charges 
formed during the propagation of the wave. In reality, the quasineutrality 
of a plasma is to some extent destroyed even by acoustic waves. Hence the 


f f Acoustic waves in a plasma are, as already stated, analogous to acoustic waves 
in gases, liquids and solids, while high-frequency longitudinal (plasma) waves are analogous 
to Born (optical) waves or vibrations in a solid. 
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condition (8.42) for a plasma is sufficient but not necessary for the existence 
of relatively slightly damped waves of the acoustic type. 

If the condition (8.42) is not satisfied, a quantitative analysis of the manner 
of propagation of acoustic waves in a plasma can be made only by using the 
Boltzmann equations for electrons, ions and molecules, together with the 
field equations. The results will be discussed later (see also [44]); they indicate 
that, when collisions are absent and the electron and ion temperatures are 
equal (or nearly equal), the acoustic waves in the plasma aro still strongly 
damped [y ~w, w/k ~ Y(x T/M)]).T This conclusion is physically reasonable, 
since in acoustic waves (unlike plasma waves) the space charge must be small, 
and therefore the electrical interaction cannot bring about the propagation 
of a wave without damping. The situation is different only in a plasma where 
the electron temperature T, considerably exceeds the ion temperature T = T; 
(see below). 

Such a plasma can exist only in somewhat special conditions; in most cases 
the electron and ion temperatures differ only by a small amount, if at all. 
Thus weakly damped acoustic waves in a plasma must usually be very long 
in order to satisfy the condition (8.42), ie. in order that ordinary hydro- 
dynamics should be applicable. (As an example, the free path in the corona 
l Z 107cm.) At radio frequencies, therefore, only transverse and plasma 
waves need generally be considered, and for this reason we have on various 
occasions above, without further discussion, identified longitudinal waves in 
a plasma, with plasma waves. 

It should be noted that longitudinal plasma waves, as well as acoustic 
waves, can exist not only in a gaseous plasma but also in liquids and solids 
(metals, semiconductors and dielectrics). In particular, the excitation of 
plasma waves is related to discrete energy losses undergone by fast particles 
passing through thin films of various substances. A discussion of these in- 
teresting problems is outside the scope of this book; sec [45-47, 1], where 
there are references to other work. 


Tho quasihydrodynamie method 


To solve the problem of the propagation of waves in a two-tempcerature 
plasma, and with a view to later discussions (see $8 12 and 14), we shall con- 
sider the quasihydrodynamic approach to the study of waves in a plasma. 

We have seen that a simple phcnomenological allowance for spatial dis- 
persion makes possible a correct qualitative assessment of the effect of the 
thermal motion on the propagation of sufficicntly long waves in the plasma. 
The Boltzmann-equation method is quantitative, but involves much more 


f When y ~w there is evidently “something left” of the wave, and to that extent 
it is important to take account of the space charge. In a gas of neutral particles without 
collisions a wave cannot be propagated; formally, y > w. 
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complex calculations, especially when the effect of ions and a constant magnetic 
field are taken into account. To describe processes in a plasma it is therefore 
common to use the quasihydrodynamic approximation, which, while simpler, 
retains (though inconsistently) some of the advantages of the phenomeno- 
logical and Boltzmann-equation methods. In the particular case of an isotropic 
plasma, assuming that molecules are absent and neglecting collisions between 
particles, the equations used are 


m 0v,/dt = e E — (1/N) grad pe, 
M 0vj/0t = —e E — (1/N) grad pj, 
ON'[0t + Ny dive, —0,  0Nj/0t + No divo; — 0, 
i div E —4ze(N' — Nj). 


(8.45) 


Here the linear approximation has been applied; N' and N; are the deviations 
from the equilibrium values of the electron and ion densities Neo = Nio = No, 
v, and v; the respective mean velocities, and p, and p; the pressures. 

When the pressure is neglected, equations (8.45) are, of course, exact but 
local relations. The terms in grad p, and grad p; contain spatial derivatives 
and thus take account of spatial dispersion, i.e. the dependence of the par- 
ticles’ motion on the spatial distribution of velocities and field. 

By adding the first two equations (8.45) we obtain the hydrodynamic 
equation (8.43) with p = p, + pi- It is thus natural to assume that p, = xN T, 
and p; = xN,T. For greater generality we put 


Pe = ex NT, = ex (Not N’) To, 
pi = &x N; T; = & (No + N;) Ti, 


where & and &; are some constants. 


(8.46) 


Longitudinal waves in a two-temperature plasma 


By solving equations (8.45) for longitudinal plane waves in which all quan- 
tities vary as e/(*!-*? we obtain the dispersion relation: 


zat ^ m EH Te éix Tj a 
wm Mate) nee tnt]: 


i m ExT, &x Ti x 
Viz or) Rz TUM )e|- 


BST. T p, 











oH cis 
— gg 6e” Te + Sin T) k sane aS 


where the electron and ion temperatures T, and T; are regarded as constant 
but may be quite differcnt. 
If 


(8.47) 


w > x T, lem, E Tim > é T/M, (8.48) 
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we have 
0 & 0$ + £x T, km, (8.49) 
w3 f x IP(E, T, + Ei T/M; (8.50) 


here and henceforward we omit correction terms containing the factor 
m/M S 1/2000. The conditions (8.48) show that, for T; < T,, the frequency 
of the acoustic wave w,< l(m/M) c, =w- The physical significance of 
the frequency c; is discussed below. 

The solution (8.49) is the same as the kinetic dispersion relation (8.25) 
for plasma waves if we take £, — 3. It is also evident how the formula (8.49) 
is related to the phenomenological result (8.9), where again, therefore, we 
must put £, = 3. There are also certain independent arguments in favour 
of the value é, = 3 (see [19]). 

The solution (8.50) with & = é; = 1 and T, = T; becomes the expression 
(8.44) for an acoustic wave. 

in the opposite limiting case 


w< éx T, m, & Tm» & TiM, (8.51) 
we have 
T, m éx T, 
oes ohir + o ET wt 








k, (8.52) 


while w? is again given by (8.49). 
If (8.51) are replaced by the more stringent conditions 





&x T; k?/m < o < n Tkm, T> T, (8.53) 
then 
02 ~ we — 455 T. k = p suk k, (8.54) 
y M 


the second term on the right being a correction term. 

The frequency wo; = wp y(m/M) = V(&xe N/M) is evidently the “plasma 
frequency " for ion oscillations. For an ion plasma consisting of positive and 
negative ions without electrons such a frequency would replace the electron 
plasma frequency wọ. In an electron-ion plasma the appcarancc of the fre- 
quency c; when the electron temperature is sufficiently high is also easily 
understood. For in this case the clectrons move quickly and freely, setting 
up a constant negative background which compensates the mean charge 
of the ion component. The ions must then oscillate with frequency wọ;, just 
as the electrons oscillate with frequency wy when the ions merely compensate 
the mean charge of the electron component of the plasma. 

The acoustic waves (8.50) and the ion plasma waves (8.54) lic on one conti- 
nuous branch of low-frequency oscillations, i.e. on one curve n) = eklu? = 
= 12(w2,/w®), where w3; = 42e2N/M and w? = wz is the solution (8.47) 
with the minus sign in front of the root; sce [50]. 
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We sec that the quasihydrodynamic method of analysing motions in an 
isotropic plasma is simple and effective. Its relation to the kinetic theory is 
discussed in § 13. The main disadvantage of the quasihydrodynamic method 
is that the collisionless damping cannot be derived immediately. 

The above results indicate that the plasma wave (8.49) is weakly damped. 
in the case (8.48) and very strongly damped in the case (8.51); the wave 
(8.50) is also quite strongly damped for T, ~ T;. For example, when w, < wo; 
and y, « o, we have 


3/2 
P ~| Vaz + (5t) ev. (8.55) 
à t 


This formula is roughly correct also when y, ~w, and so it follows that 
when T, — T; we in fact have y, ~w; and damping is strong. 
Now let the stronger condition 
T, » T; (8.56) 
be added to the conditions (8.48). Then a kinetic calculation, assuming a 
Maxwellian distribution of electrons and ions with temperatures T, and T;, 


gives [48-52] wt e (x T/M) (1 - 3 T/T) k, | 
8.55 
rdom e m)Yman: — | iid 


the result for y,/c, follows directly also from (8.55) with the condition (8.56). 
1 
For protons we have y/o, -V(s xm IM) = 1-46 x 107?, i.e. the damping 


over one period is not so great as to prevent the propagation of waves, but the 
damping over a hundred wavelengths is considerable in terms of the usual 
formulation of the problem (we have seen that for sufficiently long plasma 
waves the damping is very much weaker in the absence of collisions). 
With the conditions (8.53) the kinetic result ist 
yal €, & V (M [m) (m w3/2x T, k} «s V(x m[ M) (m w2% T, k.. Ur 


The expression (8.57) for w? agrees with (8.54) for £; = 3. In this case the 
damping (8.53), (8.57) is much less than that given by (8.55a), since the 
ratio moo/2x T, k? is much less than unity [see (8.53)]. 


T A more general expression is [50] 


ya z(M|m ohy* 1 1 
Co CES ER a] -ss CXP arri , 
Ws 8 (m \xT, k Bi na 2 p, na (8.572) 


fix TJM ct, n= è k? jog ec ko. 
Formula (8.57a) is valid when w5; > xT,R/M and T,» T,, in which case w~ «e 
and y, ~ wx, as is clear from (8.57) and (8.572). 


Using (8.572) to give a rough estimate for strong damping also, we find that ya ^ w3 
for wo, — x T, |M and fn, ~ 1. 
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$9. SUMMARY OF PRINCIPAL FORMULAE 


We collect here for convenience the most important formulae relating to 
wave propagation in a homogeneous isotropic plasma. The majority of the 
comments and restrictions made in preceding sections will not be repeated. 

The wave equation for any medium is 


AE — grad div E + (o?/)(D — i - 4nj[o) = 0, (2.5) 


where only the region outside field sources is considered. 
In an isotropic medium we have, neglecting spatial dispersion, 


D=cE, j=cE, D—i:Anj|lo —€&' E, (2.6) 
€ —g—i-Anol[o, (2.8) 
AE — grad div E + (w?/c?) e' E = 0, (2.10) 


where e', e and g are in general functions of the frequency w and of the co- 
ordinates. 
For transverse waves 


div E — 0, 
' (7.2) 
AE + (o? [c?) e' E = 0. 
For longitudinal waves 
curl H = 0, | 
curl curl E = — AE + grad div E — 0, (2.142) 
D —Anijlo —e' E-—90. | 


In a homogeneous medium the complex permittivity &' = &' (w) is independent 
of position. The following results relate to waves in a homogeneous medium, 
and only to monochromatie (harmonic) plane waves: 


E = Edet), (7.1) 
For such waves the field equations (2.1a) and (2.3) give 
oe E = —ck X H, oll — ck X E. (7.4) 


We may note that the condition (X. E = 0) for the waves to be transverse 
follows from (7.4) only if z' + 0, in accordance with the relation (2.142) for 
longitudinal waves. In longitudinal waves H = 0. 


Transverse waves 


From (7.1) and (7.2) we obtain the dispersion relation between œw and k 
for transverse waves: 


k = (w2/c?) & = (w/e) (e — 1: 400/w) 
= (w?/c?)(m — ix}. (7.3) and (7.7) 
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This equation is valid for complex Kk and w. In general k = Kk, — iq. Here 
we shall give formulae for the case where the frequency w is real and the plane 
waves (7.1) are homogeneous, i.e. the vectors k, and q are parallel and 


k = (w/c)(n — ix) k/k, (7.5) 
E = E eF ere eit Fonzo, — pg, —Q. (7.6) 
The wavelength 4 in the medium and the phase velocity vp, of the wave are 
à = on, 2o = 2ne/w, vp, = w/k = c/n. (7.8) and (7.9) 
The absorption coefficient u gives the change in the energy flux due to scatter- 
ing: S = Se“, with 
u = 2ox[c. (7.10) 
From (7.3) and (7.7) it follows that 
c= —Ż, Anolw = 2nx, (7.11) 
n = Vide + VIe)? + (2x0/w)]}, 
x = V{— łe + VEG? + (220/m)}, 


where both roots are taken positive (see § 7). In the absence of absorption 
(o = 0) we have 


(7.12) 


for e > 0: n = Ve, x =0; (7.13) 
fore <0:n 20, x =Y-e = Pel. (7.14) 
In this case the single quantity 
n? — (n—ix)?-s (7.15) 
is frequently used. If 
|e] > 4zxo[o (7.16) 
we have 
for e > 0: n ~ Ve, x w2no/wVe, u œ 4nolcl/e; (7.17) 


for £ < 0: n & 2zalol—s, x « V—e, u ~ 2o0VY—e[c. (7.18) 
In the opposite limiting case where 


je] < 420/m (7.19) 
we find 
n 8 x f (270w), u ~ V(81co[c) = 42 (o/cd,). (7.20) and (7.21) 
The formulae up to this point are valid for any medium. 


For an isotropic plasma (i.e. when there is no cxternal magnetic field) the 
elementary theory gives 


e& —l1—4zn e N[m (o — i vq), | 
&£—1—4 6? N[m(o? + re), (3.7) 
o = (l — E) v.r/A 7t = e? N vog]m (c? + vq). | 
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Using the notation v = 4ze? N/mœ? = w/w? and s = vc in anticipation 
of Chapter III, we can write 


€ = 1 — v/(l — is), 
e —1— wf + $), 
ojw = vsj4n(l + $). 


The formulae of the elementary theory arc strictly valid when the effective 
frequency » of collisions undergone by an electron is independent of its 
velocity. The contribution from the ions is not shown in (3.7). For transverse 
waves in a non-relativistic plasma, spatial dispersion is of negligible importance, 
being automatically allowed for if the thermal motion is not neglected. The 
corrections thus obtained are of the order of xTTmc? as against unity, i.e. 
the same as the relativistic effects. 
In the high-frequency case 
w? > vire (3.8) and (6.7) 


we obtain 
e = l1 — 4n e N[m o? = 1 — 3-18 x 109 NJo* 
= 1l — 8-06 x 10 NJP, 
a ~ ÈN v/m w = 2-53 x 108 N vegq/? 
= 6-42 x 108 N v.«/f? (f = w/22). 


(3.5) and (3.9) 


In the important particular case where w? > ver and £ > 4rzo/w (here e > 0), 
we have 
ne V(1— 4x N[mo?), xx 2n0/wVe=(1—n*) x g/2on, 
1 á _ 47 €? N Vege = 
b= 2o w/c RI ( —n ) veelen a mc o? y(1 as 476? N/m w?) (7.17) 
A 0-106 N Veff | 
~ e*y(1 — 3-18 x 109 N/o?) ` 
The formulae of the kinetic theory are as follows. In the high-frequency 
case (3.8), (6.7) we have in formulae (3.5) and (3.9) forc 
Vett = Vert,m + Vett, (6.16) 
(where v, , and vy; relate to collisions with molecules and ions respectively), 
with " T 
4 n 
= 3,794 o0N4— 8-3 x 1057: a? Np VT =17x 104 m aoo 


(6.10) and (6.11) 


Veff, m 


(the last expression relates to air) and 


20 n (220 aH) (6.13) 
pale Ni 





Vert, i = 
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When collisions occur, we have for oscillations of the type e?! = eit = e-vtgiot. 
with the conditions (3.8) and (0.7), 
Ee = 1 — ox w (e — i v.g) | 
=1 +o pP +a) =0, p—-io—y, (8.39) 
w =w +iy, O5 0, Yeon © $ veg- | 


The allowance for thermal motion, which in a plasma is equivalent to an 
allowance for spatial dispersion, gives the formulae 


w? = w + 3xTk/m, (8.27) 
w ~ Wy + 3xTk/2mw, = w(l + 3 D242), ` 
where k is the wave vector, 

Dk«1, D —y(xT/8ne? N) (8.28) 


or, what is the same thing, 





[oy — w| < wo- (8.12) 
According to (8.27) 
1 — oo l — w/w 
7 REDE CY 0 POUND. docile 8.25 
m ce Fit TIR dj uto! Su Tm d 8-20) 
\(3% NM 
ip ese mes Tra oo) ' (8.26) 


Vg = d co[d k ~ 3xT k[m w = (3x Tim) (Y — cglo»?). 


Here, of course, we can also replace 1 — w?/w? by 2(1 — w,/w). With the 
conditions (8.28) and (8.12) and in the absence of collisions we have for a 
plasma wave y = yọ, where 


ys a T p e7 1A DY a, AED 10-0216 Dy, (8.36) 


The specific damping y, usually becomes important for wavelengths À < Aer, 
where 
Acer (cm) = 27 /ker ~ 300 V[T (deg)/N], 


(8.41) 
ka D ~ 04 


(see Table 8.1). The question of thc importance of relativistic corrections has 
been discussed in § 8. l l 
For real œ in a plasma wave of the type e- le ei(^t-*2) the relation (8.27) 


holds between w and k, and 
W 2%3/¢ = yo (k)/vg, = m Wy Yo(k)/3x Tk. (8.38) 


The relation w/c = y(k)/vg, is general, applying also to transverse waves 
[see (7.23)]. If collisions and the damping (8.36) are both present, then for 
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weak damping 
Y = Yeon + Yo- (8.40) 
When 
?2g >> w? (8.42) 


[sec (8.42) and (8.44)] weakly damped acoustic waves for which 
o = V(2xT/M) k (8.44) 
can be propagated in the plasma. When the condition (8.42) is not satisfied, 


acoustic waves in the plasma are strongly damped.f The same is true of plasma 
waves when (8.42) is satisfied. 


+ Here we are considering a plasma in which the electron and ion temperatures are 
equal. The problem of wave propagation in a two-temperature plasma, where T, + T 
has been discussed at the end of § 8. 


CHAPTER III 


WAVE PROPAGATION IN A HOMOGENEOUS 
MAGNETOACTIVE PLASMA 


$10. THE COMPLEX PERMITTIVITY TENSOR 


The effect of a constant magnetie field on the properties of a plasma 


A CONSTANT magnetie field has a great effeet on the properties of a plasma. 
This is true, in partieular, of the propagation of various kinds of wave in the 
plasma. 

The effeet of a magnetie field H is deseribed in the first plaee by the ratio 
of the wave field frequeney w to the gyration frequeney of the electrons 


oy = |e| Hm c = 1-76 x 10 HO), 


10.1 
Ag (em) = 2z cog = 2x m e[|e|HX = 1.07 x 101/H | Lr 


and that of the ions 
Qy = |e| HOM c = 1:76 x 10m HOM. (10.2) 


The frequencies wy and Qy are those with whieh a free eleetron or ion (of 
charge e and mass M) revolves round the lines of foree of the field H®. In 
addition to wg and Qj, we shall use the dimensionless parameters 


u= w42, Ju=on/o, uy = 2yo = (m Mfu. (10.3) 


If the electron velocity is comparable with that of light, the frequeney wy is 
given by the relativistie formula 

Z je] HO mc? B le] H% ; 

Boge om me Wer (10.4) 
where E = me2/V(1 — p?) is the total energy, f = v/c and v is the veloeity 
of the eleetron. 

For T ~ 108 (as in the solar eorona) the majority of eleetrons have a velo- 
city vp = V(xT|[m) ~3 x 108 em/see and pp = x''|mc? ~ 10-4. Although 
f? is small, the allowance for effeets proportional to $ is sometimes important 
in the corona and even in the ionosphere (see § 12). Nevertheless, the eon- 
dition f, < 1 means that in general the non-relativistie approximation ean be 
used. For this reason the magnetie field of the wave itself need not usually 
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be taken into account, in accordance with the treatment in Chapter II. The 
magnetic field H in an electromagnetic wave does not in general exceed the 
electric ficld E; for a plane wave k X E = «c Hje, k = (w?/c?)(n — ix}. 
Hence the magnetic force ev X H/c is less than the electric force e£ by a 
factor of the order of v/c if n ~ 1. Thus, even if we take v to be the thermal 
velocity, thc magnetic force is less than the electric force by a factor of about 
100 for T ~ 108 and about 3000 for T ~ 300°. In reality, the force is deter- 
mined by the directed velocity of the electrons, which is much less than the 
thermal velocity.f 

In the Earth's ionosphere the magnetic field H(? — 0-2 to 0-5 oersted, 
so that wy ~ 3 to 9 x 109sec^! (Aj ~ 200 to 500 m) and, for example, for O+ 
ions Qj ~ 100 to 300 sec”. In the corona, the maximum field is H® ~ 5000, 
whence wy ~ 10" and Qy = wg/1836 ~ 108. 

The effect of the ions is usually unimportant if 


w > Qy, (10.5) 


and the effect of the magnetic field on the motion of the electrons is 
unimportant if 


w > Og. (10.6) 


The above values of the gyration frequencies are such that the magnetic 
field obviously has a considerable effect on the propagation of electromagnetic 
waves in the ionosphere and corona. To this it should be added that, even 
when the condition (10.6) holds, the effect of the field is far from being negli- 
gible. For example, in the interstellar medium H® ~ 10-9 to 10-5 oersted and 
wy ~ 10 to 100 sec"! but even for propagation of waves in the metre range 
(w ~ 10°) the effect of the field is important as regards the rotation of the plane 
of polarisation of cosmic radio waves, on account of the very great distances 
traversed (see 8 37). 


The complex permittivity tensor: elementary theory 


A plasma in a magnctic field is anisotropic, and its electromagnetic pro- 
perties are described (spatial dispersion being neglected) by a complex per- 
mittivity tensor which is a function of frequency: 


Eik = Eir — i Ant o; , ji = o0; Ej, Di — ey Ey. (10.7) 


We shall begin by finding the tensor ej, in terms of the elementary theory 
($83) with the condition (10.5), i.c. neglecting the part played by the ions. 


T When the Boltzmann equation (4.17) is used, the possibility of neglecting the magnetio 
field of the wave in the linear approximation is evident, since the field H is multiplied 
by the small quantity f,. 
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The use of the “elementary theory” essentially signifies that the frequency 
of collisions between an clectron and other particles is assumed to be in- 
dependent of the electron velocity and equal to some value v.g. Then we can 
use the equation 


mitm Veg T =e Ei ter X Hnc, (10.8) 


which differs from (3.6) in that the action of the magnetic field is taken into 
account. 

The total current density is given, regardless of the presence or absence 
of a magnetic field, by j, = j + io P = e Nr, where r is the forced component 
of the solution of equation (10.8) which is proportional to E,e'*’. If we take 
the direction of the field H as the z-axis and use the combinations fig + ijt, 
it is therefore easy to see that 


fiz + thy € N(E, +i Ej)Im( w + veg Fion), (10.9) 
ji; = ÈN E;[m (i w + veg); 

here either the upper or the lower sign must be taken on both sides, and it 
must be remembered that for electrons e < 0, so that wy = |e| H/me = 
= —eH/me. 

Since the fundamental equations (2.5) and (2.18) involve the vector 
D — i- 4njlo =E+4nP —i-4nj/o = E + 4xj,/iw, we shall give the 
corresponding expressions: 


(D, — i-4m jalo) + (D, — i Amjyfeo) 
2 
-(1- ur) iB). 
ff 





Q?F 00g —$09, (10.10) 
Am] 1 we )z 
D,—3- zio = ( "P a ei P 
where, as everywhere hitherto, «Xj = 4zxe? N/m. 
By definition 
hic $0 Pj 
B Esk Oik 
lio EO O Lo UE E 
(ie ah s a) k 
(10.11) 


= i w (eis — Òi) Eun, 
D, — i-An jio = (&y — i 47 Oio) E, 
= Elk Ey, 
where summation from 1 to 3 over repeated suffixes is understood, and 6;, = 1 


for i =k, 6;, = 0 for i 4 k. The suffix ; should not be confused with the 
imaginary unit i which appears as a. factor. 
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From (10.10) and (10.11) we have 


; ] E. 1 l1 
the dy 1— gel[ a o Tau = EX TUESPTS 
= A WG (e — i Veg) 
e (e — i vg) — or 

we Og . 
e (e + OH — i %q)(@ — OH — veg) ” (10.12) 
w3 
w Fowy— io", 


Li L4 e 
Ery = Eyr = — t: 





Eva F i Ery = Eyy + t Eye = 1 — 


Ez: = 1 — oxgl(e? — i eo v.g), 
t 
Enz = Ebr = Eyz = Ezy = O, 


pame 1 — Af a t I — 1 1 i. 1 t — t 
Ere = E11, Eyy = E22, Ezz = E33, Exy = E12, Ezz = £18, Eyz = E23. 


Properties of the tensor ¢;, 

If wy = 0, then ej = &'Ój4 = Ó;,[1 — wi/w(w — iv,g)], as of course it. 
should be. The tensor ej; clearly satisfies, according to (10.12), the condition 
ei (eg) = &ki( — eg) or, what is the same thing, 

eir (H) = ej, (— n9). (10.13) 
This is a general relation valid for any medium in a magnetic field (see, e.g., 
[36, $ 82]). A very important result is that even in the absence of absorption, 
when v, = 0 and o;; = 0, the tensor ej; = £j; is not real but Hermitian: 
Eit = Ebi, (10.14) 
where the asterisk denotes the complex conjugate. 


The validity of (10.14) for a plasma is immediately evident, since with 
vat = 0 (10.12) give 





€ =€E = o % 0 0 0 08 ç w3 
EP am 2w(w — wg) 20(w + cog) c? — wy’ 
; 2 oe: 
Ery = — Eys = Ža — t 00 e aae 
2w(w — cg) 2w(w + cg) 
A wà w (10.15) 








l o (o? — woy)’ 
£j; F $£,, = 1 — w/w (w F cog), 

Ezz —1— w/o, 

Erz = Ezg = £y, = Ezy = Q. 


In general the separation of the tensor ej; = e; — i- 4310;,/c into ej; and o; 
may be uniquely effected by requiring that g; and oj, (not —i* 470;,/0) 
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shall be Hermitian tensors. The absorption of energy (Joule heat) in unit 
volume, averaged over time, is (sec (36, $$ 61 and 77]) 


—io(sf — eri) E,Etllón —i(oh o, E;Ef = 1o;, E; E,, 


ie. depends only on oj,, as it should. 

We shall not give here the formulae for ej; and o;, separately, since it is 
usually more convenient to use the tensor e;; [but sce formulae (10.31) and 
(10.32)]. 

A medium which is in a magnetic field is said to be magnetoactive, the word 
“active” (or “gyrotropic’’) referring to the fact that even in the absence of ab- 
sorption the tensor ¢;,(w) = ej; (w) is notreal. When there is no magnetic field, 
and spatial dispersion is neglected, any medium is inactive, but for crystals or 
solutions of molecules (e.g. sugar) having no centre ofsymmetry the allowance for 
spatial dispersion leads to the appearance of first-order terms in a/A (see 
§§ 2 and 8), the effect of which can usually be taken into account by means 
of a complex tensor ¢,;,; further details are given in [36, $ 83] and [1]. Such 
media are said to be naturally active. In a medium which is not naturally 
active but magnetoactive, the tensor ej, is complex only when an external 
magnetic field is present. 

Thus a plasma in a magnetic field is a magnetoactive medium, and it may 
exhibit marked activity even in magncetie fields usually regarded as very 
weak. 

In a non-gyrotropie (inactive) anisotropic medium the tensor ej, is sym- 
metrical, and in the absence of absorption it is real. There are therefore three 
principal directions, in which the vectors D and E are parallel. In a magneto- 
active medium this is not so: in the direction of the magncetie field we have 
D, = &,H,, but D, + iD, = (Erz F té,y)(#, + iE) [see (10.10); absorption 
is assumed absent]. Since the quantity ¢,, F té,, is real [see (10.15)] it follows 
that in the zy-plane the vector D is proportional to E for a ficld E of constant 
magnitude rotating clockwise or anticlockwise (for such a field E, = Eye’, 
E, = E ES", re E, = Ecos wt, re E, = +E, sin wt). This relation be- 
tween D and E is the characteristic physical feature of a gyrotropic medium. 


The tensor e;;, in other coordinate systems 

In the coordinate system used above, with the z-axis parallel to the ficld H®, 
the tensor ej, takes its simplest form. It is convenient, however, to usc other 
systems of rectangular coordinates also. The tensors ¢;, in two such systems 
are related by 

Eie (91) = Vim Yen Emn (ot), (10.16) 

where et, (4;) are the components of the tensor in the system of coordinates z, 
and yim are the cosines of the angles between the axes x; and £m (25, being the 
eld coordinates). 
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An important particular case is that where the vector I makes an angle « 
with the z-axis, an angle ix — « with the y-axis, and a right angle with 
the z-axis (Fig. 10.1).{ This occurs when a wave is incident normally on a 





x 
Fio. 10.1. Coordinate system in which the tensor ej, has the form (10.17). 


layer of plasma (propagation along the z-axis for all z) for an arbitrary orien- 
tation of the magnetic field (the z-axis can always be taken perpendicular 
to the vector HO), Then y,, = 1,742 = yis = Ya = Ya1 = 9, Yaa = Yon = COSA, 


Ye3 = —Ys2 = sina. In the new coordinate system xv, y, z shown in Fig. 10.1 
the components of the tensor (10.12) are 
aay v(1—is) | 


^O (1—isp—u' 


v[(1 — 2 s} — u sin?«] 


ge! zqoI———— 6 Vr eem 
1 (1 —is)[(l— is —u]' 

Le 2 
c. of(l - is) u cos x] l 

(l—7s)[(l — 2? S? — u] (10.17 

ju _ t¥u(v sina) 
a cael) a ut 
RE i Vu (v cosa) 
T4 a T Se ee 

(l—is}—wu 
; i u v cose SINK 
Eyz = Ezy = 


(1—2s[(1—2s?—u]' 
where 
w-— ono, Yw-cog|o, v-«oWe*!-—4zneéN[mo?, s=ry/w. (10.18) 
In the propagation of a plane wave along the z-axis, the field equations (2.18) 
give 
D, — i- Anz j,[o = e$; E, — 0, (10.19) 


t In the case of the Earth's magnetic field, if the z-axis is vertical, the angle I = ix —« 
is called the magnetic dip. 
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whence 
E, = — (tla By + ehy Eyfet; 
=e i yu (1 — is) vsina E 
(1—is)ju—(1—2sf(1—is—v)—uvcos?x * 
u v cosa sina 
"m (1—2s)u —(1—isf(1 — i s — v) — u v cos?a Ayi- (10:20) 
When equation (10.19) holds, 





D,—i:4njjo = cir B; = A E, +i C Ez, (10.21) 
D, — i-An jo = eh, E, = —i C E, + BE, 
where 
P (1—2s)u —6(1—2s)(1 —2s— vf —uv cosa 
~ (1—2és)u—(1—zsf(1—2s8—v) —uvcos?«' 
u(l—is—v)—(l—is)(l—is—v)* 
a ean ie e an, PR eae DE 10.22 
5 (1—is)u —(1—28?(1—ís— v) —uvcos?« ' (30,25) 
C= Yu(1 — i s — v)v cosæ 
" (1—ésu—(1—zisf(1—is—v)—uvcos«' 
In two important particular cases we have 
for x = 0: 
augu ete we vai. = Ae fl 
(1—is$—u (1—2s)—« (10.23) 
C= — yu v[[(1 — 25)? — u]; 
for x = iz: 
des u—(l—is—v)? = v(l—is—v) 
| u—(1—is)l—is—v) (l—is?—u—(l—is)v’ 
10.24 
parenta, | (10.24) 
1—is 
C=0. 


When (10.19) holds and there is no absorption, with s = 0 (i.e. 7 = 0), 


u —(1—v)—uvcos?x 
u —(1—v)—uvcos?« ' 
u(l—v)— (l — v} 


Fen A VEEEC HE ERA EESDL US ERR CENUN M CU LEER EEESER E ERA 1 .2 
B u —(1—v)—uvcos?« ' (10:20) 


A= 


C= Vu(1 — v) v cosa 
^ u —(1—v) — uv costa 
and 

B, =- 


i yu (» sin) u v cosa sin & 


#! w—(1—v) —uvoos*x Kon RUAD 


u —(1—v)—uvcos?x 
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Kinetic theory 
To derive expressions for the components of the tensor £i on the basis of 
the Boltzmann-equation method we must use the equations [cf. (4.16), (4.11)] 


of, € E Ofoo 
ot m Ov 





$ = HO x f, + vl) f, + S, —0, | 
; (10.27) 
LI P) ? w . 
hie o P do = T (els — 05) Es, E — E, eit, | 


Neglecting collisions between electrons, i.e. omitting the term S, ,, in (10.27), 
we find, using a coordinate system with the z-axis in the direction of the 
field H®, 





200 6 B, Afoo/av jd _ SG x PE)Ofuov | 
he= m(io-»' TW m[i(o F cog) + v] ' 
" tw, | 8€ NE, a ute- “du 
he 3n (&; — 1) E; = 3yzm io »(u)' 

0 


f (10.28) 
". a ; m : 
jia Wy m S [eke — 1) F Ee] UR, + è E) 


8e N(E. 8eN (E, Xi E) metitur u*e-" du 
~ Byam [i ( (oT cen) 3 »(u)] 


here u = V(m/2x T) v and the calculations are entirely similar to those given 
in § 6 for an isotropic plasma. It should be noted that the meaning of u and v 
here is not the same as that used in the preceding sub-section (10.18). 

A comparison of (6.3) and (10:28) shows that for a magnetoactive plasma we 
can use the results of the calculations for an isotropic plasma, replacing w 
in some expressions by w + wy. In particular the component £;, is equal 
to £' for the isotropic plasma, and so all the formulae derived in $ 6 can be 
applied immediately. For the other components of the tensor £;; the necessary 
modifications are evident from the formulae 


Eza F i Ery = Eyy bt Eyr 


. 932yn eeN j u*e-" du 
( 


-—1-—z —————————, 
3m c t(@ F cg) + v(u) (10.29) 


deem i REN. ( wed 


3m c io + v(u)' 


If v(v) — constant, i.e. the collision frequency is independent of the velocity, 
we obtain the formulae of the “clementary theory" given previously, on 
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using the result that A 


3 
4e-V dy = — 
q u g Va. 


In the limiting case of high frequencies and outside the resonance region, 
i.e. if 


(w — wa)? > ver, (10.30) 
we have 
Ezz = Eyy = £g, — i AT Ou] = Eyy — 1-47 oy [o 
2 2 2 
er eet RM i ; Wo i Wo | Veff 
w—we 2 iL(o—conmgfy  (o-oufi o" 
ATA 
: Wo +o Mer 

£2; = &,—i-4206,,/0 = 1— —— — —— M 31 

zz zel A aan a (10.31) 
Ery = — Eja = Ezy — Í- EN 0y,/0, 
£jy = — i-e wa/w (w? — wh), 


Osy =i WG wgw Vere/2 zt (o? — wH)’, 


where vep is the effective collision frequency defined in $6 for the high- 
frequency case [see (6.9)]. 
For arbitrary frequencies it is convenient to use the expressions 


Erg = Eyy 


peu i [G zn teo enle 
20 (w — wy)’ + ve 
(t DR EAS mime. 
(w + og + ver , 


z E K,(o — onlo) , Kolo + waver) |a: 


Orsz = Oyy 82 (w — wa)? + wep (w+ wy)? + Vese 
e -i gog Uo comun " (10.32) 
vy 9 0 w {(w = og) + ver} 





_ (w+ wna) K.({@ + wa)/ven) | 
w{(w + wy)? + vier) i 


2o. 090 | —onl/vs — Ko + PD y 
Gy = BH eff» 





“8x | (v — wn)? + vier (w + wa)? + verr 
P E wo Ke(/ Meee) m wo Vert Ka (@/ vesc) 
i w+ ve ^ — 7 Ae? + vi) 


Here the functions K,(x) and K,(x), both when collisions between electrons 
are taken into account and when thoy are not, are the samo as the correspond- 
ing functions in the isotropic case [see (6.25)]. It may be recalled that for 
x-> œ K,(x) = K,(x) — 1. When the condition (10.30) holds, thercforc, 
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the formulae (10.32) become (10.31), as they should. Near resonance, when 
(o — wa)? « veer, (10.33) 


the behaviour of à magnetoactive plasma is in some respects similar to that 
of an isotropic plasma at low frequencies, i.e. for œw? « vig. For example, 
when w = og and w?> vh, we have Ore = oy, = eX K,(0)/8zt v3, whereas 
in an isotropic plasma the value of K,,(0) is significant only when w — 0. 
Moreover, in the range (10.33), as at low frequencies for an isotropic eleetron- 
ion plasma, collisions between electrons are important [in (10.32) the contri- 
bution from such oollisions at all frequencies is taken into aecount by using 
the corresponding values of K, and K, given in Tables 6.2 and 6.3]. In the 
“elementary theory”, where v(v) = constant, we have of course K, = K, = 1. 
The function K,(z), which is of the greatest interest, is changed by not more 
than 13 per cent in the case of collisions with hard-sphere molecules; for col- 
lisions with ions and allowing for collisions between electrons, K,(x) changes 
by not more than a factor of two (see Tables 6.2 and 6.3). In most cases, 
therefore, it is quite correct to use the results of the elementary theory, 
especially as the collision frequency v, is usually known only approximately 
(for example, as a result of insufficiently exact knowledge of the temperature 
or composition of the plasma under consideration). The possibility of this 
simplification is very important, sinee formulae (10.32) are considerably 
more complicated than those of the elementary theory (10.12). When other 
systems of coordinates are used, they become still more complicated. 

The thermal motion of the electrons has not yet been taken into account 
(except, of course, as regards collisions). That is, the part played by spatial 
dispersion has not been considered. To do so involves the abandonment of 
the use of local characteristics of the medium, with the components of the 
tensor e; depending only on the frequency. We shall therefore make allowance 
for spatial dispersion in a magnetoactive plasma in $8 12 and 14, when discuss- 
ing the propagation of waves. 

It should be emphasised once more that our whole discussion is restricted 
to the case of a non-relativistic plasma. A relativistic electron moving in a 
magnetic field emits not only waves with frequency of = (|e| Hmc) me?/E 
but also harmonics of that frequency. A relativistic plasma will therefore 
exhibit resonance absorption at frequencies sc (s = 1, 2, 3, ...), whereas 
the expressions given above for ej, have a resonance only at the frequency wy. 
The relativistic plasma will not be considered in this book, but in 812 we shall 
take account of the thermal motion (for 82, = x T'/mc? « 1) and, in particular, 
discuss resonance absorption at frequencies wg, 2wy and 3wy.-İ 


T When the thermal motion is neglected, resonance absorption of waves at frequency wy 
occurs only for the extraordinary wave with « = 0 (see § 11). When the thermal motion 
is taken into account, resonance absorption at frequency wy occurs for all angles œ and 
for waves of either kind. 
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The effect of the motion of ions 


Let us now consider the effect of ions, and allow for their motion in deter- 
mining the tensor ¢;,. 

Using only the elementary theory, we start from the following equations of 
motion for electrons, ions and molecules (denoted by suffixes e, i and m respec- 
tively): 


m3$,-— 6€ E + ev, X Il jc + mv, ;(v;— Ve) H m Vom (v4, — Ve) » (10.34) 
M Ù; =—eE—e vi x Hc +m Vei (Ve = t) + M Vim (Vm = vi) , (10.35) 
M Öm = —m Vem N/N m) (Um — Ve) — M Vim N/N m) (Um — vi). (10.36) 


Here it is assumed for simplicity that all the ions are singly charged, 
N; = N, = N, and the ions and molecules have the same mass M. The elec- 
tron charge is denoted by e, and therefore e < 0. 

In the absence of collisions the form of these equations is self-explanatory. 
It need only be mentioned that v,, v; and Vm signify thc velocities averaged 
over a large number of particles. The terms which correspond to collisions 
are proportional to the relative mean velocities of the colliding particles, 
since, for instance, when the mean velocities of electrons and ions are equal 
they cannot be altered by collisions. In the equation (10.8) used previously, 
the velocity v; did not appear, simply because the ions were assumed to be 
at rest. The frictional force exerted by the electrons on the ions is 
MY,;(%, — v;) = mv,;(v, — vi), since it must be minus the frictional force 
exerted by the ions on the electrons. A similar argument gives the form of 
the terms on the right of (10.36). We nccd only note that (e.g.) the frequency 
of collisions of an electron with molecules is vem = q,,,7N,,, and the frequency 
of collisions of a molccule with electrons is vme = qo, VN = (N/N m) v, 4,. Tho 
collision frequencies vei, Ym and Vim in equations (10.34)-(10.36) are some 
effective values and can depend only on the density and the temperature. 

The current density to be substituted in the ficld equations is 

j4jeN(v,—vj)-eNw, (10.37) 
jes = Co (elg — 9i) Erft n. 


Taking all quantities to be proportional to &'*' and the external ficld H© 
to be along the z-axis, we have from (10.34) and (10.35), neglecting collisions, 


tez =€ E,imeo, y,=—eH, fino, 
Vey d: $ Sy = e(E, +1 Ey)ft mo F on), 
Vig £ ivy = —e(E, +i Ey)fi M (o + Qu), (10.38) 


Um =Q, W =V; — Vi, 
og =\e|H/me=—eH®/me, Qy = |e, HOM c, 
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jie = e N w, = i w(e2— 1) Ezj4 
_ (Qu 5 eN 
M 
jes they =i 0 (Ers — 1 F i Ery) (Es + t B,)/4n 
=e N (w, + i wy) (10.39) 





) Zalo wteN E,Im o, 


-—ie 4 (E, + i By) 


[sagi * aro] 
m(o-Fog) M(w x Qn) 
= te Now(L, x i E) 
— Mm(w F cg)(o + Qg)/(m + M) ' j 

The field does not affect the velocity and current components parallel to 
H9, and therefore the contribution of the ions (for N; = N) is less than that 
of the electrons by a factor m/M, as in an isotropic medium. 

As regards the velocity and current components perpendicular to the field 


HO, the part played by the ions may be neglected if w > Qy [see (10.5)]. 
If, however, 


0 « Qy, (10.40) 


then the electron and ion velocities perpendicular to the field are approxi- 
mately equal, and the current is therefore very small. For, when w = 0, 
Vex = Vig —€ E,HO, Vey = Viy = —-cEJHO, Jiz = jiy 9, (10.41) 
since mwy = MQy = |e| H/c. The result (10.41) is, of course, evident from 
the original equations (10.34) and (10.35). 
Thus in the low-frequency case (10.40) the ions play a very important 


part. In an isotropic plasma, Q;, = 0, and this low-frequency range ceases 
to exist. 


When collisions arc taken into account, it is convenient to write equations 
(10.34) to (10.36) for quantities proportional to €*^! as 
(iw + vi + Mem) w =e Elm +- ew X Hime + ev; X HO [m c 4- 
+ Ven (Os — vi), 
iov; — —e EJM — ev; X II9/M c -- m v, w][M + vi (v5, — vj), 
V0 d vig N/N n Í 


t0 = v, — vj, J 


(10.42) 





where quantities of the order of m/M or y(m/M) in comparison with unity 
have been neglected in the coefficients of the variables, and we have used 
the fact that vj, ~ V(m/M) vem. The same procedure will be used without 
special mention henceforward. 

From (10.42) p easily obtain a general expression for the tensor ¢;,. For 
the component e;, we find in this approximation the previous expression 
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' 2 R " 
Ezz = 1 — ofo[o — i(»,; + %m)]. Moreover, we again have £j, = &,-— 


= £y, = Ezy = 0 and Eps = &jy, Ery = — Eyr, With . 
2 [1 + vau e + Vim INN S] 
1 1 = l — wo [ om om m 
Eza T V Egy e EE oe (10.43) 
wherc 
A=[wFwg—ilnit », I(o+2 tnu wm] 
H ei em H ic + Vim NIN m ? 
W Vem m] M Vom Yim NIN 
B= : em Q | s em "im m ) 
erre Jun "eT T+ vs NIN, 
When molecules are absent and vim = %m = 0 we have 
Exe F i Ery = l — wiw F wp) (o + Og) — io nil- (10.44) 


In the high-frequency case (10.5) the expressions for ej; become, of course, 
(10.12). 

A characteristic feature is that, in electron resonance (w = wy), 
Exe — Tery = l — iwy vi; in ion resonance (w = Qu), Ese + ie;, = 1 — 
— iox[Q y ni, i.e. the ion resonance is M/m times “higher” (more precisely, the 
corresponding components of the conductivity tensor o;, are M [m times greater). 

The accuracy of the expressions (10.43) and (10.44) is less than that of 
the corresponding formulae derived in the elementary theory neglecting the 
motion of the heavy particles. In the latter case the elementary theory exactly 
corresponds to the assumption that the collision frequency is independent 
of the velocity and to the neglect of collisions between clectrons. For collisions 
between heavy particles this approximation is less well founded, sincc it is 
not then permissible to take account of collisions in the Boltzmann equation 
by means of a term of the form vf, [see (6.1)]. 

The formulae of the elementary theory aro, nevertheless, convenient and 
useful for estimating absorption; morc particularly, when spatial dispersion 
is neglected they are entirely valid for calculating the tensor ej; for weak ab- 
sorption.f The latter case is frequently met with in practice. Finally, it may 
be noted that, in taking account of the motion of the ions, the tensor ej; might 
also be defined in a frame of reference where the mean velocity of all particles 
is zero. Such a definition leads in general to quite different expressions for 
£i although the physical results arc naturally independent of the choice of 
the system of reference.fT 


+ That is, the limiting value of £j, = e, when eollisions are completely negleetcd. 

+} Apparent contradictions may arise if this fact is overlooked. For cxamploe, it follows 
from formula (10.44) that for wp +0 and w = 0 the electric conductivity of the medium 
is zero, &,, = Ess = l + coo[o, 2g and the eurrent density j, = 0. This result is eorrect, 
but it must be remembered that in the frame of reference used the whole plasma is in 
motion with the velocity (10.41). Hence, in a frame of reference fixed in the plasma, 
the electrie field is zero, and it is quite reasonable that the current j, should vanish [sce 


also (10.39)]. 
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$11. HIGH-FREQUENCY WAVE PROPAGATION IN A 
MAGNETOACTIVE PLASMA 


Expressions for the indices of refraction and absorption 7, and x, , 


Let us consider the propagation of monochromatic waves in a homogeneous 
magnctoactive plasma, the frequency œw of the waves being much greater 
than the ion gyration frequency Qy [the condition (10.5)]. For such waves, 
which we shall call high-frequency waves, the effect of the ions may be neglected 
(for the case where N; ~ N). Hence we can use the expressions (10.12) for 
&;}; these also imply that the velocity dependence of the collision frequency 
is neglected. 

The initial wave equation is [sce (2.5), (2.7) and (2.9)] 


— curl curl E + (w?/c?) (D —1-423/w) 
= AE — grad div E + (w?/c?) (D—1-42j/w) = 0, (11.1) 
D;— 1-42 jio = £j, E,. | 


Hence we have for plane waves E = Rae tk”) 
k X (k X E) + (w2/c2)(D — i- 4zj]o) = 0. (11.2) 


For homogeneous plane waves (the ouly case we shall consider), the planes of 
equal phase and amplitude coincide, and k = w(n — ix)/c. The quantity 
(n — ix)? is found from cquations (11.2) as the condition for those equations 
to have a non-trivial solution. Since there are three equations for the three 
quantities H,, E,, E,, we might expect the equation for (n — ix)? to be of 
the third degree (i.e. of the sixth degrec in n — tx). This is not so, however, 
since the component of the vector D — i - 4z:j/o in the direction of k is zero 
[as is immediately scen by taking the scalar product of (11.2) with k]. The 
expression k+(D —i-4zj/w)/k is independent of k, since the tensor ej, 
depends only on q@ when spatial dispersion is neglected, and not 
on k = w(n — ix)/c. 

Thus there is a linear relation between the components E,, E,, E, in the 
wave, which does not depend on (n — ix)?, and so the condition for equations 
(11.2) to have a solution leads to an equation of only the second degree in 
(n — ixy*. This result would also be obtained, of course, by carrying out the 
calculations. However, with a view to the subsequent discussion it is convenient 
to take the direction of k immediately as the z-axis and use the condition 
D, — i: 4nj,[o = 0. Then E, is expressed in terms of E, and E, by formula 
(10.20), and the components D, y — i - 42:5, c are given by (10.21) and (10.22). 


The equations (11.2) become 
[A — n — ix] E, -i C E, — 0, | 


— iC E,-- [B — (n — i &9?] E, — 0. | (11.2a) 
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The same result is more simply reached directly from (11.1), since for a plane 
wave in which the field depends only on the coordinate z, the vector equation 
(11.1) gives the equations (2.18) or, using (10.21) and (10.22), the equations 


@E,/dz + (w/c?) (AE, J- 4 C E,) — 0, 
d? E,d? + (w/c?) ( i C E, + BE,) — 0, 
(1—is)u—(1—is)(1—is—vf?—uvcos«x 


m (1—is)u—(1—ésfP(1—és—v)—uvcos?x ' 
w(1—is—vo)—(1—is)(1—2s— vy 
= MlM 11.3 
9 (1—is)u—(1—isP(l—is—v)—uvcos«' dio) 
C yuv (l — is — v) cosa 


^ (1—is)ju—(1— is?(1—is— v) —uvcos?a ’ 


Vu = og[o = |e| H/mcew, v= coo? = 4n e N[m o, 
S = Verr% . 
The coordinate system used here is evident from Fig. 11.1. Substituting in 


(11.3) the solution in the form of a plane harmonic wave E, , — E, ye 2 "76970, 
we obtain (11.22). 





x 
Fig. 11.1. Coordinate system uscd in $ 11. 


The condition for the system (11.22) to have a non-trivial solution gives 
an equation for n — ix. In determinant form this equation is evidently 


A — (n — i xy iC 


=0. (11.4) 
—iC B — (n—ixf 


The solution of (11.4) is 
(n — tx)iis = ni» = Xo — 20 i $965, 2 
2v(1—is—*) 
— ————————————————— 874 4 3 4. o5 ..29 a 
20 —is)(1—is—v)— usin?a + [u sinta + 4u(1 —$8— v)? cos’a] 
(11.5) 


=] 
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Taking the upper sign of the root we obtain the quantity (n — 2x); = 
= (n, — ix)? corresponding to the “ordinary” wave; the choice of the lower 
sign corresponds to the ''extraordinary" wave (whose indices of refraction 
and absorption are n, and »)f. 

In the absence of absorption we havc 


2v(1— v) 
~ 2(1 — v) — usin? + y[u? sin*a + 4 «(1 — v? costa] 
2 c (w? — w?) 
— 2(w? — ax) o? — c? o sin? + [wt wh sinta + 4 «7 e»? (e? — wi)? cos?) 
(11.6) 


here it is assumed that nj. 7 0, since only then is x = 0 in the absence of 
absorption. If the right-hand side of the expression (11.6) is less than zero, 
(11.5) shows that it must be regarded as — x} ,. In the absence of absorption, 
however, it is more convenient not to define the index of absorption x and 
to use formula (11.6) even when ni, <0. Then nl, = —x?, simply. We 
shall use this procedure below, avoiding misunderstanding by denoting 
ni o by fii.» (see $ 7). In other words, in the absence of absorption (n — ix)? = #, 
which is real. The index of refraction is taken as n, y = + Vn? ,; the solution 
Nia = — Vn? a corresponds to a wave travelling in the opposite direction. 


This will be taken into account directly in the expression for the phase of the 
wave. 


oe Qs 
Nig =1 


Some particular cases 
If the magnetic field H® = 0, i.e. u = 0, then 
(n — ix} o = (n — ix = 1 — v/(1 — is) 


= 1 — w/w (w — iva), (11.7) 
as it should be [see (3.7)]. 


In the important particular case of “longitudinal propagation", when the 
wave travels along the field, i.e. the angle « = 0, we have 


(n — ix) = (n — ix) = 1 —v/(1 — is + Yu), (11.8) 
or, in the absence of absorption, 

ny = ny = 1—o/(1 — yu) = 1 — ww (w — wy), 

ng = R =1—v/(1+ Yu) = 1 — ww (w + wy). 


The significance of the notation ñ% , = i. will become evident when we 
examine the nature of the polarisation of the waves in longitudinal propagation. 


(11.9) 


T Sometimes the opposite notation is used, with the suffix 1 for the ordinary wave 


and 2 for the extraordinary wave. Moreover, the suffix x or e is often used instead of 1, 
and o instead of 2. 
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In the general ease, the polarisation, i.e. the ratio of the eomponents 
E, and E,, is found direetly from one of the equations (11.22), with (n — ix)? 
replaeed by the solution (11.5). For longitudinal propagation, it is more 
convenient to use from the start the expressions 





F, =E, + iE, (11.10) 
for whieh we have from (11.3) the equations 
: a? Fs w? v 

idc e aa oe 


The harmonie solution of this equation is, in agreement with (11.8), 
F, = Fo, exc io(n- isle | 


(n — ix) =1—vf(l—is F yu). (11.12) 


Thus in this ease of longitudinal propagation there are two “normal waves" 
with definite phase veloeities v, = c/n., , damping (with absorption eoeffieient 
H+ = 2wx/c) and polarisation. For example, if there is a plus wave, then 
F. = 0, and so E, = i E; for a minus wave F', = 0 and E, = — i E,. Writing 
the expression for the wave field with the time faetor, i.e. as 


Fi. = Fo,+ eilot - (n- ix) ele) 


and taking real quantities, we easily see that the + waves are eireularly 
polarised; in the plus wave the veetor E rotates eloekwise looking along 
the field (i.e. along the 2-axis), and in the minus wave antieloekwise. In other 
words, in the + waves at z= 0 we have E, = +, sin wt, E, = E, eos ot. 

The direetion of rotation of the veetor E in the plus wave is the same as 
the direetion of revolution of the eleetron in the magnetie field H. It is 
natural, therefore, that when the frequeney of the plus wave approaches 
the gyration frequeney wy a resonanee oeeurs [the differenee w — wy appears 
in the denominator of the formula for (n — ix)? in (11.12)]. The plus wave 
is also ealled the extraordinary wave or wave 1, and the minus wave is the 
ordinary wave or wave 2 (see above). 

The existenee of two normal waves, ie. waves with a definite veloeity, 
absorption and polarisation, is a property of any anisotropie medium. In an 
isotropie medium there is a degeneraey, in that transverse waves have the 
same velocity and absorption for any polarisation. In the ease of a magneto- 
aetive medium here eonsidered, the normal waves are in general elliptieally 
polarised. In the particular ease of longitudinal propagation (ie. for « = 0) 
there is eireular polarisation, as shown above. 

For "transverse propagation", when « = iz, there is another limiting 
case, and the ellipses deseribed by the veetor E in the ay-plane degenerate 
into straight lines. This result is immediately evident from the expressions (11.3), 
whieh show that for x = iz the equations of propagation separate and take 
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the form 
dE, œ | v(1—is— v) ] | 
fa S uec GS 
2 2 ls ata dlc 
bn j (1—is?—u—( 18)v (11.13) 
y w E. id = 
de * d rs) d | 


From these equations it is clear that the normal waves are those for which 
the vector E = E,e-i*(t- 529:47* has a zero component along either the z-axis 
or the y-axis. The wave with E, — 0 and the vector E in the y-direction, 
ie. along the field H% (see Fig. 11.1, where « = $x in this case) is called the 
ordinary wave, since its velocity of propagation is independent of the magnitude 
of the field H(?. This is quite reasonable, because a magnetic field has no 
effect on the motion of charges in the direction of the field. In the second 
normal wave, called the extraordinary wave, E, = 0 and the vector E is 
in the xz-plane.t 
According to (11.13), in these waves 

v(1—£s— v) 
(1—és?—u—(1—is)v 

€ (1 — i Veg¢/@ — w3 c?) (11.14) 
|(o—i vast)? — Wy — (1— i Vege) og 


(n —ix)j-(n—ix)-1-—w(1—is)-—1-— oww — i ver). 


(n—ix}}=1— 


=1 





The same result, of course, follows at once from the general expression (11.5) 
with x = ia. 

The dependence of the indices n and x on the parameters v, u, s and « 
is conveniently represented graphically. Figs. 11.2-11.4 show such graphs 
for 4? = (n — ix)? in the absence of absorption, with « = 0 and « = i, 
and also for an isotropic plasma. The abscissa is the parameter v = w3/w?, 
and the parameter u = w/w? is also given a fixed value. It is sometimes 
useful to plot the same functions sj , with other coordinates, e.g. w/wy = l/yv 
for a given u or wy. Fig. 11.5 gives examples of such graphs. In considering 
wave propagation in a medium wherc the density and the field both vary 
in space, i.e. where v and u are both variable, graphs of a third kind are used, 
which will be given in $8 35 and 36. 


Propagation of waves at an arbitrary angle « to the magnetie field 


We shall now examine the nature of wave propagation at an arbitrary 
angle œ to the magnetic field. 


T In the extraordinary wave the vector E is elliptically polarised even for « = à, 
and has à component in the z-direction as well as in the z-direction. The vector D, however, 
8 in this case along the z-axis (see below). 
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Fic. 11.2. The functions #2 ,(v) = ji (v) for u = constant and longitudinal 
propagation (i.e. « — 0). 
(a)"w «1 (bul 





-*o[- 





-20 


at 
-N 


—— — — — — — O 


Fic. 11.3. The functions 42 (v) for u = constant and transverse propagation 
(i.e. « = 90°). 
(a)w«1 (b)u>l 





Fic. 11.4. The functions #2, (v) = #2(v) for an isotropic plasma. 
4* 
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Let us assume absorption absent and begin with the case where 
u = w/w? < 1. (11.15) 


For H® = 0-5 oersted the gyration frequency is wg = 8:82 x 10° sec™t and 
Aq = 214 m. Thus in the Earth's ionosphere the case (11.15) corresponds 


30 





1 


(w/a) (co £@g)/@o 
to x = 0 with co g/eo, = 1 


Fre. 11.5. (a) The functions £i? (we) = 1 — corresponding 
1 — ojglo* 
(co[cog)* — (coge)? — 1 
1 — w3/w* corresponding to « = 90° with wyz/m, = 1. The expression 78 = 1 — 
— w/w? does not depend on wg and is valid also for an isotropic plasma. 


(b) The functions %3 (w/w) = 1 — and =ñ = 


to short radio waves. When this condition holds, the refractive index 72 of 
the ordinary wave vanishes at the point 
Uso = W3/W39= 1, w3 = w —4m6? N/m, (11.16) 
just as when the magnetic field is absent [see (11.8) with s = 0]. The function 
fi; (v) is nowhere infinite. 
The refractive index 4? of the extraordinary wave vanishes at two points: 
v = olon) = 123 yu = 12 ogloj. (11.17) 
The index ñ? becomes infinite at the point 
Vio = egi, = (1 — v)/(1 — wcos?a) = (1— u)/(1 — ur) 
= (Wi og — WH)/(Wi — wy cos*a). (11.18) 
It is evident that vœ <1. For v = 1, A = 1 for all u and «. The values 
of v,, and «(29 are independent of the angle æ. The angle « = 0 (longitudinal 
propagation) is, however, an exceptional case, which will be discussed 
presently. Fig. 11.6 shows ñ}, as functions of v for u = 4(w = 2w,) and 


u = 0-01 for « = 45°; Fig. 11.7 shows the functions 4$? (w/w) for cgo, = 1 
and « = 45°. 
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Fic. 11.6. The functions 7? ,(v) for « = 45°. 
(a)u=+ (b)u=0-01 





Fro. 11.7. The functions 72, , (c/c) for wy/m = 1, x = 45°. 
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If 
u = w/w? > 1, (11.19) 


the indices #3 and ñ? vanish at the points vg, and v{+) respectively. The root 
v(9 = 1 — lu does not exist here for the real values of w with which we are 
concerned, sinee vf} < 0. Next, if 


UL = u eos?«x = (eto?) eos? = eo? < 1, (11.20) 
then for u > 1 [see (11.19)] neither #? nor 42 becomes infinite (for finite v). 


If, however, 
ur, = ucos?a > l, (11.21) 





t20 





~2 
n2 


(a) 





Fic. 11.8. The functions n? , (v) for x = 20°. 
(a)u=1.08 (b)u=4 


then tho index f3 becomes infinite at the point 
Veco = (u — 1)/(u costo; — 1). (11.22) 


This shows that v% = l/eos?x, with cquality as w-- oo. Figure 11.8 
shows fj and £f in the ease (11.19) for u = 108 and 4 with x = 20°. 
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The limiting case 
u cos*a =(wy/w?) cosa > 1, v— obo*»1, o> ay (Le. 9» u), (1123) 


which is frequently found in connection with the propagation of whistlers 
in the ionosphere [53, 54], is also of interest. In the conditions (11.23) we have 


fi; e v/ Vu cosa, R e —vw[lu cosa, (11.24) 


i.e. wave l (extraordinary) cannot be propagated, whereas for wave 2 73 = n2 > 0 
and often n> 1. Of course, formula (11.24) can be used only if the high- 
frequency condition w > Qy holds in addition to (11.23), so that the effect 
of the ions can be neglected. 


Wave polarisation 


The polarisation of the extraordinary and ordinary waves is found from 
equations (11.2)-(11.4); by (11.4), only one of the equations (11.2a) is in- 
dependent. The ratio of the components E, and E, in waves of the two types is 


Ey1,2 E TUNE 2yu(1—s— v) cos& 


e—a OOO OS Soa 11.25 
Ezi,2 usin? F V/[V? sina + 4u(1 — i s — v? costa] ’ | 


where, as before, the upper sign of the root pertains to the ordinary wave 

(type 2: nz, x2, E,,, Hy.) and the lower sign to the extraordinary wave (type 1: 

ni, X;, E,,, H,,). The coefficients K, are sometimes called polarisation 

cocfficients. 

In the absence of absorption 

——— = K 1,2 = UB CERO = — — 

B apiy Ni, 2 7 C 
2Yyu(1— v) cosa 


— i SS 11.26 
usin2a F lu? sinta + 4u(1 — v)? cos? a] ( ) 


It is clear from (11.25) and (11.26) that, in the general case, waves of either 
type are elliptically polarised, and in the absence of absorption the axes of 
the ellipses described by the terminus of the component of the vector E in the 
xy-plane are parallel to the x and y axes (the axes have been chosen so that 
the magnetic field lies in the yz-planc). It is also casily scen that 


K,K, — 1, (11.27) 


and | K, 4| is the ratio of the semiaxes of the ellipse. 

For « =0, K, = —i and K, = +i, ie. the two waves are circularly 
polarised. For « = $x, K, = —iœ and K, = 0, ie. E, — 0 and E,, = 0, 
corresponding to linear polarisation of the component of the vector E in 
the xy-plane. These results are, of course, in agreement with that obtained 
previously by a direct consideration of longitudinal and transverse propagation. 
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The field E, in thc waves is given by formula (10.20) or, in the absence 
of absorption, by (10.26): 


Vu (v sine) uv cos sin & 


Bp Za e Ux) ar 0085 


u — (1 — v) — u v cosè x Hye: Uem 
Hence it is evident that, in the absence of absorption, the component Z, 
is in phase with E, and 4z out of phase with H,. Thus the vector E describes 
an ellipse in a plane parallel to the x-axis (the vector k, it will be remembered, 
is along the z-axis, and the field HW is in the yz-plane; see Fig. 11.1). The 
vector D lies in the zy-plane, since D, = 0. Hence the vector D is transverse 
even in a non-absorbing magnetoactive plasma, but the same is not in general 
true of the vector E. When there is absorption, the vector D — i - 4zj/o 
is transverse. 

In the cases x = 0 and « = iz the polarisation of the two types of wave 
is independent of the parameter v, as regards the components E, y. The com- 
ponent Z, is zero for all v when « = 0 and (for wave 2) when « = 47; for wave 1 
when x — iz, E, depends on v, and in this case the vector E describes an 
ellipse in the zz-plane, the ratio of the semiaxes depending on v. For other 


30 
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Fio. 11.9. Ratio of semiaxes of the polarisation ellipse i K, (broken lines) and i K, 
(continuous lines). 
(a) u = 4,0 = 45° (b) u = 1-08, « = 20° (c) u = 4, x = 20° 


values of æ the polarisation depends on v; a wave of type 2 with v = 1 is 
always linearly polarised (for v = 1, | K,| co, E, = 0 and the vector E 
is linearly polarised in the yz-planc). In wave 1 with v = 1 the vector E 
is in general elliptically polariscd in the zz-plane (for v = 1, |K | > oo, 
Ey, = 0). The dependence on v of the quantity tK, 2, i.e. the ratio of semi- 
axes of the ellipses in the zy-plane, is shown in Fig. 11.9 for various values 
of u and c. The polarisation behaves in a singular manner not only atv = 1 
but also at the points v, 2%, where the refractive indices of waves 1 and 2 
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beeome infinite [see (11.18) and (11.22)]. It is clear from formula (11.28) 
that for v — vi 2%: |E:|—> co for finite E, and E,. In other words, for v > v, 2% 
the waves are linearly polarised in the direetion of the wave veetor k, i.e. 
they are longitudinal. 


Normal waves. The case of small angles « 


Formulae (11.5), (11.25) and (10.20) [or, in the absenee of absorption, 
formulae (11.6), (11.26) and (11.28)] eompletely determine the nature of waves 
propagated in a homogeneous ionised gas in a constant magnetie field. Here, 





Fic. 11.10a. The functions ñ? (v) for u = i and æ = 10° (continuous lines), 
a = 0° (broken lines). 

as in other anisotropie doubly-refraeting media, two types of plane wave ean 
be propagated in any direction defined by the angle x between H© and the 
wave veetor ke. These waves, sometimes called normal waves, are in our ease 
the ordinary wave 2 and the extraordinary wave l, and differ in their rate 
of propagation (the phase velocity vp, = c/n, 2), refractive index and polari- 
sation. 

In an isotropic medium, as we have seen, there are three high-frequeney 
waves, one being a longitudinal plasma wave. The question thus arises whether 
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plasma waves can exist when a magnctic field is present, and what is the nature 
of the limiting transition from a magnetoactive to an isotropic plasma. These 
points will be discusscd in § 12. Here we shall consider a somewhat different 
problem, that of the limiting transition from propagation at an angle « + 0 
to longitudinal propagation, where « = 0 (we shall see in § 12 that the two 
problems are in fact closely related). The problem of the limit « — 0 arises 





Fic. 11.10b. The same for u = 4. 


z2 


because when « = 0 for the ordinary wave #3 = $i = 0 for v= v =14 yu, 
while for the extraordinary wave ñ} =ñ} =0 for v = vf) = 1 — Yu [sec 
11.9). For « + 0, however, as already mentioned, #3 = 0 at v, = l, and 
4 = 0 at oft) = 1+ Ju. The nature of the singularity when « > 0 becomes 
clear if we examine the curves of ñ? ,(v) for small angles x. From Fig. 11.10, 
which shows the case « = 10? and u = + and 4, or from a more detailed analysis, 
it is scen that when « > 0 the curves of fi; (v) become the straight lines (11.9) 
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and the straight line v = 1 (see also Fig. 11.11). This also explains the fact 
that when « = 0 the expressions (11.9) for #j,. do not become infinite, whereas 
according to the general formula (11.18) for x = 0 we have »,,,=1 (ie. 
there is a point where the quantity £i; is infinite in the absence of absorption). 
The reason is evidently that formula (11.8) has been derived from (11.6), 
which for « — 0 becomes (11.9) and the line v = 1, on which 42 takes infinite 
values. For an inhomogeneous medium this non-triviality of the limiting 
transition to longitudinal propagation has interesting consequences (see $ 28). 

The limit « — 0 also has certain special properties as regards the dependence 
of the polarisation on the parameter v. For small « the polarisation of the waves 
is almost circular, and as we pass through the point v = 1 the direction of 
rotation is reversed (Fig. 11.12). Hence for v « 1 the wave of type 2 forv > 1 
can become the wave of type 1 for » < 1, as shown by Fig. 11.10; that is, 
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Fig. 11.11. The funetions A2, (w/w) for wg/w = 1, « = 10°. 
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as x — 0 and v — 1 the polarisation of wave 2 for v < 1 is the same as that 
of wave 1 for v > L.f 





v 
Fra. 11.12. Ratio of semiaxes i K, , for œ = 10? and u = 1. 


It may also be noted that both waves are elliptically polarised even in the 
limit as v — 0: 


2) (cosa) 


E si. ass Viursluia -duoodia) 


(11.29) 


Evidently for v = 4zte?N[mo? = 0, i.e. in the absence of electrons (in a 
vacuum or, practically, in air), there can be no double refraction, and corre- 
spondingly (11.6) gives fi; = 1 for v = 0. Of course there is no contradiction 
here, since in a vacuum, waves of any polarisation, including elliptical, may 
be taken as normal waves. For an inhomogeneous medium there arises the 
problem of how the polarisation of the wave incident from a vacuum varies 
with distance as it enters the medium (when v — 0), since the wave can have 
any polarisation. This will be discussed in $ 26. 


The allowanee for absorption 


The properties of the curves of $i; ;(v, u, x) and K, ,(v, u, «) have been dis- 
cussed above only for the case where absorption is absent. The allowance 
for absorption involves great complications, and we shall not analyse the 


T In considering the limit « + 0 we label the waves 1 or 2 according to their behaviour 
for « +0. The curves of 7? for waves 1 and 2 (or +) for « = 0 are seen from Fig. 11.10 


to consist of parts of the curves of ñ}, for these waves with œ + 0. Thus as « — 0 the 
waves are to some extent renamed. 
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problem in full detail (see [55-60]1), but merely consider the most important 
particular cases and some actual examples. 

For longitudinal propagation (« = 0) formulae for (n — ix), > have already 
been given which allow for absorption [see (11.8), (11.12)]. The real and imagi- 
nary parts separately are 

v (l + Yu) 

(x uts 
c (w + @y)/@ 


A 34 2 
£1,5 = NI, 2 — 1 2= ny — xk —1— 


= 1 — ————————— 
2 2? 
(co + con)? + vest (11.30) 
E "E SU 
An 0, o/ 0 = 274.5 941,9 — 2ng xz = UE uF E 
we Vert/ co 


— (0x on) + vin 
where the upper sign + in front of cg corresponds to wave 2(—) and the 
minus sign to wave 1(4-). 

The quantities £}, and c, , are used here in analogy with formulae (7.11) 
for the isotropic case, where € and o are the permittivity and conductivity. 
In an anisotropic medium these are replaced by the tensors ej, and o;z, 
Or &y = Eip — TANO, and £&,, and o, , are only notations for n$ s — xj.» 
and 27, $2», 9 respectively. Their use is convenient since m,, and %,,2 are 
given in terms of e, , and g, , in the same way as n and x in terms of € and c, 
i.e. by formulae (7.12). 

In transverse propagation (x = $2) we have for the ordinary wave 2 

(n — ix) = 1 — v/(l — is), | 
E = nd — x2 = 1 — v/(1 + 2) = 1 — oj(o?-4- rete”), (11.31) 
43t ow = Zn Hq = sv[(1 + s?) = c vet/ olw? + ve?) . | 

In this case, as when absorption is absent, the ordinary wave 2 behaves 

exactly as it does when H® = 0 [see (3.7)]. 

For the extraordinary wave 1 we have 
v(1—is— v) 

(1—2s)(1—is—v)—vu' 

v[(1— v)? — u (1 — v) + s?] 
(l—v—u— 8? + 82(2—v)?’ 
sv[(l—v)?+u+4 87] 
(l—v—w— 8%)? + 92(2— 0)? © 


(n — ixà-1— 


(11.32) 


azn- x =l— 
4n g4/o = 2n, Xx = 


+ Various authors have studied the curves of (v, u, 8, ), 26, o(V, U, 8,) and 
Ks (v, u, 8, «) with allowance for the Lorentz polarisation term, i.e. taking the expression 
(3.14) for the effective field. As stated in § 3, it is not necessary to take account of this 
term in a plasma. In this chapter and elsewhcre in the book we thercfore use the relation 
(3.12) Ej, = E. The curves of n, x and K with the Lorentz term often (and especially 
for u > 1) differ quite considerably from those without it. 
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The cumbersomeness of this formula (11.32) for the simple particular case 
œx = iz gives an idea of the complexity of the corresponding expressions 
for an arbitrary angle « (it is, of course, not difficult to derive from (11.5) 
expressions for e, , and o, , in the general case). It should also be noted that 
in making allowanec for absorption [formula (11.5)] we have used only the 
elementary theory. If we start from the exact expressions (10.32) for ¢;, and o;; 
the formulae become considerably more involved. Fortunately it is not usually 
necessary to use the kinetic theory [formula (10.32)], since the various limiting 
cases arc generally under consideration. For example, if the inequalities 


(w + cog)? > vi (11.33) 
or 
(w + wy)? « 13g (11.34) 


are satisficd for both signs of cog [of course, if (w — cg)? > và, (c + og)? vei 
also], then the formulae of the elementary theory with vep suitably chosen 
are valid. At radio frequencies the condition (11.33) is important, since it 
is usually satisfied in the F layer of the ionosphere and in the solar corona. 

When (11.33) holds, the formulae for nı and x; are generally much 
simplified. For example, in (11.31) we can then omit v2, in the denominator, 
and formulae (11.32) become 

v (1 — v) wa (w? — we) 


-— ae 
&€zm—xj—1— —1-— > 
l—v—u w? (w? — w2 — wH) 





: (11.35) 
Anoo = 2nz, = $v[(l — v)? +u] — ven (c/c?) ((co* — w)? + co 7] 
ERA. (1— v — u)? w (w? — wi — wy)? 








It must be borne in mind that the condition (11.33) alone is not sufficient 
for formulae (11.35) to be valid, since in the absence of absorption the denomi- 
nator in (11.35) becomes infinite at vio = 1 — u [see (11.18) for x = iz]. 
It is thercfore clear that in the neighbourhood of the point væ the absorption 
is always important, and the quantity s? in the denominator of formulae (11.32) 
cannot be neglected cven if the condition (11.33) applies. Away from the 
point %, the inequality (11.33) is sufficient to give (11.35) from (11.32). 


Quasilongitudinal and quasitransverse propagation 


The complexity of the expressions for z, , and , for an arbitrary angle x 
means that the possibility of approximating the exact values by formulae 
such as (11.30) and (11.35) is of practical importance. For example, if 

u>/4uz = u sin*«/4 cos? 
= wi, sin'a/4o? costa « (1 — v)? + s?, 
|1 — yw cosx| > (1 + v) u sin?a/2((1 — v)? + 8], 
Up=USINA, uj —wcos?«, | 


(11.36) 
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then it can be shown from (11.5) (see also [61]) that we have approximately 


(n — ix)? a = 1 — v/(l 4 yucosx — is), | 


2 
Wo (Cc Qr)j0O 
&jamnba—xi.—l _ 9 (o + oro 


(c + wz)? + viu (11.37) 
WS Vett/@ 
4710; 2/0 — 2n, 4x -ie | 
1,2/ 1,2 '*1,2 (@ + wz)? + vi 
where 
wr, = Og cosa = Yu (w cosa) = lugo. (11.38) 


Formulae (11.38) differ from (11.30) for longitudinal propagation only 
in that wy is replaced by œz. Hence the case represented by formulae (11.36) 
and (11.37) is said to be "quasilongitudinal". 

When the inequalities 

up/4uz, = u sinta/4 costa > (1 — v? + 8%, tanta >l+v, no 
u sin? > [(1 — v)? + 2] cot?x sm) 
hold, we have “quasitransverse”’ propagation; in this case formulae (11.31) 
and (11.32) or (11.35) for transverse propagation are approximately valid, 
but with u replaced by wp or w by c, where 
Up = wsin?«, 
: (11.40) 
Op = Og Sino = |l'up o. j 

The second condition (11.39) pertains only to the ordinary wave, and the 
third condition only to the extraordinary wave. It should be emphasised 
that the quasilongitudinal and. quasitransverse conditions (11.36) and (11.39) 
place some restriction not only on the angle « but also on the parameters v, 
u and s. These inequalities are sufficient but not necessary conditions for the 
quasilongitudinal or quasitransverse approximation to be applicable. The 
necessary conditions are complicated, and if the sufficient conditions given 
above are not satisfied it is better to use formula (11.5) directly. 


The critical collision frequency. Graphs of n, (v) and », (v) 


The analysis of the expression (11.5) for arbitrary v, u, s and x is achieved 
by the construction of appropriate graphs. The only general remark which 
we shall make here relates to the introduction of the critical collision frequency 
Vert, ep OF the critical parameter 


Ser = Vert, er/ OO. = w7/20,0 
= Wy Sin?x/2@ cosa = Yu (sin?*x/2cosx) = up/2 Yuz. ^ (11.41) 


If angles for which cosx < 0 are included, then in (11.41) cosa must be re- 
placed by |cos«|. The significance of the critical parameter s,, is that for 
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8 = 8 and v = 1 the radicand in (11.5) and (11.25) is zero, and so (n — ix), = 


= (n — ix), and K, = K, = —1, i.e. at this point (for these valucs of s 
and v) the medium ceases to be doubly refracting.] 
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Fro. 11.13. Indices of refraction and absorption for A = 80m and various 
values of vefe. The values of « and u = w7?/w? are given in the text. The broken 
lines refer to waves of type l, and the continuous ones to those of type 2. 


When vett K vag, the curves of ni (v) and xı (v) are similar to those 
which hold in the absence of absorption, but if v Z v.s, er there is a con- 
sidcrable change in the form of the functions n, , and xa. In the Earth's 


t It may be noted that in such cases, where there are multiple roots with the same 


polarisation, we cannot, even in a homogeous medium, restrict oursclves to solutions of 
the type E = Myet(et—k-r) [351]. 
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ionosphere the latter case can be important only in the lower regions (thc 
D and E layers), except at high latitudes. 

To illustrate the bchaviour of the curves of n4, and xı, we give a number 
of graphs from [57] for various particular cases (Figs. 11.13-11.15). In all 
the examples H® cosa = 0-447 and H® sinw = 0-218, i.e. H = 0-497 G, 
wy = 8:8 x 108 sec"! and a = 25° 50’. The value of veff oris then 9-5 x 105 see. 
Figs. 11.13-152,b give the values of n4 , and », , for v; = 0 for waves of length 
Ao = 80m (w = 2-36 x 10?sec?, u= 0-14), 225m (œ = 0:838 x 10? sec, 
u = 1-10) and 490 m (w = 0:386 x 10?sec^! , u = 5-2). The difference between 
these graphs and those givenin Fig.11.6, forexample, is not only that u = c/o? 


Za =O 
K 
2-0 
2 
tO 
Le 
7 
O 1:0 20v 
(b) 
zai 7423070744 Lett, ce 









£z 
o FO 20v 0 LO 20v 
(c) (d) 
Yay =L 67x 101-8 Ven, cr 
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Fic. 11.14. Indices of refraction and absorption for A = 226 m and various 
values of ver. The values of « and « are given in the text. 


has a different value but also that ,,. and x,,, are shown in place of fi ,, and 
by formula (11.5) we always have "4,9 > 0, %,2 > 0. Thus the values of zi s 
in Figs. 11.13-11.15 correspond to — ñ$ a in Fig. 11.6 and similar figures. 
Figs. 11.13-11.156,d give the valucs of n, and xı, g for the same waves as in 
Figs. 11.13-11.15a,b, but with ver = 4:7 x 105 = 0:50 vac er for 4j = 80m, 
var 42 x 10° = 0-44 vor, or for Ay = 225 m, and vep = 3:9 x 10° = 0-41 Vege or 
for A, = 490 m. 
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Figs. 11.13-11.15¢,f give similar curves with vep = 2-0 veg, cr for 2, = 80 
and 490 m, and vep = 1-8 vro for A, = 225 m. In addition, Fig. 11.13g,h 
gives eurves of n, (v) and »,,;(v) for 4j = 80m and ve = Vert cr- 
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(e) (f) 
Fic. 11.15. Indices of refraction and absorption for A = 490m and various 
values of vege. The values of « and u are given in the text. 


It may be noted that the absorption of the waves is large even for vef 
as small as about 0-5 v, 4. In a homogeneous medium the wave amplitude 
deereases as e~%27/¢ — e- 2707/4 and for xı — 0-1 the field attenuation 
faetor is e?" = 540 at a distanee of 104,. Figs. 11.13-11.15 give values of 
2,5 ~ 0-1; an important faet is that the index x, , is large where in the absence 
of absorption x, a = 0. 

In the F layer of the ionosphere, where vesp ~ 10? to 10*sec^!, the above 
values of H® and « give v, ~ 10-2 to 10-3 v; er- Evidently the eurves of n, , 
and», , in this ease will be very similar to those shown in Fig. 11.13a,b. 

Absorption also affeets the polarisation of both waves and in partieular 
has the result that the axes of the ellipses described by the eomponent of E 
in the zy-plane do not eoineide with the x and y axes. For slight absorption 
the polarisation is, of course, almost the same as for no absorption ; the greatest 
deviation is observed near v = v = l, where the polarisation varies rapidly 
with v [see Figs. 11.9 and 11.12 and formula (11.25)]. 

The complexity of the general expressions (11.5) for (n — ix); and (11.25) 
for K,, = E, ,[E,,, has the result that it is sometimes eonvenient to use 
nomograms to determine n, x and K. These are given in [58]. 
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The effect of ions 


In the lower layers of the ionosphere, especially the D layer, the propa- 
gation of radio waves may be affected not only by electrons but also by ions. 
In the absence of the Earth’s magnetic field the allowance for the effect of 
ions would be as in § 3, where it was shown that, neglecting absorption, ions 
of density N;, mass M and unit charge contribute to the expressions for € 
in the same manner as electrons of density Meg = mN;/M [see (3.4)]. When 
absorption is taken into account, the position is somewhat more complex, 
since the effective collision frequencies are different for electrons and ions. 
Electrons and ions arc also not equivalent when the Earth's magnetic field 
is allowed for, since the effect of this field on electrons and ions is given re- 
spectively by the values of the gyration frequencies wg = |e|H/mc and 
Qy =e HVM c = mog[M(for OF ions with H® — 0-5 oersted, Qy ~ 150 sec™ 
and Ag = 2zc[Qg ~ 10,000 km). Hence, in the high-frequency case, where 
the frequency of the radio waves w > gy [see (10.5)], the effect of the magnetic 
field on the ions may be neglected. This fact, which has already been mentioned 
on various occasions, makes it possible to ignore the ions provided that their 
density N; is comparable with the electron density. Usually this case has 
been assumed to hold, and sometimes without explicit statement to that 
effect. If, however, N; >> N, the ions may exert a considerable influence even 
for high-frequency waves. The expression for the tensor ej; is 


£j = EKP + £o Ox (11.42) 
where ej? is the tensor ej in the absence of ions [sec, for instance, (10.12)] and 
£i) = Ei —i 4n Calw 
=] — 4reN; Mow (o i eae eae (11.43) 
v,=42EN/Mow*, s; = veo ; | 


whore »(2 is the effective frequency of collisions of ions of mass M (assuming 
for simplicity that all the ions are singly charged and have the samc mass M) 
with all particles present in the medium (electrons, ions and molecules). 
The expression (11.43) is evidently just the complex permittivity of an iso- 
tropic plasma when the motion of the ions alonc is taken into account. 

From (11.43) we can find the value of (n — ix) a in the same way as when 
the motion of the ions is neglected. Instead of (11.5) we obtain 


(n — ix), o 
1 fy 2 (v/e) [1 — (v/eto) — i5] l, 
= et) 2 (1— is) (1 — (w/a) — i5] — sin CE Mus sin*a + 4u[1— (leia) — is]? cos?o} 


(11.44) 





where v, 4 and s have the same significance as when ions arc absent. 
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A comparison of (11.44) and (11.5) shows that when ions are taken into 
account the effect is to replace v = 4ze? N/mo* = w/w? in (11.5) by vlen 
and to multiply the whole expression by &() 1 

In the particular cases where H = 0 or where the propagation is longi- 
tudinal or transverse, we have 








for H9—0, (n—ix),zm(n—ix,-e-—v-— is) 
v v, 
SA a 
for a=0, (n—ix)}? s= ey —v/(Lt Vu -— is); (11.45) 


l l v [1 — (v/eq) — is] 
EE — ix)? = & — >= 
for O= FH, (M— tx), = EG (1 — is) [1 — (veg) — às] — u " 


(n — ix) = (n—ix)§. 


A detailed analysis of formula (11.44) is given in [57]. Here we shall merely 
give (Fig. 11.16) curves of à? , = (n — ix)j,, in the absence of absorption for the 
same case as in Figs. 11.13 and 11.14 (A) = 80 and 225m, wp = 88x 108sec^!, 
x = 25° 50') with & = vw = N;m/N M = 0, 1 and oo (€ = 0 is the case of 





Fıc. 11.16. The square of the refractive index for a mixture of electrons and ions, 
with various values of £ = N;m/N M, where N and N; are the electron and ion 
densities and m and M their masses: (a) A = 80 m, (b) A = 225 m. The thick 
line is for £ = 0, the thin line for £ = co, and the broken line for £ = 1. 
electrons alone, E = co that of ions alone, and £ = 1 that where electrons 


and ions make the same contribution to & in the absence of the magnetic 
field). 


Absorption and emission of eleetromagnetie waves by a magnetoactive plasma 


To conclude, we shall discuss one point which is important in understanding 
the problem of absorption and emission of clectromagnetic waves by a magneto- 
active plasma. It is secn from the general expression (11.5) for (n — iX), 
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that for s? = veu/o? < 1 the absorption is greatest near resonance, i.c. in 
the region where ñi, increases without limit in the absence of absorption; 
this is especially clear for the particular cases represented by formulae (10.30) 
and (11.32). In other words, when s? = vÀ/o* is sufficiently small the plasma 
absorbs appreciably only near the points v, 2% (see (11.18) and (11.22)]. 


For « = 0 the point vi% corresponds to the frequency w,, = wy, but for 
all other values of x we have w + wy and, for example, at x = 42 we have 
Qe, = (w? + ej) [see also formula (12.3) below]. If a system absorbs waves 
at a certain frequency, then it emits waves of that frequency also; in the parti- 
cular case of thermodynamic equilibrium, this result follows immediately 
from Kirchhoff’s law. Thus a hot magnetoactive plasma must emit waves 
mainly near the frequency c. Now a non-relativistic electron in a magnetic 
field revolves with frequency wy = |e|H®/mc, and in a vacuum it emits 
waves of this frequency only. In a rarefied plasma, where wy > Yett, the 
electrons will revolve for the greater part of the time with frequency og, 
as in a vacuum, and must thereforc, it would seem, continue to emit only 
the frequency wy or frequencies very close to it. 

The resulting paradox is resolved [62] by the fact that the medium affects 
the emission from a particle moving in it, and in some cases it alters the 
whole nature of the emission. The simplest example is that of à harmonie 
oscillator of frequency mw placed in an isotropic plasma with e = fi? = 
=] — w3/w? < 0. Since the field is then damped, no emission with w < wọ 
is possible. For an eleetron revolving in a magnetoactive plasma the situation 
is less simple. However, the general formulae (sce (63]) show that in the 
non-relativistic limit the electron does not emit in these conditions when 
collisions arc absent. When collisions oecur, the electron of course emits even 
in a magnetic field, but it emits bremsstrahlung. This bremsstrahlung is also 
emitted by a non-relativistic plasma, and it is particularly strong near the 
frequency wə, since the intensity of bremsstrahlung, like that of any dipole 
radiation, increases with the refractive index.T 

The following question may also arise. It apparently follows from the 
equations of motion (10.8) and their solution (10.9) that resonance occurs 
in a plasma at a frequency wzy, but in reality it is shifted to w. How does 
this occur? The answer is, of course, given by the discussion in $$ 10 and 11 
as a whole, but briefly one may say that the shift of the resonance frequency 
is due to the allowance for the collective motion of thc clectrons in the plasma, 
which leads to a change in the polarisation of normal waves in the medium 


+ It should be noted that when terms of order (vz/c)? and higher orders are taken into 
account (where vz y(xT/m) is the velocity of the electron) we obtain emission both 
at the frequency wg and at its harmonics. This cffect leads to a considerable absorption 
even at T ~ 105 deg K (v}/c? = x T[mc? ~ 10-4, as in the solar corona). The allowance 
for the effect of the thermal motion on wave propagation in a magnetoactive plasma is 
discassed in § 12. 
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as compared with their polarisation in vacuum. To illustrate this, let us con- 
sider the behaviour of one electron in a plasma under the action of the extra- 
ordinary wave in the case x = iz (with the field II? along the y-axis and 
collisions neglected). The velocity components of the forced oscillations of 
the electron are (the derivation may be found in [62]) 


v, = 0, v, = (te/mo) (E; — i Yu E,)i(u — 1) = ie(v — 1)E,/ma@(1 — v — u), 
v, = (te/mw) (E, + iu E,)(u — 1) = —ieE,mov, 
where we have used the fact that in the extraordinary wave with « = i, 
we have E, — 0 and E,v|'u = i E,(u + v — 1). 
The resonance denominator u — 1 = (w/o?) — l is here replaced by 
1 — v — u = l — (oo?) — (w3;/w2), because in a wave propagated in a 
magnetoactive plasma along the z-axis we have E, + 0, and the effective 


field is E, — i Vu Ẹ,; in an isotropic medium, if the effective and mean fields 
are not equal, the oscillator absorption eigenfrequency also undergoes a shift. 


$12. SPATIAL DISPERSION AND PLASMA WAVES 
IN A MAGNETIC FIELD: 
THE ALLOWANCE FOR THERMAL MOTION 


The passage to the limit of an isotropie plasma 


On passing from a magnetoactive plasma to an isotropic one (i.e. as the 
external magnetic field H(? tends to zero) we should obtain in the high- 





Fra. 12.1. The functions 2 , (v). 
(a) x = 45°, u = 0-01 (b) u — 0 (transition to an isotropic plasma) 
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frequency case three normal waves—two transverse and one longitudinal 
(plasma) wave. In a magnetoactive plasma, however, there are only two 
waves —ordinary and extraordinary. The nature of the passage to the limit 
of an isotropic plasma is most simply asccrtained by considering the curves 
of ñi, for small values of u = c/o? and for u — 0 (Fig. 12.1; unless otherwise 
stated, absorption will be neglected). We see that as u > 0 the curves of 7? , 
tend not only to the line ña = 1 — v but also to the vertical line v = 1. When 
spatial dispersion is neglected, the line v = 4ze?N/[mo? = ooo? —1 in 
Fig. 12.1 b corresponds to the plasma wave in the isotropic case [see (8.1)]. 
The nature of this limiting case is also easily seen from graphs of ñ% , as a 
function of the argument w/w. 

However, this property of the curves $i; , is clear without recourse to graphs 
if we use the facts that for u -> 0 we have v, 2% = (1 — w)/(1 — u cos?x) > 1 
and vo = 1, vo = 1 + Ju 1 for all æ + 0. If we consider not only the form 
of the curves of si; ,(v) but also the polarisation of normal waves, then the 
requirements of the limiting transition are also satisfied (as v— v, 2% the waves 
1 and 2 are linearly polarised in the direction of propagation; see $ 11). 

The same limiting transition (in the qualitative sense) was considered in 
$11 for any u and «x — 0 (see Fig. 11.10). This coincidence is no accident, 
since when « — 0 the ordinary and extraordinary waves are purely transverse 
(E, = 0, E, = + i Ej), and when the thermal motion is neglected (i.e. when 
spatial dispersion is neglected) the magnetic field cannot affect the directed 
motion of the particles along it. For this reason, in any field when « — 0 
there must be a longitudinal wave travelling along the ficld, i.e. there must exist 
a plasma wave v = 1. This is seen not only from Fig. 11.10 but also from the 
original equations: when « = 0 the condition D, = 0 becomes D, = e,F, 
= £F, = 0, which gives the '"'dispersion relation" for the plasma wave 

= w/w? = 1; see § 8. 

It may also be noted that these properties of the limiting transitions u — 0 
(or w4 > 0) and « — 0 are not restricted to a magnetoactive plasma; they 
are characteristic of any anisotropic medium. The limit u— 0 corresponds 
to the disappearance of anisotropy, and œ — 0 corresponds to an approach 
to one of the principal axes. 

Some confusion is nevertheless possible, because in the isotropic case 
with spatial dispersion neglected there are at the point v = 1 threc waves, 
but in an anisotropic medium there are only two waves for any v. Since the 
limiting transition is made in the correct manner, as shown above, there can 
hardly be any grounds for misgivings, but the situation is considerably clarified 
if we remember that, when spatial dispersion is neglected, plasma waves 
exist only in a somewhat conventional sense. When spatial dispersion is taken 
into account, %3(v) for a plasma has the form 


fis (v) = (1 — v)/382 v ~ (1 — 9/385, Bp — xT[me? (12.1) 
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[see (8.25)]. Hence the three waves (three values of ñ?) exist not only atv = 1 
but in a neighbourhood of this point, whose boundaries are determined by 
the condition that damping should be small; see (8.12) and (8.31). 


The allowanee for spatial dispersion in an anisotropie medium 


The allowance for spatial dispersion in an anisotropic medium and, in 
particular, in a magnetoactive plasma gives a similar result. This conclusion 
is evident without calculation (see [1, 22]). For it was pointed out at the be- 
ginning of $ 11 that the dispersion relation for 4? should be of degree three 
in 7?, but in fact is of degrce two. Thus there is some degeneracy: the coefficient 
of ñ: is zero, and the third root #2 becomes infinite. Of course, when a further 
effect, namely spatial dispersion, is taken into account, the degeneracy dis- 
appears and the third root 73 is finite. In an isotropic plasma this third root 
is given by the expression (12.1). For T — 0, £2(v) > œ, except at the one 
point v = 1. The occurrence of this point is due to another degeneracy, namely 
the isotropy. Evcn in an isotropic medium the equation for 4? with T = 0 
is of degree two and the condition e(v) — 1 — v — 0 for the existence of a 
longitudinal wave gives no valuc of fi. 

The above arguments also enable us to deduce that the third wave (the 
third root #3) must be important in the region where ñ? and #2 tend to infinity. 
For, if the coefficient a in the equation a4i9 + bAt + cfi? + d = 0 is very 
small, then the root 73 is very large (i.e. 42 oo as a — 0), and has its lcast 
value if b — 0 for a given value of a, i.e. if a second root of the equation tends 
to infinity. Thus in a plasma we can expect that the values of 72 will be relatively 
small only near the point v, 5,5, i.e. whentt 

2 2 2 
l—u—v+uvoosta=1— 28.8, POH osy 0, (12.2) 
w? w w 
The frequencies w2, which satisfy this condition are 


1 1 
wr, = » (eX + à) + Vz (c + wiz)? — ex wy cos? a}. (12.2a) 
The allowance for spatial dispersion in an anisotropic mcdium can be made 


phenomenologically in a general form [1], as was done at the beginning of $ 8 


f As has been mentioned in $8, the condition that the damping of plasma waves 
should be small means that we can replace 1 — w/w? in the expression for 7$ by 2(1 — w/w). 
We shall not, however, find it convenient to use such simplifications here and subsequently. 

TT In the absence of absorption, equation (11.4) becomes 

(1 — u — v uv cos?a) ñt + [u(2 — v — v cos?a) — 2(1 — vy?] &? + 
T(1-v)[(1—v?*—w]-0. (12.3) 
The roots of this equation are given by (11.6) and become infinite at 
Vizo = (1 — wu)/(1 — u cos? a) 
[see (11.18) and (11.22)) This expression for 1,200 i$ most simply obtained from the 
condition that the coefficient of 5* in (12.3) should be zero, i.e. the condition (12.2). 
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for longitudinal waves in an isotropic medium. Having in view only the case 
of a magnetoactive plasma, we shall proceed differently, and consider at 
once the spatial dispersion due to the thermal motion of the electrons. In a 
rigorous analysis of this problem it would be necessary to use the kinetic 
treatment, which leads to quite laborious calculations when a magnetic field 
is present (see [43, 49, 64-70]). For this reason, before discussing various 
results of the kinetic theory, we shall treat the problem in the quasihydro- 
dynamic approximation, which has alrcady been used at the end of § 8; see 
also [19, 69-72] and § 13. 


The quasihydrodynamie approximation 


In this approximation we start from the following equations (which take 
account only of the motion of the electrons): 


m dv,[dt = e(E + v, X HOJc) — (1/N) grad Pe — m vr Ve, | 
9N[0t -+ div(Nv) 20, p—£&xT,N, 


(12.4) 
AE — grad div E — (1/2) 9? EJIE = (Anc?) 0j/0t, |. jj e N ve. | 


If the pressure term is neglected, we of course obtain the same results as in $11. 

Including the pressure term, linearising (the velocity v, is small, and the 
change in density N'« N), and neglecting damping, we have for mono- 
chromatic plane waves, from (12.4), the dispersion relation for $? = c?k?/w®: 


p2(1 — u cos?) fi$ — [1 — u — v + uv cosa + 29*(1 — v — u cos*a)] fit + 
+ [2(1 — v — u(2 — v — v cosa) + B*(1 — 2v + v? — u cos?x)] ff? + 
+ (1 — v)[u — (1 — »)?] = 0, (12.5) 


where f = V(E,«T,/mc?) = V£,Bp is of the order of the ratio of the mean 
thermal velocity of an electron to the velocity of light. In the absence of 
the thermal motion (f —> 0), equation (12.5) becomes (12.3). In the non- 
relativistic plasma here considered, 


pe &xT,[mc? « 1. (12.6) 


In the solar corona, for instance, we have T, ~10®degK and ff, — x T, [m c? 10"*. 
The condition (12.6) shows that, throughout the range of values of the 
parameter v for which the roots fi? and #3 (calculated for f? = 0) are not 
very large, the thermal corrections are small. The third root of equation (12.5) 
is then large, i.e. it is determined by the first two terms of the equation, and 

thus is given by : ; 
file (1 — u — v + u v cos?a)/(1 — u cos x) p 12.1) 

IRIK |g], IARE lAl. 

The root (12.7) must be large except near the point væ given by the condition 
(12.2). Thus the quasihydrodynamic model uscd leads, as we should expect, 
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to results which are in agreement with the general considerations given 
previously. For x = 0 (longitudinal propagation) equation (12.5) leads for 
the transverse waves to the expressions (11.9) for sj, #%, and for the 
longitudinal wave to the expression (12.1) for %4. Here we must emphasise 
that the fact that the expressions for #4. are independent of f* is due only 
to the approximation used and does not hold good in the kinetic calculation 
(see below). 
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Fra. 12.2. The functions 42 (continuous Fra. 12.3. The functions ñ? (continuous 
line) and ñ% (broken line) for u = 0-1, line) and %3 (broken line) for u = 0 5, 
œ = 90° and f? = 1075 (quasihydrodyna- « = 10? and f? = 10-4 (quasihydrodyna- 
mic approximation). mic approximation). The dotted line gives 
4? for the same values of u and « but 
B= O0. 


For « = $x (transverse propagation) we obtain the same solution ňa = lv 
as before for the ordinary wave and the equation 


B*8^ + [(v — 1) (1 + 82) + wu]? + ((o — 1? u] — 0, (12.8) 


whieh corresponds to the solutions 4? and fis. In accordance with the pre- 
ceding discussion, the root #2 is very large everywhere except near the point 
vio = (1 — u)/(1 — u cosa) = 1 — u. The root ñ, is almost equal to the 
previous expression [see (11.14) with s — 0] except in the neighbourhood 
of v,,,. Near this point the behaviour of Ri s (v) for u < 1 is shown by Figs. 12.2 
and 12.3, where the broken line refers to #2. It may be recalled that for negative 
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values of ñ? the corresponding waves are strongly damped according to the 
law e-lnlze, since 4? = —x? when #2 < 0. 

It is particularly important to emphasise that the solution #2 does not 
form an independent branch of the function #2. The appearance of a third 
solution is due to the disappearance of the discontinuity of the function ñ? 
and to a change in the shape of the curves such that two values of 7? correspond 
to a given value of v (we are not here considering the ordinary wave). If for 
p — 0 the ordinary wave has a pole, i.e. $£2(v,,,) > oo (as happens when u > 1 
and uz, = u cos?x > 1), then the plasma wave is a continuation of the branch 
$i (v). This is clear from Fig.12.4. 


100 


-100 





-1000 


#3 ( for B20) 


-l0 000 


Fra. 12.4. The functions #2 and #2 for u = 2,« = 10° and f* = 1074 
(quasihydrodynamic approximation). 


Plasma waves in a magnetoactive plasma 


The form of the curves shows that the division of waves into extraordinary 
and plasma waves (for u < 1) or ordinary and plasma waves (for u > 1, 
u cos?x > 1) is quite arbitrary. In a magnetoactive plasma there are really 
no particular “plasma waves” and it is only for convenience and with a view 
to the limiting case of an isotropic plasma that we shall call the corresponding 
part of the curve of ii; or ñ the curve for plasma waves. This definition evi- 
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dently corresponds to giving the name of plasma waves to those waves for 
which 42 does not have finite values as f?- 0 (see Figs. 12.2-12.4). 

In the quasihydrodynamic approach, neglecting collisions, the waves are 
not damped even if the phase velocity is comparable with the thermal velo- 
cities of the electrons. The kinetic treatment, however, leads (as for longi- 
tudinal waves in an isotropic plasma) to the possibility of a damping which 
is not due to collisions. It should also be emphasised that, for the calculation 
of #2 in a region where damping is slight, the quasihydrodynamic approach 
is much more restricted for a magnetoactive plasma than in the isotropic 
case. The reason is that in an isotropic medium the dispersion relation for 
a longitudinal wave can include, for simple reasons of symmetry, only one 
unknown coefficient (see $ 8 and [1]). For this reason, by taking the value 
of £, in (8.9) as 3, we were able to obtain complete agreement between the 
quasihydrodynamic and kinetic results. In an anisotropic medium the allowance 
for spatial dispersion leads to the appearance of more complex expressions with 
several coefficients. In equations (12.4), however, we have assumed that the 
Stress tensor reduces to the pressure, i.e. we have again introduced only one 
unknown constant £,. The result is that for no value of £, docs the dispersion 
relation (12.5) agree with equation (12.52) below, which is derived by the kinetic 
method. Ín practice, the difference amounts to a difference in the coefficient 
of 44$, which in both cases is of the order of $}, but depends differently on v, 
v and «. In particular, with the quasihydrodynamic approach all three roots 
A » 3 of equation (12.5) are always real both when u <1 and when u cos?x > 1 
(together with the condition f? < 1 which is always assumed); in the kinetic 
theory, as we shall see below, this is not so. 

For a homogeneous medium, since a kinetic discussion has been given, the 
quasihydrodynamic calculation is seen from the above to be certainly redun- 
dant. The value of such a calculation is that it can also be effected in cases 
where the kinetic theory involves great mathematical difficulties: a multi- 
component plasma, containing several species of ions or molecules; an in- 
homogencous plasma, ete. 


The kinetic theory 


Let us now consider the kinetic theory of high-frequency waves in a homo- 
geneous magnetoactive plasma. 
The initial equations are [sec (4.2) and (8.18)] 


0gJ0t + v- grad, + (e/m) E- grad, f, + (ev X HO/m c) - grad. p = 0, 


12. 
A E — grad div E — (1/2) P EJIP = (4 a/e) 0j,/ot, | 3, — efv pdv; ven) 


here collisions are neglected, the Boltzmann equation has been linearised, the 
distribution function f = f, + p, |p| « |fo|, and the magnetic field of the 
wave |H|< H®. If the unperturbed distribution is Maxwellian, as we shall 
assume below, then f, = foo = N (m/|2xx Tj? e- melee, 
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The equations (12.9) differ from those used in § 8 only by the term whieh 
involves the external magnetic field H. This term makes the caleulations 
very much more eomplieated even when the problem is solved by Fourier's 
method, i.e. by putting p = (v) éC'-*:?, In prineiple, however, the proce- 
dure is the same as in the isotropic ease (see § 8), and the result is a dispersion 
relation between w and k; in the denominators of the integrands in expressions 
such as (8.33), c — k.v is replaced by w — sog — kv, cosa (s = 0, 
+1, +2, +3,...), where v, is the component of the veloeity of a plasma 
eleetron in the direction of the magnetie field H (the z-axis), and « is the 
angle between H® and k. 

If these denominators vanish, i.e. if 


w = swyg + kv, cosa, (12.10) 


then the solution by Fourier’s method is invalid and the problem must be 
solved together with the initial eonditions. To find the complex frequeney 
€ =w + ty as a funetion of k, it is then eonvenient to use the dispersion 
relation given by Fourier’s method, but integrating with respect to v, along 
a eontour whieh passes above the resonance point v, = (œ — swy)/k eos«. 


The nature of the collisionless absorption 


Before giving the expressions thus obtained for w(k) and y(k), we shal 
diseuss the physieal signifieanee of the eondition (12.10), and thus the nature 
of the eollisionless absorption. 

In a magnetie field an eleetron revolves about the lines of foree with fre- 
queney cof; = (mc?/E) |e| H/mc, whieh in the non-relativistie limit beeomes 
wy = |e| H/me; the eleetron may also have any veloeity v, < c along the 
lines of foree. An eleetron (or other eharged partiele) moving in this way emits 
eleetromagnetic waves on aecount of the aeceleration (magnetie bremsstrahlung 
or synehrotron radiation), and also on aeeount of the Vavilov-Cherenkov 
effeet when the appropriate eondition is fulfilled. 

To ealculate the spectrum and intensity of the radiation in an arbitrary 
medium, almost the only suitable method is to use an expansion of the field 
in normal plane waves whieh ean be propagated in the medium eoncerned 
[73-77]. The veetor potential of the field is then written as 


Aas c J(4 zt) 
Aj 


9j 
where a,; are the eomplex polarisation veetors eorresponding to the normal 
waves j= l and j = 2 (in a non-gyrotropie medium the veetors a;; are, of 
course, real, exeept in à vaeuum, where they ean be taken to be either real 


4,; qj (I) ¿rT + eomplex conjugate , 








t When collisions occur, bremsstrahlung due to the acceleration of the electron 
during collisions is added to the magnetic bremsstrahlung and Cherenkov radiation. 
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or complex). Substituting the series for A in the field equation for it, multi- 
plying by [cy (4)/n,;] ai; € ***" and integrating over all space, we obtain 
for qì; the equation 

Gag + oq; = V(4 7) (e/n;;) Ver af; e nn = f (t), (12.11) 
where w3; = c?ki/nj;, v, is the radius vector of the radiating electron and 
v, = dr,/dt its velocity. 

Apart from a numerical factor, the form of the “force” f(t) in (12.11) is 
immediately clear if we recall simply that the current density due to the moving 
electron is j, = ev,(t) ô (r — re), fed(r — r,) dr = e, and in the field equations 
we have on the right-hand side 47:j,/c. Hence 

ffe: at;e idm = ev, aj; ec TFA Te, 
which agrees with the right-hand side of (12.11). 


The frequencies emitted by the moving particle can be determined at once 
from the fact that the radiation corresponds to solutions for q;; which increase 
with time (when radiation is emitted the field energy increases continually, 
which can happen only if g;; increases). In turn, g,; can increase with time only 
if there is resonance, the spectrum of the “force” f(t) in (12.11) including 
frequencies equal to some of the possible values w,; = k,¢/n,;. Let us consider, 
for example, a uniform motion of an electron, with r, = vt. Then the spectrum 
of the force f (t) contains only the frequency k- v, and the condition for emission 
wj; =w = k-v is just the condition for the existence of Cherenkov waves 
(this method [78] seems to be one of the simplest ways of obtaining the con- 
dition for Cherenkov emission). For an electron in a magnetic field we have 


r,=(rocosw},t, rosinwit, v,t), 
v, = (—v,sinogt, Vy cosw#t,v,, v, —ryog. 


f (t) = constant x (— az v , sinogt-- aj v, coso fg t + af v,) x 


-t(kr sinasinwy*ti+kv,tcosa 
xe (Er, a OR z Sa): 


where the coordinate axes are, for simplicity, taken so that k, = 0. Using the 
expansion of a plane wave in Bessel functions: 


oo 
exp(—ik,rgsinxsino t) = J J,(k,rysina) eto n*i, 
8--co 
we casily sce that the resonance condition is 
= sw], + kv, cosa (s — 0, +1, +2,...), (12.102) 


and in the non-relativistic case this becomes (12.10). 
The condition (12.102) with s = 0 is the condition for Cherenkov emission 
by a particle moving with velocity v,. For s +0, (12.102) can be replaced 
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as follows, with k = wn(w, cos«)/c: 


* 
for s>0, hsec cot: e 
1 — (v,/c) n cose ' 
y (12.10 b) 
for s<0, SoH 


dem (v/c) n cosx — 1 ` 


The frequency w, as in formulae (12.10), (12.102) and elsewhere, is always 
positive.T 

If the vélocity v, « v,, an electron in a magnetic field emits like two suitably 
chosen dipoles moving along the field with velocity v, œ~ v. This case cor- 
responds to s = +1 (more precisely, the higher harmonics are unimportant 
if kry sine = (w/c) n (v, og) sina « 1). In these conditions formulae (12.10b) 
are a particular case of that for the Doppler effect in a medium [79, 80]: 


w = Wl (1 — 82)|1— Bn cose| = wo/|1 — Bn cose |, (12.12) 


where w, is the eigenfrequency of the emitter in a frame of reference where 
it is at rest, and œ its frequency in the laboratory system of coordinates (for 
motion in a magnetic field, cx = of); B = v/c, « is the angle between v and 
the wave vector k, and in general n = n(q, k/k). 

The range of angles within the Cherenkov cone (on which Bn cose = 1) 
corresponds to the anomalous Doppler effect, and the range Bn cose < 1 to 
the normal Doppler effect. The anomalous Doppler effect and the emission of 
Cherenkov radiation can, of course, occur only at vclocities exceeding that 
of light, i.e. when Bn = vn/c > 1. For motion in a magnetic field the anomalous 
effect corresponds to values of s < 0 in (12.10) and (12.102, b). 

If the particle emits radiation of some frequency w, then it will also absorb 
radiation of that frequency, as is well known from both the classical and the 
quantum theory. 

The nature of the collisionless absorption of waves in a magnetoactive 
plasma at frequencies satisfying (12.10) is thus quite clear.țt The same result 
can be obtained by considering, for an electron moving in a magnetic field, 
the frequency spectrum of the force acting on the electron in the field of the 


+ The radiation corresponding to the value s = 0 is usually called Cherenkov radiation, 


and that for s + 0 magnetic bremsstrahlung or synchrotron radiation, but it must be borne 
in mind that this division is somewhat arbitrary (see [81]). For example, when v, = 0 
(motion in a circle) there is no radiation with s = 0. From physical considerations it is 
evident that, when the radius of curvature is sufficiently large, the radiation for v, — 0 
and fn > 1 will be very similar to Cherenkov radiation. When the above terminology 
is used, the radiation for v, = 0 is purely magnetic bremsstrahlung, and this nomenclature 
is formally correct, since (when the Doppler effect is neglected or o = $2) the spectrum 
is discrete (w = swp) and the intensity of the radiation does not tend to zero as we approach 
a vacuum. Thus, when the term “magnetic bremsstrahlung” is used, it must not be for- 
gotten that, when a charge is moving in a medium, such radiation may be of a nature 


quite different from that in a vacuum. 
tt See also [82, 83]. 
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wave. (The frequency of the force is not equal to the frequency of the field E, 
since the clectron is in motion and is in fields of different strengths at different 
times; sec [84].) Since the appearance of frequencies swf in addition to wy 
is due to the factor e~**’’, it is clear that we are taking account of spatial 
dispersion, i.e. the dependence of the field on the coordinates. In the non- 
relativistic case and neglecting the term k+r in comparison with unity, the 
condition for emission becomes w = wy, in accordance with the theory given 
in previous sections. 

In the absence of collisions, the problem of absorption and refraction 
(calculation of the refractive index) in a magnetoactive plasma may, as shown 
by the above discussion, be closely related to the problem of radiation; by 
effecting the necessary averaging with respect to velocity, we may in this way 
(see § 37 and [82, 85]) obtain many results without using the Boltzmann 
equation. However, the Boltzmann-equation method makes possible the most 
natural averaging over velocities and, what is more important, an allowance 
without further complications both for the effect of the thermal motion on 
the refractive index and for the cffect of collisions. 

In the latter case, the expression w — s«g — kv, cosa in the denominator 
in the dispersion relation becomes 

w — swyg — kv, cosa — iv(v), (12.13) 
as is immediately clear from (12.9) when the term v(v) p is added to the equa- 
tion for g. 

Neglecting the effect of thermal motion corresponds in (12.10) and (12.13) 
to neglecting the term in v, and using only the values s = +1. This is evident 
from the fact that when v — 0 the spectrum of the force f(t) retains only 
the frequency wy, which may be either emitted or absorbedT; fora wave whose 
electric field rotates in the opposite direction to the revolution of the electron, 
absorption is impossible in thc absence of collisions, but the presence of a 
magnetic field affects the refractive index. This case corresponds to taking 
s = — l in (12.13). The above results can, of course, be obtained also by 
direct calculation. Thus, when the thermal motion is neglected, denominators 
of the form w + wy, — iv(v), instcad of (12.13), appear in the dispersion 
relation, and the results are those of $8 10 and 11. 


Far from the frequencies w = swg (s > 0), the effect of the thermal motion 
is small if œ? > (kv,)? cos?«, i.e. 


(v2n?[c?) costa « 1; (12.14) 
here v, may usually be taken as the mean valuc v, ~ yV(xT'/m), the condition 
(12.14) thus becoming 


py" cos*x«1, Bp = V(xT'/mc?), n = n, (o, cosa). (12.15) 


t Here we ignore thc points discussed at the end of $ 11 which relate to the effect of 
the surrounding medium on the radiation from an electron. 
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As x — in this condition is always satisfied, and the thermal motion causes 
only the appearanee of resonance absorption at frequencies sc, with s > 0. 
Physically this is easily understood, since with x = 4 and finite values of n 
the Cherenkov condition Bn cosa = 1 cannot be satisficd. It should also be 
noted that the inequality (12.15) is a necessary but not sufficient condition 
for weak damping in the absence of collisions and far from resonance (seebelow). 

Even in the solar corona (with T' ~ 109), Bp ~ 10-? and the thermal motion 
has a considerable effect on wave propagation only near the frequencies w 
[see (12.2a)], where the refractive index increases, and near the frequencies swp. 
At higher temperatures (in stellar interiors and in certain laboratory deviccs) 
the situation is, of course, different, and the results for Bp > 0 may not serve 
even as a rough guide. We shall not discuss here this interesting range of very 
high temperaturesTT, and so for any « we shall consider only conditions where 


n> I, (12.16) 


and the frequency ranges w ~% wy, € © 2wq and w e 3og. 


Results of the kinetie theory for longitudinal propagation 


Turning now to the results of the kinetic theory, let us begin with the 
simplest case, that of longitudinal propagation (x = 0) when the dispersion 
relation separates into equation (8.34) for the longitudinal plasma wave 
and the following equation for the transverse extraordinary (—) and ordi- 


nary (4-) waves: 


t 
E E en ck ne (12.17) 


ei-—o? NJ w +wg—ku 


+ The case of a sufficiently weak magnetic field needs special consideration, since 
it represents the transition to an isotropic plasma. The result of the passage to the limit 
Gg > 0 is, however, known: in an isotropic plasma without collisions, there is only Cheren- 
kov absorption of plasma waves. 

ff There is as yet not even an approach to a complete discussion of the plasma with Bp 
between about 0-1 and 1 (that is, the propagation of waves in a relativistic plasma). 
Some results on the problem are given in [83, 86, 88]. By using the non-relativistic Boltz- 
mann equation, as we do here, we cannot of course take account of terms of order f} 
and higher orders when they are in fact corrections (i.e. for instance, f? is less than similar 
terms which are present under the same conditions). Such a non-relativistic trcatment 
with Br < 1 is, however, sufficient to calculate the collisionless damping or the values 
of #3, these not being ‘ CORGCHORE to any quantities defined for f = 0. Some restriction 
is necessary here when fij,9,3 are almost zero (long waves). This has alrcady been discussed 
(in the absence of a magnetic field) in $8, where formulae were given for fij,2,3 accurate 
as far as terms of order fh = xT[mc? «1. When a magnetic field is present and the 
propagation is longitudinal (« = 0), formula (8.25a) for ñz is, of course, still valid. For 
the transverse waves l and 2 we have, assuming that b — yu |» Bp [267], 





2 CHE Z me 2 — yu 
Me 2f i) an ET (2 riya) 
ae 1+ fi ofa — yu "os 1+ ff of + yup 


5 1EW 
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where fy9(v,) = NY (m/2axT) e^" 32*7, u = v, and the integration is taken 
along a contour which passes above the pole of the denominator. 

It should be emphasised that equation (12.17) is exact, in the sense that 
it follows rigorously from equations (12.9). Thus for « = 0 there is in fact 
no value of s other than +1 in the dispersion relation. This is entirely reason- 
able, since for æ = 0 the spectrum of the “force” f = constant x v: afe ttt 
contains only the frequencies wy + kv,. The absence of Cherenkov radiation 
is formally due to the fact that for « = 0 we have a? = 0 and therefore 
a? v, = 0; physically it is due to the fact that the condition w = kv, or cosa = 1 
corresponds to the threshold of the effect, when the intensity of the radiation 
is zero. 

On neglecting the thermal motion and formally putting ku = 0 in the 
denominator of (12.17), we haveT 


Lo LL 969 — 1] | 
(c? k? — c?) (o + cog) se. 


(12.18) 
c! =w, ni = C kjo = 1 — wo (w og), | 


in agreement with formulae (11.9). 
For the ordinary wave 2 in the non-relativistic theory the thermal corrections 


may be neglected (and, in a sense, must be neglected if the accuracy of the 
calculation is not to be exaggerated). For the extraordinary wave 1, correspond- 
ing to the minus sign in (12.18), we have at a sufficient distance from resonance, 
when 


o — og Y xT a š we 
( " ) » Sari Ps (I of (12.19) 


the result [65, 68] 


n? 1—vf1—pyw _ 1 — oo (w — wy) .— (12.20) 


~ 1+ Bho yu? 1+ T/me) walla — og? 
The thermal corrections are evidently small if 
|o — cy [3/ej; > (xT Imc?) exile = Bpviu (12.21) 


(we take w ~wy), which for |n{| > 1 is equivalent to (12.19): 


(o — wulon > Peni, >l. (12.22) 





T In this case, for w + cg, the integration is along the whole of the real axis, and 


oo eo 
J foo (0) du — N, since f €? du= yn. 
- 00 


-00 
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For w§/w% ~ 1 in the Earth's ionosphere this gives |o — wyz|/wy > 5x 10-3, 
and for the solar corona |w — wyz|/wy > 5x10-?; the corresponding values 
are ni < 200 and n? « 20 but n? 1. 

When collisions are taken into account they are unimportant if 


(o — Wy)? > ». (12.23) 


For the F layer of the ionosphere (vet ~ 10°, wg ~ 107) this means that 
|o — cg]|/eg 10-5; for the corona, the condition (12.23) becomes 
lo — Og |/og > 10-6 even with vet — 10 and wy ~ 10-7. Thus even in the 
Earth's ionosphere the effect of thermal motion on the behaviour of n?(w) 
may be greater than that of collisions.T 

In the same region (12.22) we have for the damping coefficient y, [91] 


1 — oy 
S y a) m {On ~ OY oxp(— (o — og[2fsnto?. (1234) 


pry w 


Let us compare the damping y,, here due to magnetic bremsstrahlung at 
frequency wy + kv,, with the damping Yeon due to collisions. To do so, we 
use formula (11.8): 


(n — ixi = ek? w? = 1 — wolo — wy — ivet), (12.25) 
and note that it holds for real k but complex w’ = w + iy (see § 7). Then, 
with the condition (12.23) and y «& w, we have [since in this approximation 
ek?lw? = n? = 1 — w2/w(w — og)] 


Y1, coll = ws e Ver] [2 0 (w e Og T ws Og] — 0 Vge/ 6 ; 


(12.26) 
x, = W$ V.r/2€ (W — Og) m, vg — cc d(n o)/do. 
The more general relation 
wxje = y[vg cos(k, vg) = yd (m, ,o)/c do (12.27) 


(where (k, vg) is the angle between the two vectors) applies to all waves, 
whatever the nature of the damping and even when anisotropy is taken into 
account; the anisotropy has the effect that the group-vclocity vector 
vg; = dw/dk is in general in a different direction from the wave vector k. The 
expression (12.27) is derived in the same way as (7.23); the proof is unaffected 
by the anisotropy, which means only that n and x depend on k/k as well as 
on œ. In (12.27) we have also used the fact that c+ d(n,,.w)/dw = 
= vg COS(K, vq), with vy, = dw/dk (see $24). The relation (12.27) is also 
directly evident, since a wave packet damped in time as e~? will move in 


f To avoid misunderstandings we should point out that propagation of waves 
with frequency o ~ wy in the F layer is scarcely ever considered; in the lower layers, 
v ~ 105 to 105 and (12.23) gives |w — wy|/wg > 107! to 10-2. Moreover, in the F layer with 
w ^: wy the thermal motion is important only in a relatively very narrow frequency band 
|o = Ox | ~ 107? Og ~ 105. 


5* 
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space along v, (in the 2'-direction) and will be damped in space as e Y? Yer 
(Fig. 12.5); in the z-direction (along k) this corresponds to a damping of the 
form e~®*2/¢ — g-vzl"gecosQs"g) since 2/2’ = cosine of the angle between k 
and vg. For « = 0, of course, this cosine is unity and (12.27) gives (12.26). 
From (12.26), when (w — cg)? « eX and wi > vét, we have 

VA, con © Vert - (12.28) 
When [o — wy|/og ^ Br «€ 1 and formula (12.24) can be used as a rough 
approximation, the magnetic bremsstrahlung damping y, is 


9 
Wo 2 
yi Bom on~ (<2 Bo) Og, 
Og 


2,21 
n, ~ (ofc g)3 Pr 3. 






Wave 
packet 


Fia. 12.5. Motion of a wave packet. 


In the solar corona, putting w)~@y, and Pr ~10-?, we have 
yı ~5 x 107?og > yi con ~ l0 sect. For |o — og |/og = 1/10, Br = 107? and 
0 = o. we have (in the range w< cj) nj = 10 and y, = 3 x 107? cg; for 
|w — wg |/wg = 0-2 and the other conditions unchanged, we have nj & 5 and 
y; ~ 107U og «yc. Thus in this example, when |o — cg|/og > 0-15 
only the absorption due to collisions need bc taken into account, and when 
|w — wgl/wg < 015 only the magnetic bremsstrahlung absorption, which 
becomes very large as w approaches og. 

These properties of the absorption near the resonance frequency wg when 
« — 0 and in analogous cases (x +0, w = swp) are characteristic of the 
absorption lines in any gascous medium when the Doppler broadening of the 
line and the broadening by collisions (or natural damping) are taken into 
account. In the centre of the line the Doppler broadening is the more important, 


T For the expression (12.27) to be valid it is necessary that the concept of the group 
velocity should be meaningful and that the inequalities y « w and g < k should hold. 
In the particular case of a magnetoactive plasma, formula (12.27) is inapplicable near 
resonances (w ~ Wz, w ~ 20g), when the condition y/w < Bzn cosa = y(xT[m) (k/w) cos x 
is not satisfied (see [93]). 
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but it decreases exponentially in the “wings” of the line. The collision broaden- 
ing decreases much less rapidly away from the centre of thc line (according to 
a power law) and is therefore thc more important in the “wings”, ie. at 
frequencies fairly far from resonance. The case of a magnetoactive plasma 
differs in this respect from those occurring in optics only in that polarisation 
and refraction of the waves undergoing absorption must also be taken into 
account (the refractive index is not equal to unity). 


Resonance absorption for an arbitrary angle « 
Near the first resonance w = wg, and for any angle x, we have [91] 
Jua = (A + BO)JD, (12.29) 

where 
A = 4 wg (2 (v— 1) n$ a + 2 (9? — 40+ 2) nj , —3v? + 6v — 2], 

1 o (1l — Yu)? (1 — Yu)? 
e Ve) Bp 4,2 | cosa | eae 2 5, n1 , cos?x |’ 
C = (vcos2a — 1) n$ -- (— 1v tan’ « — v? sin? a — 2v cosa + 2) nj. , 4- 

+ (v — 1) 0 — 19?) + 1v(2 — v) tanta, 

D= (v — 1) 4. , + [2 (1 — v)? + v (cos*« —3)] ut. + (o— 2)? v + (1—v) (2v— 1); 
here v = w/w, u = w4/w?, and the values n, and na must be taken for waves 1 
and 2 respectively. For wave 3 near the first resonance with large values 
of n, it is shown below that 73 < 0 [see (12.56)]. Of course, when ñ? < 0 it is 


meaningless to take aecount of the damping y. 
Near the second resonance w = 2wg we obtain 


sin?x 1 (1 — 2yuy | 
L^ eee o) Nee n Man Du Dum 2.30 
zig [cosa | B(z)ex| 207 n? cos?x d 
and near the third resonance w = 3og 
243 sin! æ 1 (1—3y«uy | 
= 2 m $3, 23 —— — B[— ——— Ml, 12.31 
y 8 opan |cosa| b )exe | 255 n? cos?x ( ) 
where 
B (u) = Ta ame T ae [zw sin?x + 


j /l 1 j m) Ls ) ( v J 
xe s I ac een ee lia? E o e T. 
+(+ yeh yu (s simt n? 4- (v ) Li ys 


(12.32) 
with 
{}= {w +u — 2) n* + [2(1 — v)? + uv(1 + cos?) — 4u + 
44(1 — v)] n? + (v — 2)[(1 — 9)? — wu) + (1 — v)(u + 2v — 2)}. 
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In equations (12.30)-(12.32) eollisions are neglected and n, or ną must be 
taken in aceordanee with the type of wave eonsidered. When « — 0, formula 
(12.29) becomes the sum of (12.24) and (12.28) as it should (ef. also the con- 
dition (12.34) below with s — 1). 

From (12.29) and (12.31) we see that with ve = 0 


(Bp n)?* -? sin?*7?o 


zi exp |- esc (12.33) 


y (S) — BB n® costa >, ORS0g. 


u 
This estimate is eorreet to within a numerical faetor even for s > 3. For s = 1 
it must be remembered that the small factor (1 — Vu)? appears [ef. (12.29)]. 

Formula (12.31) is valid both near resonanee (in the “wings” of the line) 
and in the resonance region itself; formulae (12.29) and (12.30) are valid only 
near resonance, and not at the aetual resonanee. More preeisely, the inequalities 


[o — sog |/k > V(xT/m) cosx 


13.34 
or (1 — syuy?/B5n? eos? x > 1 usen 
(with s — 1,2) must hold, together with the eonditions 

2 2 52 
jak) m ou o PEE. 
m wy u (12.35) 


(x T/m) k? cos? > vig, w? >> (x T[m) k? eos?x, wk > vege. 


The first two conditions (12.35) are also necessary for formula (12.31) to be 
valid; formulae (12.29)-(12.31) are invalid also as « > i. 

In considering wave propagation in a plasma we usually need to know not y 
but q = wx/c for a real frequency w (the wave field varying as ei?!-59-22), 
For weak absorption y and q are related by (12.27), but for strong absorption 
and eonsiderable dispersion the eoneept of a group velocity is inapplicable, 
and eonsequently so is (12.27). In the ease of strong absorption it is therefore 
neeessary to solve the problem direetly with the boundary eondition as in 
$8. For weak damping, this procedure, though no longer obligatory, is never- 
theless more eonvenient than first ealeulating y and then deriving q. 

In the “wings” of the absorption line w œ~ wy with the eonditions (12.34) 
and (12.35) we have (here k = ky) 


(vrr/e») (2 (o — 1) nt + 2(v? — 4v + 2) n? — 3v +6v—2} (1— yu? 

2vn?[2-- sin?x — 2v —2n? sin?a -- 4 (1 —yu) (1 — v) 2?[v] vn? 

- {(veos2æ — 1) n* + (— 4v? sin?^x — 2v oos? + 2) à? + (o — 1) (1 — 1?)) 

2 + sin*x — 2v — 2n? sin?x + 4 (1 — yu) (1 — v) n?o 
Van Lupo Yer 


ex -———l|- 
Brn eos P 2 Bin n? cos? x 





PNE ER 
k n " 


(12.36) 
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Here the damping is assumed to be weak, i.e. g/k « 1. For « = 0 (12.36) 


gives 
LC (t = [- ara 

ko 2(yu — 1) +} g^ om exp 25x» |’ (12.37) 
where we have assumed the inequality 


ng = 1 — w(1c- Yu) ~ v/(u — 1)»1 





to hold. 

Wave 2 is damped only by collisions when « = 0. As we have seen in § 11 
(see Figs. 11.2b and 11.10b), for u > 1, small angles « + 0 and n? > 1 the 
extraordinary wave (for « = 0) is replaced by the ordinary wave. Accordingly, 
when |1 — v| > (v/]1 — Yu) sin?a, v/(Yw — 1) » 1, formula (12.37) relates 
to the ordinary wave in the range n3 > 1. 

Formulae (12.36) and (12.37) can be used to obtain estimates even when 


1-a] — lje-os 4 
Bneosx — V(xT[m)kcosx 


For « = 0 we have in this region n? > 1 and q,/k — 1, but for « > [lu — 1] 
and mi,--1 the result g,,/k — By « 1l is approximately correct. For the 
first resonance w = og, angles x — 0 are distinctive in that here there is 
resonance even in the absence of thermal motion (fp = 0; see [62] and the 


end of $11). 
If 
|o — eg|/k « y (x T[m) COSH, W > ey, (12.38) 
y(x T/m) k cosa > veep, q«k, 
we obtain in the central part of the line w ~ og 
a J(2/z) (Br/n v) cos 
k | 2v—2 —sin?« + 2n?sin?« 
x (E — (1 — J sinta) o] nt — 
9 .L 2 hot in? ) + esos — tanta] n? 
— | ! "(— 4 sino 1 
3.1 1 : 
+ || - Set g0- tanta) + Got tan «|t. (12.39) 


For n, 5-1 this gives g/k ~ Br, in agreement with the above estimate for 
the range |œ — wy|/V(xT/m) k cosa — 1. When « — 0 formula (12.39) is 
invalid, since q ~ k and the last condition (12.38) is not satisficd. 'The case 
æ = 0 for the centre of the line is discussed in [82]. It should be mentioned 
that in the centres of the lines w ~ swy (s = 1, 2,3,...), as well as in their 
“wings”, when vet > J(xT[m)kcosx the absorption is determined by 
collisions and the formulae of $11 may be used. 
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For the second and third resonances (absorption lines) we have for waves 1 


(vegr/ c0) {lu — 3 +2) n^ + (202 — 8v — 2u + 6) $? + (—39? + 6v + u — 3)} 
= 2n? {2(1 — u — v + uv cosa) n? — [2 (1 — v)? + (1 + eos?x) uv — 2u]J 
[(u — 1)/n?] v (Br n/u) sin? x " 
* 2cosa{2(1 — u — v + uv cos? x) n? —[2(1 — v? + (1 + co? x) uv —2u]) 


1 ] 1 sin? a0 
— n4 sin2 pau Pt. 2 PEE ON 
x [gntsinto + fol 5 + 5 costa 1 js) 


+ new 1) +1} (57) x 


(L—2)uy? | | 38m? ., [- eat): 12.40 
2 [exp |- 27 n? cos?x wea h AM 2p? n? cosa J J' EE 


] 
— 3 sima — 1 n? + 








here, for w ~ 2«g, we must substitute u = + and may omit the second ex- 
ponential term; for œ ~ 3wq we must substitute u = } and may omit the 
first exponential term. (In the exponents, of course, the quantity 1 — s/w is 
retained without substituting u = Ll or 4.) Formula (12.40) is valid for both 
waves and throughout the line (the conditions ô « 1, V(x T'[m) k cosa > veg 
and w > veg; are assumed to hold). Moreover, the region œ — 1zt is excluded.f 
For n ~ 1 we have at the centre of the line (with v = 0) 


(q(9/k)u - s v Br, (q(9/k), Lo 4 v Br, 


12.41 
(ak), aug v Bb, n~l, a+0, xim, k-con[. 


The range of angles x — 0 is here excluded for the first resonance w = wy, 
for the reason already stated, namely that absorption is present even when 
Br -> 0 (see [62] and the end of § 11). For the resonances w = swy (s 1), 
the range of angles « -> 0 is excluded because when « = 0 there is resonance 
absorption only for the first resonance w = cg. Finally, for « very closett 
to $z we cannot assume that »~1 at resonance. The reason is that for 
« = $2 there is neither Doppler broadening of the resonance lines nor Cheren- 
kov absorption (sec, for example, the expression (12.10), which for x = 4x 
becomes w = sw). Hence these absorption lines are broadened only by 
collisions, and when these are absent or sufficiently rare the lines are very 
sharp. The index of refraction n then varies considerably, as in the well-known 


T It must be borne in mind that, for a wave propagated at an angle zt — « to the field, 
the values of n and y (or q) are the same as for waves propagated with œ x }2. Hence, 
for example, cosa in (12.40) is to be understood as |cosa|. 

tt Formula (12.40) for w ~ 2wg is, roughly speaking, invalid when cosa x £, and for 
w ~ 3wy when cosa x f°. 
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case of anomalous dispersion in optics. In particular, near the rcsonanccs 
w = 8Wy "gaps" appear, i.e. regions with ñ? < 0, where the waves are damped 
(see [43, 49, 67, 91] for further details).f 

If the angle « is not too close to 4, the Doppler broadening of the lines is 
considerable, so that n ~ 1. Morc precisely, when « + $v and in the resonance 
region (but with swg 4- c) we can usc the ordinary formulae (11.6) for #3 a 
to give an accuracy of the order of fh. The absorption must be calculated from 
formulae (12.36)-(12.40). These formulae lead to the approximation (12.41), 
where the factor v is retained because the absorption must tend to zero with v. 

Since k= ky = wn/c, q = wx/c, y = 2wx/c = 29, we have from (12.41) 


Q9- og ^" dà «20g ~ €  Br]c, (12.42) 
: T do-3og ~ OV Bele (n1, «#0, x E 1o). l 
n general [85] 
JU E mes eg cd E (12.43) 
w=8 wH 95.51 C T =“) ? G 


These formulae, which give only the order of magnitude, apply formally to 
both wave 1 and wave 2. In practice, however, when the numerical factors 
are taken into account, it is found that formulae (12.41)-(12.43) are valid for 
the extraordinary wave but givc values for the ordinary wave which are one 
or two orders of magnitude too high (sce below). 
When collisions only are considered (i.e. Bp — 0) 

Tool = 9 X[c ~v vete (n1, ~~l); (12.44) 
cf. (11.5) with œw? > vep. Comparing (12.42) and (12.44), we see that for the 
line centre 


O on. 2og ^ Verr Oo Br, 
Qcon/Q«» og, 2 og carlo Br | (12.45) 


3 
You! Ye = $og ^7 Vogel Dt. 


For the F layer of the ionosphere (with Bp ~3 x 10-4, vep ~ 10? sec", 
wy ~ 8 x 109sec 1), 


dcou/do - oj, 20g ~ 03, | (12.46) 


Yeon! In - 3 o5 ~ 108, 


+ By “Doppler broadening" we here mean that which is due to the first-order Doppler 
effect. If terms of order f? are taken into account, there will of course be broadening 
even at « = $2 on account of the second-order Doppler effect. The latter is automatically 
included by using the relativistic expression for the frequency wk = (mc][E)|e| H [mc = 
(mc2/E)wy = V(1 — f?*)og. Evidently, when « = ta and f? «1, the frequencies 
sof sog — $8f?wy are emitted and the line width is given by the parameter 8BrWy = 
a(x T[mc?) og . As a result, the range of angles a > $2 is actually not distinctive for waves 
1 and 2 even for s = 3 (though this is not true for s = lor 2). For the ordinary wave 
there arc also no important singularities for w = 2«g (for w = wg there is a singularity as 
a4); for the extraordinary wave with a— 42 there is a singularity at w = 20g 
but not at w = wy. For the plasma wave 3 there are no special properties for «> $7 
if s 2 4; see [86, 327]. 
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i.e. the resonance absorption at the frequencies wg and 2wg exeeeds the ab- 
sorption due to collisions but at w = 3wy the resonance absorption is negli- 
gible. For various reasons, however, the ionospheric absorption in the F layer 
at — wyg and w = 2a, is difficult to observe; the propagation of such waves 
in the F layer does not arise in radio communications. In the solar corona 
(with v; ~ 10sec}, Bp ~ 10-2 and w ~ 6x109sec!) we have 
Qcon/do » og, 204 ~ 1075, 
Qcon/Qo = Sog ^7 1072, 
eon! Ga = tog ~ 10°. 

Thus in the eorona the resonance absorption must in general be taken into 
account for w = swy with s = 1, 2, 3 (see § 36). The formulae (12.41)-(12.46), 
of course, do not enable us to do more than ascertain whether a more exact cal- 
culation of the collisionless absorption is necessary or not. To determine the 
quantity q, itself, and still more so g,, formulae (12.41)-(12.46) are not suitable, 
and (e.g.) for w ~ 2m@yq and w ~ 3wy we must use the cumbersome expression 
(12.40). Figs. 12.6 and 12.7 show the values of q, s/k, oP for w = 2wg and 
qı o[ I, sf for w = 3a@q, calculated [92] from formula (12.40) with « = 45°. 
Here v4; = 0 and the parameter v = w/w? which is plotted as the abscissa 
gives the dependence of the absorption only on wi = 4ze?N[m, since the 
frequency w is fixed. (It may also be recalled that for wave 1 in the range 
v <V <0 we have n? < 0, and the calculation of the absorption would 
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Fra. 12.6. The quantities q, ./k, 28, as functions of 
v = w/w? for u = wg*/w? = 1 (i.e. w = 2wg), « = 45? and v, = 0. 
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then be meaningful only in the problem with boundary conditions.) To find 
di,» = ©%,,,/¢, the values given in Figs. 12.6 and 12.7 must be multiplied by 
ky obr = cn, s plc and ki app = cn, pric respectively. The diagrams show 
that under these conditions g, is usually two orders of magnitude less than q,. 


Go = 
x Fr 









—-—-—-— Wavel 
— Wave 2 


O'OI 





[o] 0-5 tO . I5 v 


€9.2 36 
Vio 3 “S 


Fie. 12.7. The quantities q, »/k,, of as functions of 
v = axo? for u = wy?/w? = 1/9 (i.e. w = 3ag), c = 45° and v4 = 0. 


The Cherenkov absorption range (near the resonance frequency w) 


Let us now consider the results of calculation for the neighbourhood of the 
resonance frequency Waw, When Cherenkov absorption is the most important 
(for v4; — 0). If this absorption is strong, the calculation of it is usually of 
little interest. In practice the determination of the absorption when it is wcak 
and the estimation of the values of the parameters for which the absorption 
begins to increase rapidly are of importance. For this reason we shall assume 
the condition (12.15). The physical significance of this condition has in essence 
already been explained: it is that the Cherenkov absorption (and emission) is 
possible only when there are relatively few electrons in the “tail”? of the 
Maxwellian veloeity distribution. Nevertheless, on account of the great im- 
portance of this problem, we shall derive here the conditions for absorption 
to be small, using a different approach and terminology (sce [89]). 

A perturbation in the plasma which corresponds to one of the normal waves 
is damped in a time ¢ < 1/o, if the thermal motion of the plasma electrons 
causes them to move in this time a distance of the order of 4 = 4/2 along 
the normal to the wave (i.c. in the direction of k). For with this movement 
of the electrons during the period of the oscillations they also ‘‘transfer”’ 


5a* 
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their directed velocity, acquired by the action of the wave field, into a region 
of space where the phase of the wave differs by Ig z 1 from its value at the 
initial instant. It is clear that in these conditions we cannot speak of a slightly 
damped directed motion in the wave. Thus there is strong damping if 


vlo Z À = ME, (12.47) 


where v; is the mean velocity of the motion of the plasma electrons in the direc- 
tion of k. In other words, if during a time ¢ less than the period 1/w of the 
oscillations an electron moves a distance of at least the order of 4 along k 
by virtue of its thermal motion, then it cannot acquire any considerable directed 
velocity (on account of the rapid decrease of the mean field acting on the elec- 
tron, because of the averaging along the path). The impossibility of producing 
a directed velocity signifies that the corresponding waves in which this velocity 
is non-zero must be strongly damped. 

In an isotropic plasma wv, vg ~ V(xT'/m), and the condition (12.47) 
becomes w/k = vp, < vp, or fn; z1. The condition for damping to be 
weak isf 

an <i. (12.48) 


This condition can be violated in a non-relativistic isotropic plasma only for 
a plasma wave. This criterion (12.48) then coincides with the condition (8.31) 
for weak damping of a plasma wave. 

In a magnetoactive plasma the condition (12.48) is again maintained, 
provided that the magnetic field does not prevent the movement of the clec- 
trons over a distance of the order of 4 in the direction of k. This is true if 
the component along k of the radius of revolution of an electron rg sina c 
& (vp/wy) sine z; A (where « is the angle between k and H), i.e. 


ô = (fy ni sin?a)/u = (vp k[og sin?« 2 1. (12.49) 
When the conditions (12.48) and (12.49) hold, the absorption of waves in a 
magnetoactive plasma is slight, but if 

ô = (frm; sin’a)/u = (vrk/wg)? sint « 1 (12.50) 


the electron can move a distance 4 along the normal to the wave only because 
of the motion along the field H, when v, ~ vp cosa. Hence it follows that 
when 6 <1 the condition for strong absorption (12.47) becomes 


Dni cota z1, (12.51) 


i.e. the condition for weak absorption is (12.15), which is less stringent than 
(12.48). Thus the condition (12.15) is not only necessary but also sufficient 


T Here, as in similar cases, we write an inequality of the form x < 1 in the form z? < 1 
also (in this case, passing from vz/v,, = Brn, < l to phn? < 1). Such a substitution is 
possible because in quantitative calculations the condition x? <1 is sufficient, and is 
more easily satisficd. 
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for weak damping in the range (12.50) only. In fairly strong magnetic fields 

the conditions (12.15) and (12.50) arc usually satisfied simultaneously, and 

we shall now consider this important casc.Tf 

If damping is neglected, the equation for #2 is 

Prv Rà — [1 — u — v + u v costa] ñt + 

+ [2 (1 — v)? + u v co — u (2 — v)] £? + (1 — v) [u — (1 — v)}] = 0, 
3 sinta 5— 

(i+ 


R= —— M dpi e ne 2 * NK 4 
peer gas : d cay) sinter costa + 3 u) costo, 


| (12.52) 


where terms O,(f7) and O,(f7) proportional to f^ and having denominators 
(1 — u) and (1 — 4u) have been omitted from the coefficients of ñt and 7?. 
These terms are certainly negligible if 


(1 — uf = (1 — ojo? > Bp = xT /me, 
(1 — 4u) = 1 — (2wg)?/w? > Bo. | 


These conditions, which we shall assume to be satisfied, signify that frequency 
ranges sufficiently far from the resonances w = wy and w = 2wy are considered. 
The higher resonances, (w = 3wy, etc.) do not appear, simply because to take 
account of them would correspond to the inclusion of terms of order Bf, ph, 
etc., which are omitted in (12.52), This is, of course, legitimate when f is 
sufficiently small. 

In the range where ñ$ a ~ 1, the corrections to £i? , of order f} are assumed 
to be negligible, since the non-relativistic theory is used. The thermal correc- 
tions are therefore significant only when 7? > 1, and we shall consider this 
range in what follows. 

Apart from the terms O, (f?) and O,(f?), which are small in the conditions 
assumed, equation (12.52) differs from the dispersion relation (12.5) obtained 
with the quasihydrodynamie approximation in the coefficient of $/$, which 
is a different function of u, v and «. For example, in equation (12.52) this 
coefficient is 357, v/(1 — 4u) when «= iz, and has opposite signs for u > t 
and u < i; in (12.5), this coefficient is f} (1 — u eos?x), which for « = iz 
is independent of u, and is always positive if u < 1. 

In the range where the third root of cquation (12.52) is large in comparison 
with the roots #2 and 72, the value of this root #2 is given by the first two 
terms in (12.52), and is 


1—u-—v--uveos?«x 


(12.53) 


T zt 21 0 e Oe ee, aa 
ce 3sin*«x 5—u 
ftv do ds + (i + qo) sin? « cos?« + 3(1 — u) costa 


+ If the field H+ 0, the propagation of waves is almost the same as for the case of 
isotropy. It may be noted that the condition (12.50) can also be written (74/4)? sinta <l, 
where ry ~ Uz/Wy is the radius of curvature of the orbit of a particle in the magnetic field, 
and å = 1/k. 
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If for simplicity we neglect factors such as u, v, cos? a, ete., the solution (12.54) 
is valid whent 
l — u — v + uv cos?« > Br. (12.55) 


For « = 0, (12.54) gives 72 ~ (1 — v)/3Bpv, i.e. we have the expression 
(12.1) for a plasma wave in an isotropic plasma. This is as it should be, since 
for x = 0, waves l and 2 are transverse, and the longitudinal wave cannot 
differ from a plasma wave in an isotropic medium. 

For 0 <a < $x, as we approach the resonances u —> 1 or u — 1 [if allowed 
by the conditions (12.53) and (12.55)], (12.54) gives 


fiz(u — 1) ~ — (1 — u)?/4 8% cos?« , 


— (12.56) 
fi (u > +) ~ [3 — v(4 — eos?a)](1 — 4u)/12 BT v sinta. 


Hence it is clear that, near the first gyromagnetic resonance u e 1 (i.e. w ~ wp), 
the plasma wave cannot be propagated (fig < 0). 

For the particular case « = 4x the dispersion relation immediately separates 
into two factors. The condition for one of these to vanish gives ñ? for the 
ordinary wave. When 6 = ffjni|u <1 we have 


l—v 
1+ Broil — u)’ 


Far from the resonance u = 1, the thermal corrections are small and are no 
significant, but as resonance is approached they become important. 
The dispersion relation for the other waves when « = ix and 6 « 1 is 


x2 
ty = 


(12.57) 








3B uv oy 4B vy 
ñt —|l— u— v+ —v)|#?+(1—v)?-u=0. 
Du u— v ia, *2« v)|4?--(1—v??—v20 
(12.58) 
Far from the resonance u = + (i.e. @ = 2«g), and if 
1—u—v> Br, (12.59) 
the roots of equation (12.58) are approximately 
v(1—v) (1 — u — v) (1 — 4u) 
Pale a ee l 
fi] ^4 ioc Ae 352v (12.60) 


This result for 7} is the same as when absorption is absent, while that for 
Ji; is obtained also from (12.54) when x = 42. Equation (12.58) and the 
condition (12.59) also follow from (12.52) and (12.55) when « = 4”. When 
the condition (12.59) does not hold, the expressions for ñ? and 72 are more 


t This condition is derived from the requirement that, when (12.54) is substituted 
in (12.52), the terms in 7? and fi? should be small compared with those in %8 and 74. The 
simplifying assumption made in the derivation is that the coefficients of #2 and 4&9 are 
of the order of unity. 
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complex; as an example, it may be mentioned that for 1 — u — v = 0 [i.e. 
U = Vo OT w = We = V (w + w3,)] the roots of equation (12.58) are 


8? V — 4u) u/3B2]. (12.61) 


Here we do not add the suffixes 1 and 3, sinee at the point v, œ the division into 
waves of types 1 and 3 is meaningless (see above). 

Figs. 12.8-12.12 show the form of the curves of 4? given by (12.58) and 
(12.52). Each of these figures shows (on a logarithmic ordinate scale) only the 
region neat the points v, 2%. The curve of #3 for u <1 or #2 for u cos?x > 1 





Fra. 12.8. The functions 4? and #2 for Fia. 12.9. The functions 42 and ñ for 


u = 01, œ = 90? and f$ = 1075. The or- u = 0:5, « = 90? and f; = 1075. 
dinate scale in Figs. 12.8—12.12 is loga- 
rithmic. 


is not shown. Absorption is neglected. A comparison of Figs.12.8, 12.11 and 12.12 
with Figs. 12.2, 12.3 and 12.4 respectively shows the difference between the 
results of the quasihydrodynamic and kinetic calculations. For these examples 
the difference is quantitative only, but somctimes it may beeome qualitative. 
For instance, in the quasihydrodynamic approximation, as already noted, the 
curves always have the form shown in Figs. 12.2 and 12.3. In the kinetic theory, 
however, the curves of 72 may appear either as in Figs. 12.8, 12.10a and 12.11 or 
asin Figs. 12.9 and 12.10b, depending on the values of u and x. The two types of 
curve correspond to opposite signs of the denominator in formula (12.54). 
For the eases represented by Figs. 12.9 and 12.10b there is a range of values 
of v (i.e. a range of frequencies or densities) in which there is no real value of 
fi*; this range is shown hatched in Fig. 12.9. In these regions the solutions for 
$i? are complex, i.e. the waves are damped even if, as we have assumed, ab- 
sorption is absent. The same is true when ñ? is real but negative. The only 
difference is that for 4? < 0 the wave is monotonically damped as it penetrates 
into the medium (E ~ e-elàlzie), but when 7? is complex the damping is not 
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monotonic. This property (the occurrence of complex ñ? even in the absence 
of absorption) is found near resonances in any medium when spatial dispersion 
is taken into account and the coefficient of the highest power of ñ in the 
dispersion relation is negative (see [1]). 

It must be emphasised that all the above diagrams correspond physically 
to the propagation of waves with a given frequency in media of various den- 
sities in a uniform field (u = w}/w? = constant, v = «xw? variable). Of 
course, the problem can also be stated in other ways, with u and v variable 
and c constant (see $36) or w varying with wy and w, constant. The correspond- 
ing curves of ñ? may also show “gaps” corresponding to the absence of real 
values of #2. For example, with x — 1 x, w and wh constant, and w= (w3 + wy), 
the values of 4$, are complex if œw < 2«g [see (12.61)]. 

The calculation of the group velocity of plasma waves from the formula 
vg, = dw/dk shows [268] that this velocity may make either an acute or an 
obtuse angle with k. Their directions coincide when u = w/w? > 0 or v — 0, 
x — 0 and «+42. For other values of « and u not small, the vectors eg, 
and K are nearly at right angles. 

Let us now consider the absorption of plasma waves. As has already been 
mentioned, when « = $2 the Cherenkov absorption does not occur, and so the 
damping of the waves near the point vio% = l — u is due only to collisions 
(it is assumed that the resonance u = 1 lies sufficiently far from v,,,, i.e. 
the parameter 01. = W/W is not too small; and we shall not consider here the 
limit u — 0). For angles « == ix there is Cherenkov damping, but near the 
point væ it is appreciable only when nj is large, and in particular for the plasma 
wave 3. As we are, moreover, interested only in weak damping (y € w), we 
shall also assume the conditions (12.15) and (12.50).t Then, taking account 
also of damping due to collisions (here and below we assume that w? > »2j), 
we have [67, 91] 


«vsin?xaMV (1 2uv sin?a 
n (Um us) [z*«| i^a |+ 
FE E 
3 Ve a) is Bh n3 cose *P\~ 9 f$ nè cos? x 
sin? x (1 — Yu)? ) (- (1+ yu} Jl 19.62 
2u Bp n3 cosa [exp (- 2 Bp nz cos? x x. 2f; nicos?x diro 
+ Besides the conditions (12.15), (12.50) and n2 > 1, the inequalities 


[Ben2/(1 — yuf]cost*a «1 and [fpn?/(1 — 2yu)]cos?a < 1 


express the remoteness of the resonances u = l and u = 1. For u < 1, the plasma wave 3 
is à continuation of the extraordinary waves, and for u cos?« > 1 it is a continuation of 
the ordinary waves (when u > 1 and u cos?a < 1, the weakly-damped plasma wave does 
not exist). It may also be noted that in (12.62) we cannot take v > 1 (see below). 
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The refractive index of a plasma wave whose damping is given by this 
expression is (12.54). If eollisions are unimportant and damping is weak, 
as we have assumed, the use of equations (12.52) and (12.54) is, of course, 
justified, but if damping is strong (y 2 c), the expressions (12.52) and (12.54) 
are invalid. The allowance for collisions also changes the form of the curves 
of (n — ix)?, and the change is particularly important near resonance. It is 
easy to see that the effect of the thermal motion on the refractive index con- 
siderably exceeds that of collisions if 


vec prp <1; (12.63) 


this is discussed in detail in [90]. 
Thus the results derived from equation (12.52) must be checked by using 


the criteria y « w, vero gp « 1. 
For « = 0, (12.62) gives 


Y = Vo t Yeon» Veo = $ ett; 
(4 z)ov 1 
ydmoev exp (- 


BETTE YS 


m y m Qi 
e PLN 
ai n)e e (Er) exp ( zu) (12.64) 


which agrees with the expression (8.36) for y, for a plasma wave in an isotropic 
plasma; in (8.36) we have already used the fact that w? = c + 3(x T [m) k, 
and the same has been done in deriving the last member of (12.64). This result 
was to be expected, since vo = 1 for x = 0 and we have the transition from 
wave 3 to the plasma wave for an isotropic medium, which has already been 
discussed. The same result (transition to an isotropic plasma) must evidently 
occur when u = w/w? — 0. This does not immediately follow from (12.62), 
because this formula is itself valid only when ô = (873/u) sin?« « 1, which 
means that we cannot have u— 0. 

When fn cos?x « 1 [see (12.15)] the damping is weak in the sense that 
y <q, as was assumed in deriving formula (12.62). For rough estimates, 
however, this formula is applicable even if Bpn cosæ ~ 1, when the damping 
may already be strong. Likewise, by means of formula (12.62) we can not 
only calculate weak damping of plasma waves, but also give conditions for 
the damping to become strong. In the range of applicability of formula (12.62) 


for y we can find q for a plasma wave by means of the relation (12.27): 
Qs = wW Xalc = y n4(2 — v — u)/e(1 — u — v + u v cos?a) 
NALE (1 — wu) 1 + (uv SIDA GE — wy] (12.65) 
c (l — u — v + uvcos*x) 


since v æ (1 — w)/(1 — u cos? x). 


Propagation in a Homogeneous Magnetoactive Plasma 147 


It may be noted that for certain values of the parameters we have 
qs = wxz/c < 0, Le. the field of a wave in which the vector k is in the z-direction 
is proportional to e~*?@+#l*)Dz2/¢; in such cases the component of the group 
velocity along the wave vector k is negative, and the wave damped along the 
z-axis is proportional to ei? -ilxsDzle, 


The ordinary wave at low frequencies 


The refractive index may be very large, not only near the resonances w% swyg 
and the point væ, but also for the ordinary wave at low frequencies: if 


vəl, wcos$x 1, vou o»4Qg-|e|HO9/Me, X (12.66) 


we have for the ordinary wave 
n es v[|/u cosa, (12.67) 


while ñ? < 0 [see (11.24); the propagation is quasilongitudinal]. 

Formula (12.62) is not applicable in this case, since in its derivation the 
condition v > 1 was not assumed (see the last footnote). According to (12.66) 
and (12.67), n2 » 1 and the allowance for thermal absorption may be important. 
Calculations [91, 92] show that in the range (12.66) the thermal corrections 
to n2 are small, and we have 


Ya = yu cose y 8 Vu B n? costa xp ( 2 Bi, ni cos? æ ) , (12.68) 
qa = w afe = (yalc) d (ngw)/d w = ng y2/2c, ng = v['u cosa. 


The Cherenkov damping given by the second term in y; may be important 
under certain conditions, for example in the propagation of whistlers in the 
upper layers of the ionospherc. 


Summary 


We may summarise the above results relating to the effect of the thermal 
motion on the propagation of high-frequency waves in a non-rclativistic 
magnetoactive plasma. 

The thermal motion gives corrections of order f = xT/mc? <1 which 
are negligible everywhere cxccpt in regions of "plasma resonanco” (where 
VY, 200% (1 — u)/(1 — u cos?x) and $i? or fi? tends to infinity as Bp > 0 and 
vet > 0) and in regions of gyromagnetic resonance w & sw, (s = 1, 2,93, . . .). 
Near plasma resonance the allowance for the thermal motion leads to the 
appearance of a third root for the squared refractive index, #3; waves with 
n = f, are conventionally called plasma waves. The form of the curves of 
$i, 9,3(v) and thcir interrelation (c.g. the fact that ñ, and fi, or ñg and fi corre- 
spond to the same branch of the dispersion curve) are cvident from the dia- 
grams. The thermal corrections to $i? or íi) near resonance arc important 
if Av = |v 20 — v| S fp; collisions affect the form of the curves of n? for 
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Av ~ varjo. The collisionless absorption of plasma waves is certainly weak 
if bpn cosa < 1. 

For «+0 the absorption coefficients in the region of the gyromagnetic 
resonances w = wy and w = 2wy are of the order of wvfr/c, and near w = 3wg 
they are of the order of wvfp/c; see (12.42). When œ — 0 the absorption at 
frequencies which are multiples of wg disappears, while that at wg increases 
considerably (q = c»x/c ~ wv/c). Outside the neighbourhood of the point v; 200 
the refractive indices for w = wy, 2wy, 30g , cte., have no singularities and 
may be calculated from formulae (11.6), ie. the thermal motion may be 
neglected. An exception is formed by angles « — 0 for the resonance w = wg 
and angles « — 42 for the first one or two resonances. 


$13. SOME REMARKS ON PLASMA DYNAMICS 


The hydromagnetie approximation 


Before going on to investigate the propagation of low-frequency waves in 
a plasma, where the motion of the ions has to be taken into account, we 
shall make some remarks concerning plasma dynamics. 

In a rigorous analysis of arbitrary motions in a plasma we should start 
from the field equations together with the Boltzmann equations for the 
electrons, ions and molecules. Such a complete set of equations is extremely 
complicated: it is well known that the Boltzmann equation can by no means 
always be made use of in practice, even for the considerably simpler case 
of a gas containing only one species of particle (e.g. a monatomic gas). The 
various approximate methods of solving dynamical problems in a plasma 
are therefore of great value. 

One of the most important of thesc approximations is to describe the gas 
by means of the equations of hydrodynamics, or, for a plasma, of magnetic 
hydrodynamics. This “hydromagnctic” approximation is valid if the free 
path J of a particle is small compared with the characteristic length L of the 
problem (the wavelength, or the dimensions of solid bodies or containers). The 
free time v.g = l/v,s; = l/vp and the ion revolution period in the magnetic 
field 22/2, = 2z M c/|e| H must, furthermore, be small compared with thc 
characteristic time £~ 22/w during which the hydrodynamic motion changes 
appreciably (for example, the period of oscillation). The latter conditions 
in the notation uscd previously, give the inequalities] w « veg, o « Qr. 
If w «& vap, then certainly 1« L, provided that the velocity of the macro. 


T Ife < v, and wy < Yar the condition w « Qy becomes unnecessary, since the mediun 
is almost isotropic and the magnetic field plays no part. Thus, as regards the possibility 
of the hydrodynamic description, the condition w « Qg is sufficient but not necessary 
the condition w « ¥(Q% + v2) is necessary. 
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scopic motion v docs not greatly exceed the thermal velocity vp = V(x T/M). 
Next, in order that the medium may be regarded as isotropic even in the 
presence of a magnetic field H, in the frame of reference where its velocity 
is zero, we must also impose the condition wg = |e| H/mc < vq; see equation 
(13.24) below. Finally, for the low frequencies here considered, we can usually 
neglect the displaccment current in comparison with the conduction current 
(40/w > £), and assume that the conductivity is independent of the frequency ; 
this we shall do in what follows. 

It is not’ proposed to give here the fundamentals of magnetic hydrodynamics 
in detail (see [36, Chapter VIII; 94—98]). The initial equations are 


cwlH=4zj/c, div H=0, curl E = —(1/c)0H/0t, (13.1) 
jc(E- v X H/o), (13.2) 
0M dv/dt = — grad p +j X Hjc 
= — grad p — H X curl Hj4 x, (13.3) 
ð oy[0t + div (0m v) — 0, (13.4) 


where oy is the density of the medium, viscosity is neglected{, and we have 
used the fact that, on the above assumptions and in the non-relativistic case 
here considered, the density of free charges and the convection current density 
may be taken as zero (see [95]). 

To obtain the complete set of equations we must add to (13.1)-(13.4) the 
equation of state p = p(om, T) and the equation of heat transfer. If we take 
for simplicity only the isothermal case (T'— constant), the latter equation 
is not needed. Equation (13.2) is Ohm’s law for a moving medium; Ev + X H/c 
is the electric field in a frame of reference moving with the medium. 

From (13.1) and (13.2) we obtain for a homogeneous medium (ce = constant) 


ə Ujo t = curl (v X II) + (2/4 no) AH. (13.5) 


In the isothermal case, equations (13.3)-(13.5) and the equation of state form 
a complete sct. 

If the conductivity is sufficiently great (formally, ¢ > oo), the condition 
for the current density j to be finite and Ohm's law (13.2) give 


E=-v x Hc. (13.6) 


The problem of wave propagation in the hydromagnetic approximation will 
be discussed in § 14. The results of hydromagnetic calculations are sometimes 
valid even when the general conditions described above for magnetic hydro- 
dynamics to be valid are not satisfied; an cxample in wave propagation is 
given in §14. Apart from such exccptions, however, the hydromagnetic 
approach is invalid, or at least entirely inadequate, for the analysis of motions 


+ When viscosity is included the terms 7 ^v + (€+ ig) grad divo must be added to 
the right-hand side of equation (13.3), 7 and ¢ being the first and second viscosity coeffi- 
cients. 
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in a plasma where the eonditions 
WO K Vut, Og Vert (13.7) 


do not hold. In most problems of plasma physies at present we are in fact 
eoneerned with a range where the inequalities (13.7) are not satisfied. In 
partieular, problems in which eollisions may be negleeted are of eonsiderable 
interest. 


The quasihydrodynamie approximation 


The prineipal approximate method used in plasma dynamics when magnetie 
hydrodynamies is not applieable may be ealled the quasihydrodynamie 
approximation.T This involves the use of the equations for averaged quantities 
(equations of transfer), whieh in form are very similar to the equations of 
hydrodynamies. This approach has already been used earlier ($810, 12). 
For eonvenience and for greater clarity, however, we shall here diseuss the 
derivation of the relevant relations. 

For a gas consisting of n species of partiele, the necessary initial equations 
are n Boltzmann equations for the distribution funetions f(? (t, r, v) for the 
partieles of eaeh kind: 


ə fo [0t lv. grad, fo s ( po [m ) » grad, fo J sm = 0, a 3. 8) 


where F(t, r, v) is the foree ou partieles of the nth kind and S? is the 
collision integral (see § 4). 
The average over velocities of any scalar or veetor funetion G™ (t, r, v) is 


= 1 
aren Fon! GP (t v, v) f (t, m, v) dv, | (13.9) 


N (t, v) = ff?(t, v, v)dv, 


where N(? is the density of particles of the nth kind. Multiplying the Boltz- 
mann equation (13.8) by a funetion G™® (v) whieh depends only v and inte- 
grating over v, we obtain 


fa] —À 8 xL 
E (NO Ge) ¥ T ( Ngm vr) E 


NO 
-m Foy FE A) + J SEM qv — 0, (13.10) 


where summation over k = 1,2, 3 is understood, and in the third term we 
have integrated by parts and used the faet that {™ -> 0 for v, > + co. Putting 
Ga — 1 and assuming that 3 F™/3v, = 0, we have the equation of eontinuity : 


9NO0t + div(N9) o9) = 0. (13.11) 


T Sometimes called the one-velocity approximation. 
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Here we have put f S dv = 0 because the number of particles cannot be 
ehanged by collisions (ionisation, recombination, etc., are ignored). In (13.11), 
of course, 


v? =v — [1/N™] fof dv; 


the bar which indieates averaging will henceforward be omitted where possible. 

It may be noted that the condition 3F™/ðv, = 0 holds for the Lorentz 

force F(? = e? (E + v X II/c), and thus involves no limitation in praetice. 

In what follows we shall use this condition without specifically mentioning it. 
Next, putting G? = m(? v, we have 


= (m™ N™ v) 4 (mf? NO v, v) — NM pO + f m? o S" do — 9. 
k 
(13.12) 


In terms of the random velocity w = e — v™ = v — v™ the seeond term is 








; ə 
in (m NO UE v) = Qu; (m NO Dy w) + rS (m NO (9? v9) 


cnp oam rem div o 4 
Tk 


ð 
m) — — (m? N a(n) | 
+ Uk 0x, ( ) 
with the stress tensor 
TP = m? NO iw, = m™ f wiw, dv, UP = m® NO wy. (13.13) 
Since also, by (13.11), 


ar (m? NO v(?) — mO NO 20 [0t + v? 9 (mf? Nn”) Jot 
=m NO 9 (09 [ot — v? div (mf? NO vw”), 


we ean rewrite cquation (13.12) as 
m™ N™ [2v 9/0t + (v(? - grad) e] 
= e N (E+ v(? x Hc) — 01j?/02, + R”, (13.14) 


where the force F is taken to be the Lorentz force and the “frictional force" is 


R® = — f mP vs dv = — f m” w S? dv. 


Equation (13.14) is evidently analogous to the law of conservation of momentum 
(i.e. to the equation of motion in hydrodynamies). By putting GC? = 4m™ y? 
we can derive an equation analogous to the law of conservation of energy 
in hydrodynamics. 

All sueh equations become significant only when specific expressions are 
substituted for II, and R, and in a consistent treatment this must be done 
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by using the same Boltzmann equations. However, the equations (13.14) may 
be used to elucidate the nature of various approximations, which are often 
insufficicntly well-founded, or inexact. The simplest such approximation 
consists in assuming that the stress tensor II;, reduces to the pressure, i.e. 
11% = p™6;,. A somewhat more general approximation is obtained by 
assuming the tensor II;; to be diagonal but with unequal “pressures” II,,, 
II,,, Hz. Finally, viscosity terms may be added to Il;,. 

In what follows we shall take II? = p™6,, and p = xN®T The “‘fric- 
tional force" R™ is related to collisions between particles of different kinds 
and is zero if the mean velocities of all particles are the same. We shall there- 
fore use for R™ the same approximation as in § 10. 

The result for a plasma containing electrons, singly-charged positive ions 
and molecules, with densities N, N, and N,, respectively, is 


mN [0v,/0t + (v,+ grad) v,] 2 eN (E + v, X Hc) — 

— grad (xT, N) + MN v,j(v; — Ve) + MN va (vs, — Ve), (13.15) 
MN, [0v;/0t + (v;- grad) vj] = — e N; (E + v; X Hc) — 

— grad (x T; Nj) + mN v,i (Ve — vi) + MN; Vim (Um — vj, (13.10) 
M Nyy [0v,,/0t + (0,,* grad) Vm] = — grad (xT m Nin) — 


— m Y, m N (Um — Ve) — M Vim Ni (Um — vij), (13.17) 
0 Nət + div (Nv, E = F 
0 N;/ðt + div (N; v;) (13.18) 
ƏN m/t + div (Nm a = o; 


here the charges and masses of the electrons (e), ions (i) and molecules (m) 
are respectively e < 0, —e,0; m, M and M. The frictional forces could also 
be written in a somewhat different form, for instance by using reduced masses. 
We shall not do this, since for collisions between electrons and heavy particles 
m M (m + M) s m, and for collisions between heavy particles equations 
(13.15)-(13.18) are used only to cffect an extrapolation. 

Equations such as (13.15)-(13.18) have often been used (see, for example, 
[19, 71, 72, 98, 99, 283]); more rigorous methods have also sometimes been 
used in plasma dynamics [100, 101]. 

Equations (13.15)-(13.18) must, of coursc, be supplemented by the ficld 
equations : 

eurl IH = 42j,/c + (1/c) OEJOt, div E—4z0, | 
curl E = — (1/c) 9H[0t, div H —0, (13.19) 
j=e(Nv,— Niv) G=e(N—N)). | 

Moreovcr, to obtain a complete set of equations we must use the equation 
of conservation of cnergy or the equation of hcat transfer, which depend 
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on the electron, ion and molecule temperatures T, , T; and Tm. We shall usually 
take, for simplicity, the case where T, = T; = T, = T. 

The propagation of waves in a plasma will be discussed in § 14 on the basis 
of equations (13.15)-(13.19). Here we shall merely give some general results 
and some relations which hold good in steady motion. of a plasma. 


The motion of a pure electron-ion plasma and a weakly ionised gas 
We shall use the notation 
C=MN, o;—MN;, Om=MNn, Om=Oc+ 0: + Om; 
Op = Qe t Ois Up = (Oe Ve + Qi V:)/(0e + 04); (13.20) 
v = (Oe Ve + 0: Ui + Om Um)/(Oe + Ci + 05); 
Pp = Pe + Pis P= Pe + Dit Pm= eT (N+N;4+ Nm). 


Addition of (13.15)-(13.17) gives 
Ce dv, [dt + o; dvj/dt + o,dv,/dt = —gradp+ o E +j, X H/c, (13.21) 


with the notation dv(?/dt = 0v09/0t + (v? - grad) v?, 

If the velocities of all particles are approximately equal, i.e. v, = v; & Um, 
equation (13.21) becomes the fundamental equation of magnetic hydrodynamics 
(13.3) (in which it is assumed that j, = j and the charge density 6 = 0, as 
is true with sufficient accuracy in the approximation used); of course, we cannot 
put v, = v; in the expression for j,. 

This result (the obtaining of the equation of magnctic hydrodynamics) is 
physically entirely reasonable, since when collisions between particles are 
very frequent [see the condition (13.7)] the mean velocities of the different 
components of the gas must in fact be almost equal. Formally, this is also 
evident from equations (13.15)-(13.17), where, if veis Pem and vj, are large, 
the frictional forces can be balanced by the other terms only if the velocity 
differences v; — Ve, Um — v, and Vm — v; arc small. 

In using the above equations we take into account the inequalities m « M, 
IN — N;| <N, vem ~ V(M [m)vis, > Vim» M vj, > Mem; we also neglect all 
terms in derivatives with respect to the coordinates, and take only the limiting 
cases of either a pure electron-ion plasma (Nm 0, o, = 0) or a weakly 


ionised gas, where 
N SN; < Nm (13.22) 


For N,, = 0 and with the above-mentioned simplifications, multiplying (13.15) 
and (13.16) respectively by e/m and —e/M and adding, we obtain 

0j,/0t = & N Efm + ej, X H/me — veijı + e Nv; X Hime. (13.23) 
From (13.20) it is clear that in this case v = v, = (0eVe + o;ti)/(oe + 0) © 


e (0,/0;) v, + v; & vj if v; > mv,/ M. For sufficiently low frequencies the latter 
condition is seen to be satisfied. In this case (which occurs, for example, when 
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o « Qg = \e|H/Mc, |v; X A ~H), p (13.23) becomes 
1 ji 
— 13.24 
wi Ob ++ a ( ) 





With the conditions — this becomes the fundamental relation (13.2) of 
magnetic hydrodynamics, with o = e? N/m»,;. If the term v X H/c may be 
neglected, then (13.24) for harmonie motion is equivalent to the expressions 
(10.9), where the field If = H® is in the z-dircction. When molecules are 
also present, we have similarly (with v, = vei + Vem) 
0j0t — Un je X H + veji = (€ N/m) (E + v; X Hc) + eN Vem (Vm — vi). 
(13.25) 


Addition of equations (13.15) and (13.16) gives, in the approximation con- 
sidered, 
0» 9vy[0t =j x Hjc = M Ve m Jele + Op Vim (Om — v) z (13.26) 


For a weakly ionised gas we can assume that v, ~ v; this is so under the 
conditions (13.22) and mNv, + M N;v; « MNmvm. Further, if v; > mv,/M 
we can put v; « vp. Equations (13.25) and (13.26) for a steady state then give 


YS jy — ej; X Hmc - H x (jı X H)m Me vim 
= (9, + vg)jy — ej X Hlme — vg (j,- H) H/H? 


= (e? N/m) (E +v x Hjc), | Quen 
Vo= Vi t Vems VH= Og Qulim: Og -—le| H[me, Qg — |e| H[Mc, 
v—v,— —j, X HIM Ncvj, + mv, jije M N ym. (13.28) 


It is also convenient to write (13.27) in the form 
=o, E'u- ci E'i --og H X E'H, E'=E+vX Hjc, (13.29) 
oj = e? Nm v,, 
oL=eN (% »; v m+ Og On Vim) / M (va Vim d wH H + OR Vim) (13.30) 
cg —e Nx mue Vim + wH Q RE wH Vim) , | 
where E and E', are the components of E' parallel and perpendicular to H. 


If small terms with factors of the order of |(m/M) and smaller are not 
neglected, we obtain (13.29) with 


1 1 
We ( Ve i M vm ) i 








v, Vi 
=eN e im 
oL=e e (0, 4-38) + Wie.) (+ a] (13.31) 
e Q 
eq NB Luc cM or 
eae s (oa +) 9 M (25 + Vn) ) 
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These expressions are compact and just as convenient as the approximate 
expressions (13.30), which they become when terms of order V(m/M) x; 1/40 
are neglected. 


Steady motion of a weakly ionised gas in a magnetic field 
The Earth’s ionosphere 


Let us now consider steady motion of a weakly ionised gas in an external 
field H®. This occurs in the study of motions in the Earth's ionosphere when 
the Earth’s magnetic field is taken into account. It is seen from (13.28) that 
the mean macroscopic velocity v of the gas (which in this case is practically 
the same as the mean velocity v,, of the molecules) is equal to the velocity 
of the ionised component v, = (mNv, + MNvj)/(m + M)N s v; only if 
the current j, is zero. In turn, the current is zero, by (13.29), only if 


E' =E +v X HO = 0. (13.32) 


Let us consider in more detail the relation between v, v, and E [102], assuming 


that 
Ogg > Vime: (13.33) 


which necessarily implies that wi > »? [in the case considered ve = Vei + Vem © 
X Vem Vim ~ V (m/M) % m Qy = (m/M) og). 





x 


Fic. 13.1. Coordinate system used in (13.34), (13.37) and (13.38). 


Taking the z-axis in the direction of the ficld © and the y-axis perpendic- 
ular to v (Fig. 13.1), we obtain from (13.28) and (13.27) or (13.29), on neglect- 
ing small terms, 

Up, 2 — (e Ez] M Vim) Ven] vo + Yz, 
Up, z = — (cE,/M) Vim (£2 F Vis) m eQg E/M (2; E Vem) + Uz, 
Up, y T eQg EM ( uc Vin) — €Vim E,|M ( i F Vim) , 

E, = E,, E,=2,- v, 1c, E;— HE, v=0, 


(13.34) 


where e is the electron charge and —e the positive-ion charge. 
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In the Earth’s ionosphere the condition (13.33) is satisfied at heights ex- 
ceeding 90 to 100 km. Below this, the medium may be regarded as isotropic. t 
In the region where formulae (13.34) may be used, the nature of the motion 
depends considerably on the relation between Qy = Je] H/M c and vim; for 
O+ and N ions in the Earth's ionosphere, 5 — 300 and v;,,— 10-19 N,, (7/300) 
[sec (6.27)]. If vim > Qg, then, in the absence of a field E, vp, & v, and 
vy, y © QyYz/ Vim K v,. In other words, in this case (E = 0) the ionised com- 
ponent is carried along by the neutral component. 


If, however, 
Qa > Vim» (13.36) 


which is true in the F layer of the Earth’s ionosphere, then for E = 0 the 
ionised component is carried along in the direction of the field H© but scarcely 
moves perpendicular to H (vp s ~ V2mU_/Qis vy y f» — VimUz/Qq). Hence the 
“ionospheric wind” in the F layer, i.e. the occurrence of a velocity v, thereTf, 
is possible only if an electric field is present. When (13.36) holds we have 
approximately, whatever the value of v,, 


vp. = CE,HO, v, , = —cE,/H®. (13.37) 


More aecurate expressions derived from (13.34) for the case (13.36) are 


Up,z — — (e E/M Vim) Yem/ Ve + Vz, 
Vp, — — (e E,/M) Vim Pa + CEHO + v1 o, Qf, (13.38) 
Up, y = — CE,JHO — e v; m E/M QU — vis v; Qn. | 


Knowing v,, i.e. measuring thc rate of movement of the ionisation, we can 
determine E from (13.37). The quantity v ~ v, , i.e. the velocity of the whole 
gas, which approximately coincides with the velocity of the molecules, remains 
unknown. In order to determine it, we must know also the current j, [see (13.28)]. 
If j, = 0, then the relation (13.32) holds, and when small terms are neglected 
we have v, = v (no relative vclocity of the ionised component), since (13.37) 
may be written in the form E + v, X H/c = 0. Conversely, if v, and v 
can somchow be found independently, the current j, can be calculated. 

A more detailed discussion of this problem is important in the physics 
of the ionosphere and the theory of variations of the Earth's magnetic field, 
but is beyond the scope of this book. 


t The condition for isotropy is evident from (13.29) and (13.30), and amounts to the 
requirement that the conductivities c, and a, should be almost equal and og should be 
small. This is so if 


o « »2. (13.35) 
The inequality wyQy < v,v,,, follows from this. 


Tf In radio observations we in fact measure the movement of ionisation (e.g. of iono- 
spheric **clouds"), and thus determine the velocity v,. 
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$14. PROPAGATION OF LOW-FREQUENCY 
AND HYDROMAGNETIC WAVES 


Introduction 


As has been mentioned previously, the effect of the ions on wave propagation 
may usually be neglected if 
w D Qy = |e|H/Mc; (14.1) 


see (10.5). (It is assumed that N > mN,/M.) The corresponding waves are 
called high-frequency waves, and have been discussed in $8 11 and 12. When 
the frequency satisfies the opposite condition 


we shall speak of low-frequency waves. In what follows we shall consider both 
low-frequency and intermediate-frequency waves. In the latter case neither 
(14.1) nor (14.2) holds, and so the motion of the ions cannot be neglected, 
although their effect may not be so great as for low-frequency waves. 


Hydromagnetic waves 


The low-frequency waves include, in particular, hydromagnetic waves, 
whose frequency satisfies (13.7), so that they may be discussed in terms of 
the equations of magnetic hydrodynamics [94, 36, 71, 95]. We shall begin 
with this case, and first consider only undamped waves (i.e. neglect viscosity 
and thermal conduction, and make ø > oo). Here it may be noted that some 
of the results thus obtained are of wider significance and are valid even in 
the absence of collisions, when the conditions (13.7) certainly do not hold. 

The initial equations are, on the above assumptions, 


9Hj0t = curl (v x H), divH=0, | 
dv/dt = — (1/om) grad p — (1/47 om) H X curl H, (14.3) 
ôom/əðt + div (eu v) — 0 | 


[see (13.1)—(13.5)]. The electric field is given in terms of v and H by (13.6). 
For a homogeneous unperturbed medium the equation of heat transfer in the 
absence of dissipation merely states the constancy of the entropy S (the 
adiabatic approximation). 

When considering waves of small amplitude, analogous to sound in ordinary 
hydrodynamics, we put H = H® + H', oy — 09 + o, p = py +P, v=, 
E = E', the primed quantities being small. Then the linearised equations 
are (with H® constant) 

0H'[0t = curl (v x HO), div II' 20, | 
E—-—vx HO, 90p'[0t -- odivv=0, 


(14.4) 
dv/at = — (ud[og) grad o' — (1/47: oy) H x curl H', | 
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where wg = (0p/80y)g is the square of the velocity of ordinary sound in the 
medium concerned. 

When the propagation of waves may be regarded as isothermal instead of 
adiabatic but dissipation terms are again not explicitly included, the same 
equations hold, with uz = (0p/Opy)r. 

We shall seek solutions of (14.4) which are proportional to e!(?!-*:?, and 
take the z-axis in the direction of k, and the x-axis perpendicular to k and to 
the field H; thus H© lies in the yz-plane at an angle « to k (see Fig. 11.1). 
After substituting in (14.4) and eliminating o' we have 


vpn Hz = — v, HO), Uph Uz = — HY) H;[4 0s, | (14.5) 
H0: 
Upp Hy = — v, HO + v, HW, | 
Vpn Yy = — Hf? Hy/Az 00, (14.6) 
(vpn — uo Upn) v= HO H 4n 0o; "= Qo Vo Upn > | 


where vp, = w/k, Hf) = H® sina, H® = H® cosa. 

It is clear from (14.5) and (14.6) that two types of perturbation (wave) can be 
propagated independently. In waves of one type the quantities H} and v, 
are non-zero; in those of the other type H}, Vy, v, and g’ are non-zero. From 
(14.5) it follows that for waves of the type which may be called properly 
hydromagnetic the phase velocity is 


"pn, a = (w/k) = H?)/V(4.7 00) = (Hf? cosa)/V (4 oo). (14.7) 
These are distinguished by the suffix 2, since they are related to the ordinary 
normal waves (see below). In this case we have (Fig. 14.1a) 
Veg = — vpn H/H = — Hil V(&2 00), 
Hy. 0, 0; — 0, Pa = 0, Hi. = 0, Hj; 0; 
Vyg— 0, v;4— 0, Ey, — vHC, 
Ez = — vs H®jc, E,,-—0. 


(14.8) 





Fro. 14.1. Waves of types 1, 2 and 3 in magnetic hydrodynamics. 
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According to (14.7) the relation between w and k in this wave can be written 
as w = HO - k/V(470,), so that the group velocity is (see § 24) 
Ug, = 00/0k = HO/Y(4709). (14.9) 

Thus the group velocity in wave 2 is always in the direction of the external 
field HO, When « = 0 (longitudinal propagation) vy,» = Vgr, 2 = H®/V (47109); 
when « = iz (transverse propagation) vy, = 0 and the group velocity is 
perpendicular to k and has the value H/)/(4z@,), as for all other angles (in 
the hydromagnetic approximation). 

The hydromagnetic waves corresponding to (14.6) are often called magneto- 
acoustic waves. The dispersion relation for these waves is evidently 

(vpn — u8) (vpn — H9*/4 zt oy) = vpn Hj ?/4 zt 00, 


where vp, = w?/k?; hence 


(0)12 (0)14 
ULh,1,8 = = z(4 T———— End )s 2 zh Ia Y. ] Lug 70 (HQ? — apo) 


47 Qo (4% (zx 0o)? es Qo 
1 [uo P [H0] ug[ Ho? 
~ 2 2(" ee era tra) ts {+ Amo ane costa] 


EM ARE Ya RE ata 


(14.10) 
For these waves we have (sec Fig. 14.1b) 
Hy +0, v, = Vpn HY Hy /47t oo (vpn — U5), v,= 90, | 
H,—0, H,=0, vw— HP® H 4n 09%, P E (14.11) 
0' = Qo ;lvpn; E, = — (y, HQ) — v, Hye, E,— 0, E,—0, | 
where vpn must be taken to have one of the values vy , and vpn, a given by (14.10). 
We call wave 1 or + that which corresponds to the plus sign in (14.10), 
the root itself being always taken as positive; wave 3 or — corresponds to 
the minus sign in (14.10). The dependence of the velocities vpg ; 4,3 on the 
angle « between k and H® is shown by the polar diagrams (Fig. 14.2), where 
the length of the radius vector from the origin to the curve is vy, = vs + 
+ HOJV(4zo,). The magnetic field H is along the initial line, and the curves 
are given for values of £ = u, + H/)/(420,) = 0-2, 0-8, 1-0, 1-2, 2-0. 
For ¢ = u, + HOJy(4no,) < 1 and « = 0 we have from (14.10) 
Uph,1 = H/\ (4x Qo) = Vpn, 2 (% =0), 
Uph,3 = Mor 21 — O, 970, wm= — Hy n Qo) » (14.12) 
23 = 03 Upn,s/Co> vyz =Q, Hy3= 9, Es = 9; | 
the values of the variables for wave 3 are most simply found directly from (14.6) 


with vy 4 = Uo. For €= us + HOJl/(4zo,) > 1 and « — 0, vi, = ugo and 
UVpn,a = HO /l(4z,). The appropriateness of the nomenclature of waves 1 


160 


Propagation of Electromagnetic Waves in Plasmas 





Fic. 14.2. Phase velocities of hydromagnetic waves 1, 2 and 3 (in units of 
HV(&noy): Vi iss = Vp, ios + HO/y (4205) as functions of the angle « 
between HI (directed along the initial line) and the wave vector k. 

(a) £ = i, + H/y (470) = 02 


(b) t = 08 
(c) ¢ = 10 
(d)¢= 12 


(e) ¢ = 2 (scale half that of the other diagrams) 
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and 3 is clear from Fig. 14.2. It may also be noted that, when € = 0 (ie. 
Ug > 0 or H,— œ), wave 1 passes directly into the extraordinary normal 
waves (see below), which justifies the choice of the suffix 1. The wave whose 
velocity is u for œ = 0 is an ordinary sound wave propagated along the ficld H, 
which thus has no effect on it. 

For « = 42, when H® = 0, we have 


Yn = V (u$ + LH P/4z o), 
Uph,3 = Upn,2 (© = * z)-—0, 





Hu o (14.13) 

4 7t 0o 

03 = o V; i/'Vph, 1; E = v,,HOjc. 
For a weak field, i.e. when 
C2 = us + [HOn > 1, (14.14) 
we obtain for wave 1 
Uph,1 A Uo» Hy ^ HQ V21/Uos | (14.15) 
Vy, ~ —H® Hi /4% Qoo, [vy] < 974. 


When H®->0 these become sound waves. For wave 3 we find with the 
condition (14.14) 


Uph,3 © (H m cosa)/ yz Qo) = HO) (4x Qo) = Uph, 2> | 
Vys Ne val V (4 0o) , E fS — vy HOJc, (14.16) 
023% — HP HP Hys[(47 oo)? u$ < vya. | 


Thus this wave is close to the hydromagnetic wave proper (2), and the two 
coincide (apart from polarisation) for an incompressible fluid (u2— oo) or 
for H(? — 0; in either case, ¢2 -> oo.[ Thus in the limit ¢?-> oo (or better 
uz -> oo) there are two hydromagnetic waves propcer, with phase velocity 
von = HP / (400) = (H cosa)//(409), two independent directions of 
polarisation, and v = — H'/J(4zo,y), kev — 0 and E = —v X A/c, In 
strong fields, when 
C2 = u? + [HOY/Ano, < 1, (14.17) 
we obtain 
Uph,1 © H (9 ya 7t Qo) , Uph, 5 © Up COSO , 
vy, © (Hi, sina)fV(&z 09), tyi — (HL, eose)/ (42r o), | (14.18) 
U3 © (H H5, cota)/47 Oot, vys  — HO) Hy, ,/4 zt Qo uo. | 


+ The transition to the field 770 — 0 must here be understood in a somewhat con- 
ventional sense, sincc the condition (14.2) must also hold for hydromagnetic waves in 
a plasma. It may also be noted that the term *incompressible" is sometimes applied 
to a fluid for which the pressure term is neglected, i.e. uy — 0 instead of u- oo. The 
terminology uscd herc is, of course, the more correct. 


6 PEW 
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In the greater part of this book we use the refractive index n = c/vy, instead 
of the phase velocity. It should therefore be noted that the refractive index 
for hydromagnetic waves is usually very large. For example, in a pure electron- 
ion plasma we find for a hydromagnetic wave proper ne = c/vyy 2 = 
= c (4a MN)/H® cosa. 

In the solar corona N ~108, H® ~10 and we have m, = 102, 
Upn,o S 9 x 108 cm/sec; in the lower layers of the Sun’s atmosphere and in the 
interior of the Sun, n, may of course be very much greater still. In the inter- 
stellar medium, with N ~ 1 and H® — 10-5, we have n, Z 105, vpn,2 S 3 x 10°. 

Damping of hydromagnetic waves has hitherto been assumed absent. When 
the viscosity and the finite electrical conductivity are taken into account 
(still neglecting thermal conductivity), the linearised equations of magnetic 
hydrodynamics analogous to (14.4) are 


OH’ /ot = curl (v x HO) + (22/400) AH’, 
j-—ceurlH'/4z —co(E'--vX H)/c, 
0v[0t = — (u$/o;) grad o' — (1/4 zt oy) H® x curl H' + (14.19) 
+ (7/0) Av + (1/0) (€ + 4%) grad dive, 
0'/8t + oy dive =0. 


The solution of thesc equation offers no difficulty in principle, but the resulting 
expressions are in general somewhat complicated. We shall therefore consider 
only some limiting cases. In an incompressible fluid u — oo, ọ' = 0, dive = 0, 
and for waves of the type e'@!-*-") we have the dispersion relation 


o? —i + costa ——— pa = 0), (14.20) 
g 0o 4 7t Qo 09 0 


Anc? (0)]2 2 

( TC Lor- t ] 47¢ 

From this, when a — oo and 7 = 0, we obtain for the phase velocity of waves 
with any polarisation vpn = (H9 coso)//(4z0,), as it should be in an in- 
compressible fluid. Putting k = w(n — ix)/c, with x« (weak damping), 
we find 


: w? 4zc g 
Q X» alc = im k = Og IT D. 
2 Upn,2,3 9 0o (14.21) 
Uph,2,3 = (Hcos ely(& zx 0o) - | 


In the other limiting case we put uz = 0. Then for wave 2 we have (14.21); 
for wave 3 in this approximation vp,,3 = 0 [sce (14.17) and (14.18)], and for 
wave | 


diee zc B [go | QoS E sin? a | #=0. 
c 4% 0) Lo — tinklo | o —i(4n - 30) k?/3 oo 


(14.22) 
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Hence, when the absorption is weak, 


w z/c =. 








+ 
3 





2 4 2 
w [4me 1+ n +) sinta, Yona HOJA 70 0) 


30) 00 
(14.23) 


Besides waves which are small perturbations, we may consider in magnetic 
hydrodynamics, as in ordinary hydrodynamics, waves of large amplitude and 
various discontinuities. These also exist to some extent beyond the limits of 
the hydromagnetic approximation. We shall not discuss this interesting 
problem at all here; it is dealt with from the aspect of magnetic hydrodynamics 
in [36, 95]. In the more general case, and in particular for a rarefied plasma, 
the investigation of the nature of the discontinuities is as yet in its initial 
stages only [83]. 


Low-frequency waves: the quasihydrodynamic approximation 


The hydromagnetic waves discussed above are only a limiting case of the 
low-frequency waves with w « Qg, for which the conditions w < vep and 
wH K Vet hold [see (13.7)]. We shall begin from the quasihydrodynamic 
equations (13.15)-(13.18) in making the transition to low-frequency and inter- 
mediate-frequency waves in the range where magnetic hydrodynamics is 
not applicable [71, 72, 103, 104]. The waves considered will be thosc of small 
amplitude and the linear approximation will be used. The corresponding 
complete set of equations is, for T, = T; = Tm = T = constant, as follows: 

















07, e xT 
= = = (E+ v, X Hl) — -NO grad N + 
ag Vei(*i a Ve) T Vom (Um an Ve)» 
Qv; e xT 
3r = — M (E + vi x H©/c) = mNO grad N; + 
3e (m/ M) Vei (Ve D vi) =F ae UU v;) D (14.24) 
0v,, xT m N 
sop -HNO grad N,, — HNO Vom (Vm — Ve) — 
TF (NONW) Vim (Un, mE vi) ? 
aN/at + N divv, = 0, 
0 Not + ANO divo; = 0, 
0 N,J0t + NO dive, = 0. 
E — grad div E — (1/c?) 0? EJOt? = (42/c?) 0j,J0t, 
^ g (1/c?) / (4z/c?) 05,] (14.25) 


j= eNO (v, — vj); 
6* 
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here NO = NO = N® and N® are the unperturbed values of N, N; and Nm- 
The index (0) is omitted below where no misunderstanding is possible. 

Substituting in (14.24) solutions proportional to e(@!-*'", we obtain a 
dispersion relation giving (n — ix)? as a function of w. Since the treatment 
of the general ease is laborious, we shall assume the pressure terms to be 
negligible (in which case, morcover, equations (14.24) become considerably 
more exact). Then equations (14.24) are equivalent to (10.34)-(10.36), and 
the tensor e;4(«) in the form (10.43) may be used. When this is done, we need 
only use the wave equation (14.25) to determine (m — ix); for a mono- 
chromatie plane wave this equation becomes 

— IRE; + k;(k* E) + (o?) e £j = 0, k = w?(n — ix), (14.26) 
where, in the absenee of molecules [see (10.44)], 
Exe Ti Ezy = 1 — œ /[(0 F wy) (o x Qy) — ic veil, (14.27) 
Eyy = egi Eyz E Ps Ezz -1- w/w (co -= Sei), 
and the remaining components £; are zero. 

From (14.26) and (14.27) we obtain, for a wave propagated at an angle « 
to the direction of the external field If [when we can put k = (0, k sinc, 
k cos x)], 

o [£25 sin? + Ere €; (1 + eos? x) + £2, sin?e] + VR 

(n —$),— 2 (e, , sin? + £;, cos?) : 
R —[e2, sin? + Egg &z2(1 + cos?) + e, sin?*x]? — 

— 4 (Ezg sin? + Ezz cos?) (e, + Ey) Ezz- 


(14.28) 


For longitudinal propagation (« = 0) this gives 
(n — PX) = (n — ix)&k = Exe kt Ery 

= 1— oo/[( + wy) (@ F Qu) — $ vei] 

& 1l — exe (o — iv x og — og 2y/o), (14.29) 
where v in the last expression signifies »,;, and Qj has becn neglected in 
comparison with wy. This latter simplification is not permissible near the ion 
gyromagnetic resonance w & Qy, which will be diseussed later. 

In the high-frequency ease (14.1), (14.29) becomes (11.8); if 

wy, OY Z oy 2), (14.30) 

then, neglecting weak absorption, we have from (14.29) 
n o= 1 + ooy Qy=1+42M NERVE, 


14.31 
von = c?[ni , = c? HO P/((HOP +42 M N c). UU) 


T The pressure is p, = xT N, and the velocity of sound u ~ y(«T[M). Hence, in a 
plasma without molecules, when the density o, ~ MN, the condition (14.17) becomes 
[H}/82 > p,. Thus the particle pressure can in general be neglected in a sufficiently 
strong magnetic field, since the magnetic pressure [H}??/8 z then plays the principal 
part. 
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Usually 

exor Qu — 4zcM N/H9?P »1 (14.32) 
and the velocity vpn is, aeeording to (14.31), equal to the veloeity of hydro- 
magnetie waves vp), = HX? /V(4z:9,), since MN = oy = oy to within negligible 
terms of order m/M. 

Thus we see that high-frequeney waves (e.g. radio waves propagated in 
the ionosphere or the solar eorona) and hydromagnetie waves, though very 
different in many ways, are nevertheless closely related and are essentially 
distinguished only by the values of the parameters. The corresponding values 
of (n — ix)? are obtained from general formulae [for instanee, (14.29)] [71]. 

The eondition (14.32) signifies that the displacement eurrent iw E/c may be 
negleeted in eomparison with the “total eurrent"' j, =j + itwP, multiplied 
by 4z/c. At the same time (14.31) shows that (14.32) gives n?>> 1 and the phase 
velocity vp, = c/n « c. From (14.30) and (14.32) with (14.27) we find 


Exe = Eyy ~ OO up, Ezz 0 — W/w (e — i v), (14.33) 
lEzz| > Exes 
the remaining eomponents are small or zero. 
Now let the angle « between k and H be not too elose to 42, so that we 


have the eondition |&,| eos? > Epp sin? x ~ Ezz, Le. 
[c Ryw y (e? + 1?)] eos? 1. (14.34) 
Then (14.28) gives 
n = Ezz = 4n @ M NH}, Voh, ı = C/M = HOJY(4 7 Qo), | 
nz = &,,Jcos?x = 4z c? M NJ[H Y costa, (14.35) 
yo = eg = (H eosa)/V(4zt 0). | 


These expressions are the same as the hydromagnetie formulae (14.7) and 
(14.10) with u, = 0 (it should be reealled that in deriving formulae (14.27) 
we have negleeted the pressure, ie. put u, = 0). 


The range of validity of the hydromagnetic formulae 


It is most important to emphasise that the eonditions for the hydromagnetie 
formulae (14.35) to be applieable, i.e. the inequalities (14.30), (14.32) and (14.34), 
may be eonsiderably less stringent than the general eonditions for the hydro- 
magnetic approximation to be valid [see (13.7)]. 

This is explained as follows. 'The conditions (13.7) are necessary 
for the more general relation (13.24) to take the partieular form 
ji = (e N[mv) (E + v X Hjc), i.e. to reduee to the fundamental equation (13.2) 
of magnetie hydrodynamies; furthermore, for (13.24) itself to be valid it is 
necessary that the frequeney w should be sufficiently small (for which the 
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condition w « Qy is adequate). When the conductivity is made infinite, 
however, we use only the relation E = — v X H/c, which holds good even if 
the displacement current is not neglected :] for a harmonic process, equation 
(13.24) can be written 

., 0g4 XH eN 

Nt Hop» mod») 
(where v = »,;), whence it is clear that, if c) and v are sufficiently small or N 
is sufficiently large, the relation E = — v X H/c can in general be used even 
if the conditions (13.7) are not satisfied. Thus, even if collisions are entirely 
neglected (a rarefied plasma), the limiting formulae (14.35) hold good with 
thermal motion neglected (formally T'— 0) and the conditions 


(E +v X Hjc) (14.36) 


OKu, obogQ251, (WH Quya?) cos? > 1. (14.37) 


From the above discussion it is quite understandable why hydromagnetic 
waves are often considered not only in the range where magnetic hydro- 
dynamics is applicable, but throughout the range where formulae (14.35) are 
valid, for example with vet = 0 and the conditions (14.37). 


Angles œ close to iz 


Let us now consider the range of angles œ close to $a. If « = 1z, formula 
(14.28) gives for any values of the other parameters 


(n— ix)? (62, + ees (n—ixib-e. (14.38) 


This result for (n — ix)? is evident a priori, since for x = iz the ordinary 
wave in the quasihydrodynamie approximation is propagated in exactly 
the same way as when the magnetie field is absent; the field H(? does not 
affect the motion of the particles, since their mean velocities are parallel to 
the field. For the extraordinary wave 1 we again have from (14.38), with 
the conditions (14.33), the result (14.35), so that this wave has no exceptional 
properties for angles œ — 42. For wave 2, on the other hand, (14.35) with 
X = $n gives n$ = œ and vpn, = 0, while (14.38) and (14.33) give (n — ix)? = 
= —wj{/w(w — iv), and the wave is very strongly damped even if » = 0. 
Substituting the values (14.33) in (14.28), we obtain, with the condition 


cos? x « 1, (14.39) 

the result 
(n — ix)? = ot(mgQg cos?*x — w — iov). (14.40) 
When « is sufficiently far from 47 and (14.34) holds, formula (14.40) of course 
gives (14.35): n2 = wi/wyQy cosx = Azc*M N/[H} costa. If «+42, or 
more precisely if (14.34) does not hold, the hydromagnetic expression (14.35) 


T For magnetic hydrodynamics [equations (13.1)-(13.4)] to be valid it is, of course, 
necessary that the displacement current should be negligible. 
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is invalid; this has already becn mentioned, and is evident from (14.40). 
When «— iz and the conductivity is infinite, magnetic hydrodynamics 
gives incorrect results even for arbitrarily small c and v, since for the ordinary ` 
wave the vector product v X H® is zero when « = 42. Thus for this wave in 
magnetic hydrodynamics when o > oo we have E = — v X H/c = 0, and 
therefore the wave exists only when the conductivity is finite or when the 
displacement current is taken into account. Both possibilities are allowed for 
in (14.40). It may also be noted that for x >42 the polarisation of wave 2 
also varies greatly. For a somewhat detailed discussion of low-frequency waves 
with « near iz, see [105]. 


The region of ion gyromagnetie resonance 


The above formulae make it possible to obtain a very complete idea of the 
propagation of low-frequency waves in à plasma without molecules. There is 
no difficulty in going to *'intermediate" frequencies; the corresponding results 
are essentially contained in the general formula (14.28). Qualitatively, the 
most important property of the frequency range w ~ Qg is the appearance 
of ion gyromagnetic resonance. The existence of a resonance at w = Qy 
when x = 0 is immediately evident from formula (14.29) for (m — ix}? ,. 
When « + 0 the position of the resonance is different; see the end of $ 11. 
We shall not pause to investigate the region of ion gyromagnetic resonance 
(see [88, 109]), and shall make here only onc comment. It appears at first 
sight that, when small terms of order m/M are neglected in the expression 
for (n — ix)?, we can always neglect the frequency Ry in comparison with 
wy. This is not so, however, as is particularly cvident in the example of for- 
mula (14.29). When no quantity is neglected, the denominator in this formula is 


(c + og) (o F Og) — $e v,;— 0? + wow Fw 2g — og Og — iov», 


for w = Qy, and taking the upper sign (wave 2), this becomes — 2c»; 
(resonance). If, however, the term wy is neglected in comparison with cg, 
as when we go to the last member of (14.29), then the denominator for w = Qy 
is Q} — tw»,;, and we do not have a truc resonance. The above discussion 
is, of course, quite clementary, and its purpose is mercly to emphasise the 
necessity of carrying out the calculations in the “intermediate” frequency 
range more accurately than at low frequencics. In consequence the formulae 
become somewhat more cumbcrsome. 


The effect of molecules 


The formulae become considerably more complicatcd also when the effect 
of molecules is taken into account. Here we shall give only one example as an 
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illustration. In the presence of molecules, when the tensor ej, has the form 
(10.43), for longitudinal propagation, formula (14.28) gives [71] 


w 
wy Qy(t@ + Vim NIN m) ’ 
co (ico + vi (N + Nm)/Nm} 


(n —ixh,—-1— (14.41) 


w |w — ivY,d 0g — 


where ve = Vei H Yem and we have used the facts that Mv;, > m*,, and 
Vem > Vim. Further, (14.41) does not include terms which outside the region of 
ion gyromagnetie resonance are always small in comparison with the terms 
retained. At low frequencies, when the inequalities (14.30) hold with v = »,, 
we havet 

4zc M N[o? + v, NOS + NS)JNX] 


i 4z c? M Novi, 
[HOP (0? + vi N/N) | 


(n—ixü.;-—l-c 


(14.42) 
In the limit, when 





o? « Vim N*/NT, = (dim Vim N}, (14.43) 


where qim is the effective cross-section and vj, the relative velocity, and 
neglecting the relatively weak damping, we obtain from (14.42) the hydro- 
magnetic value n? = c?/viy = 47:0, c*/[H]*, since the density of the medium 
Om = 09 = M(N + Nm). In the opposite limit 


w > Vem N?N, (14.44) 
we have 


2y 2 N ae : 
Pee ie = = ( EE MN vim 


[Ho o? N m of. Ho 
4nP MN .AncMN». 


RY d M .45 
[HO EE pp >’ (14.45) 
the last expression is valid if 
4ncMN/[HP>1, v},,N/o? N, « 1. (14.46) 


When damping is neglected, (14.45) gives n* = 4ztc? M N/[H CO. This may 
differ greatly from the hydromagnetie value n? = 4zc?* M(N + N,,)/[H}; 
in other words, in the case (14.44), (14.46) and for weak damping, the wave 
is propagated as if the molecules were absent. For qim ~ 10- and vim ~ 105 
the condition (14.43) becomes œw « 1071? N, which for the Earth's ionosphere 
gives the very stringent inequality w « 10-4, since N x; 105. In the opposite 


T In deriving (14.42) from (14.41) the conditions (14.30) are sufficient only if N/N,, Z 1; 
if N/N,, <1, the condition Qy N/N,, — « is also necessary for formula (14.42) to be valid. 


Propagation in a Homogeneous Magnetoactive Plasma 169 


case (14.44) we may take, for instance, c ~ 10. Then we have for the F layer 
(N ~ 108, Np ~ 10”, vim ~1, HO ~ 0-5) 


n œ lV(&nc? M NIHOL ~ 103, 
Von = c/n ~ 3 x 107 cm/sec, 

A = 2nvyo ~ 200 km, 

Z R Tu m[20 ~ 50, 

d =clox ~ 600 km; 


for the E layer (N ~ 105, Nm ~ 10% to 1014, vim ~ 10? to 104) 
m x a V(2zt c? M N vis leo HT) ~1to3 x 107763 x 103 to 104, 
Vpn ~ 3 x 108 to 10? cm/sec, 
d =clwox ~3 to 10 km. 


The thermal motion. Some results of the kinetic theory: 
velocity change, damping in the absence of collisions 


The velocity of low-frequency (hydromagnetic) waves is in many cases very 
small. For example, as already stated, in interstellar space with H ~ 10-5 and 
Qo = MN ~ 10-* g/cm? the velocity is vy, = H®/V(4 770) ~ 3 x 109 cm/sec; 
in the solar corona with H(? ~ 1 and ọọ ~ 10-15 we have vpn ~ 108. The ther- 
mal velocities of the electrons are in these cases of the order of vy, or greater, 
and so the allowance for the thermal motion may be important.T 

When the pressure terms are retained the equations (14.24)-(14.25) can 
be used to examine the propagation of waves, taking into account the thermal 
motion of the particles. However, as in the high-frequency case (see $ 12), 
in the quasihydrodynamie approximation the collisionless absorption is 
absent, and moreover we cannot assign a quantitative valuc to the temperature- 
dependent corrections to the wave velocity. The quasihydrodynamie method 
is therefore of interest mainly on account of the possibility of effecting a 
general analysis of the formulae for n — ix for various values of the para- 
meters, near resonance, etc., the formulae concerned being relatively simple. 
Since we do not intend to carry out such an analysis here, we shall consider 
immediately the results of the kinetic theory as applied to a plasma without 
molecules, and only for the low-frequency case (14.2). 

The calculations for this casc ((106-108]; sce also [51]) differ in nature and 
procedure from those discussed in $ 12 only in that the Boltzmann equation 


f The allowance for the effect of the thermal motion, e.g. in an isotropic plasma (see § 8), 
indicates that this effect cannot be completely determined by the parameter 
Vp/Yp, ~ Y Gc T [m) n[c alone. Nevertheless, it is clear from the results of the calculation 
and from the discussion in §§8 and 12 of the significance of Cherenkov radiation that 
the value of the parameter v7/v,, is very important; we need only notice that for vp ~ vy, 
the absorption of waves by the inverse Vavilov-Cherenkov effect becomes considerable 


(see § 8). 
6a PEW 
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is used for ions as well as electrons. The magnitude of the thermal corrections 
to the rate of propagation and damping of hydromagnetic waves is different 
for x — 0 (longitudinal propagation), x — 42 (for the ordinary wave) and 
0<a< 4a. The ease «— 0 is distinguished because the waves l and 2 
are then both transverse. We have already discussed the singularities of wave 2 
for x — 42; since wave 2 is strongly damped when x — iz even when the 
thermal motion is neglected, it is unnecessary to consider this problem in more 
detail herc. 

For « = 0 the kinetic calculation [106] gives, in the region of weak damping 
(y « w) and in the absence of collisions, the following expressions for the 
velocities of waves 1 and 2, which are circularly polarised with opposite 
directions of rotation of the electric vector: 





Hop xT e Up w 
duc rs Ut amgsgasa yl 7307 a Dy 
F [Hp xT Ol] o» vp w ioe 
"Is? "ET Oo | — MHP Ane 3) ý $ ELS 3;] i 
here it is assumed that 
LH P/4 z o<, | 
Lap o Qu HVE m o) Lyf + xT , 2] (14.48) 
m$ w M[HOP/4zo, Qul | 


The plus sign corresponds to the extraordinary wave (1) and the minus sign 
to the ordinary wave (2). The conditions (14.48) are compatible with the 
relation 
x T/M e 
[HO Jano, Qu 
and so the change in the velocities vy, ,., due to the thermal motion may be 
considerable even when formulae (14.47) hold. A still more important fact is 
that, when the thermal motion is taken into account, the velocities vy, 4 
and vy, , are unequal and depend on the frequency. There will therefore be a 
rotation of the plane of polarisation and a change in the shape of the pulses 
formed from low-frequency waves of varying frequency and polarisation. 
The damping of the field in these waves with time is as e~”!, with 


(v3 7/15) o2 = ~l, 


9 


DEPARA nah) | 
Vip 2 2 j ` , 


i w "ph 1 Qu 2v o 
V et w MV v2 Qi (14.49) 
= Qy Tut. “VE em 3] exp (- RUE] 
UT Veh, 2 Qu 2 vip w? ' 





From (14.47) and (14.49) it is clear that for æ = 0 the changes in velocity and 
wave damping due to the thermal motion are determined i the parameters 


E= roju, Ewu —vipo?jvgQ (14.50) 
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If £< 1, then certainly €w/Qy < 1, and thermal effects may be neglected. 
We have £ « 1 even if v) = HOJV(4zo,) ~ vip = l(«T[M), since w/Qy « 1. 
This example, by the way, shows that the importance of the thermal correc- 
tions is not always determined by the ratio vp/v,,, but may be represented 
by a considerably smaller quantity, here £ for the velocity and £c/Q for the 
damping. Thus, when « = 0, the effect of the thermal motion on the propa- 
gation of low-frequency transverse waves is very slight under conditions of 
practical interest. 

The situation is in general different for angles « other than zero (more 
precisely, angles « sufficiently different from zero). Here we shall give the 
results (see [108] and also [107]) obtained by assuming that 


o<Qy, CRiw=n>1 (ie. vn = Pn? e), ai 
(x T/M) (|B) sina = (fon) (PO) simt, | — CP 
If also vpn = c/n > Y(xT/m) cose, (14.52) 


we obtain for the velocities vph,ı and vp, the hydromagnetic values (14.35). 
Here we suppose for wave 2 that the last condition (14.37) also holds, i.e. 
the angle « must not be too closc to 4x (as already stated, the range of angles 
X — 42 is not of interest as regards the thermal corrections). 

The damping decrements under the condition (14.52) are 


ca sin?^x m (- 1 
"- Tr cosa M P 2f2nicosa]' 


(14.53) 
al sin? x m w? Em (- 1 ) | 
=o] 8 (Brn, cosa)? M Qhcos« P 2 Bi, n2 cos?x]" 
where Bp = V(xT[mc?) and small terms have been omitted, in particular 
those of the order of the expressions (14.49) which give y}, for x = 0. For 
this reason formulae (14.53) with « = 0 lead to y, = y, = 0. 

According to (14.52), formulae (14.53) are valid only if Bpn cosa « 1, but 
they can be used to obtain a rough estimate if Bpn cosa x; 1. Even in that 
case, as well as in the range (14.52), y, and y, are small in the sense that both 
are always much less than w. In absolute magnitude the values of y, and y; 
for ppn cosx — 1 may not be small, and certainly not exponentially small; 
and y; > ys. 

Thus we see that for x ~ 1 the condition for appreciable damping is simply 
Uph ^ Up = V(x /m); but for x -> 42 in wave 1, where the above formulae are 


t Absorption is especially small for « + 0, because for œ = 0 there is noinverse Cherenkov 
absorption (see $12) and the resonance absorption at the frequencies of thc ion gyro- 
magnetic resonance w ~ 8Q,(s = 1,2, 3,...) is evidently not considered hcre, since 
we use the condition w < Rg. 

It may also be noted that, for « = 0, wave 3 is longitudinal and is strongly damped 
unless the collision frequency is fairly large (see $ 8). 


6a* 
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valid, the damping is much reduced and is exponentially small except for 
Uph ~ Up COS X. 
Let us now consider the region of smaller wave velocities, for which 


y(x T/m) cose > vpn > V(x T/M) cose. (14.54) 


Then we have as far as terms of order x T/M 








c? [H (072 3xT . 
Upu,1 7 = ino TUM sin?x, 
(14.55) 
A c [Hj 5 | 
= — = cos?«, 
M nj £T Qo 


where we have omitted terms of the order (x TM vn) o|Qg , which appear in 
formulae (14.47) but are small under the conditions (14.51) and (14.54). Next, 
denoting xT/Mc? by f, we have 


Hn ol pom las cosa i cosa ^P — 263 xu cos?x 


zoo? sin? « 
oe o| 8 Qj | sin? « + 3(w?/Q%) cos? x | " (189) 
apum Bn? abr Ny (sin*« + 4 cos? x) s (- J. 
Bp n cos x cosa Pi" 2 B? n2 cos? x n? od 


One of the conditions (14.54) signifies that B;n cosa « 1, but formulae (14.56) 
can be used to give an estimate even if f;n cosa ~ 1, i.e. Up, ~ (x T/ M) cosa. 
In this casc, for x ~ 1, the damping of wave 1 is very strong (y ~ c), and as 
œ decreases it is diminished only because of the factor sin?x. The damping 
of wave 2 for x — 1 is less than that of wave 1 by a factor of approximately 
o? 0*7. 

As already stated in §§ 8 and 12, in the presence of the weak damping Yeon 
due to collisions in addition to the damping y, = y,,, already considered, 
the total damping is y = y, + Yeo, and the spatial damping is q = wx/c = 
= y/Ugr,4, Where vg, x is the component of the group velocity in the direction 
of the wave vector k. Hence, to ascertain the importance of the specific damp- 
ing, it is sufficient to compare y, with Yeon, and as an estimate we may use the 
value of Yeon for x = 0, since this part of the damping in general depends 
only slightly on æ. According to (14.29), (14.30) and (14.32), n,» = exl (vg 2n), 
wxje = (w/2c) n, c vog Qg and Yeon = o?»[2o0g Qg, since in this case 
Ug, = c/n. In the galactic corona, with H(? ~ 10-5 and a proton density 
N ~0-1 to 0-01, we have vy = H(O[V(4z:0,) ~ 7 x 109 to 2 x 107 cm/sec, 
whereas v; = V(x T/M,) — 109 and vp ~ V(x Tm) ~ 4 x 107 (for T ~ 10* deg). 
These values arc such that for x — 1 we can usc formulae (14.56); for example, 
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with vp, = 7 x 105, o; = 9 x 105 and « = 45° we have y, = 1-3 x 10-w and 
wxje = ykjw = 1:3 x 10-3 x 2z/A = 82 x 10-3/2. This gives a damping 
factor exceeding unity in a time of the order of hundreds of periods, or a 
distance of hundreds of wavelengths, so that the effect may be very con- 
siderable. For wave 2 in the same conditions, the damping y, is much less 
on account of the factor w?/Q%; for (2g 0-1, as for protons in a field 
HX ~ 10-5, the factor w?/Q% < 10-9 for frequencies œw < 10-5. 

For the interstellar plasma with density N — 0-1 to 0-01 and T'— 104 
the collision frequency v ~ 10-5 to 10-9 (| = v/v ~ 10" to 108 cm) and 
Yeon = 0? v[/2c)g Qg ~ 10-7o?, i.c. for w ~ 10-5 it is nine orders of magnitude 
less than y, (see above) but comparable with y;. 

In the lower part of the solar corona, with N ~ 108, H(? ~ 10 oersted and 
T —.10$, we find vy, = H®/V(4 7x0) —3 x 109, whereas vp ~4 x 108 and 
vj ~ 10’. In this case we have vy, ~ vp cosa over a certain range of angles 
and we can use formulae (14.53) to give an estimate. The result is y} ~ mw/M ~ 
~ 107? o and y, ~ (w/Qy)? yı, while Yeon ~ 10-2 w?, since v ~ 10, wg ~ 108; 
even for w ~ 0:15 ~ 104 we have y, ~ 10, y, ~ 0-1 and ye, ~ 10-4. In the 
deeper layers of the Sun and the other stars the velocity of hydromagnetie 
waves decreases owing to the increased density; for example, if B® ~ 10 
and ọọ ~ 10-5 the phase velocity is vpn = H©/V(4 70) ~ 10?, whereas with 
T —105 we have v; = V(x T/M) ~3 x105 and thus vy, « v;. The latter 
case has not been calculated quantitatively, but in such cases the damping 
is probably even stronger than in the case (14.54). In general y, > ys, and for 
sufficiently low frequencies Yeon < yı- 

The above examples have been selected quite arbitrarily, and our purpose 
is simply to demonstrate the need to bear in mind the possible significance 
of low-frequency wave damping not due to collisions. 'This damping may be 
the more important in that it is very different for the ordinary and extra- 
ordinary waves and depends fairly considerably on a number of parameters, 
and in particular on the angle « between the field H and the wave vector k. 


$15. SUMMARY OF PRINCIPAL FORMULAE 


The propagation of waves in a magnetoactive plasma involves a large 
number of different particular cases in which the very complex general for- 
mulae for the refractive indices and other quantities become considerably 
simpler. For this reason and for purposes of reference we shall give here some 
of the most important formulae. 

In the high-frequency case, where 


w > Qg = |e| HOJM c, (10.5) 
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the ions may usually be neglected and the tensor e;; has the form 

bey = jy = 1 — olo — i reeq)/00[( — i») — OF, 

Ezz = 1 — olo (e — $ verp), 

Ezy = — bye = — i Wh Cg] eo (0 + Wy — V vep) (0 — OH — V vesp), (10.12) 

Ere F $6, = 1 — o3 (w? F wwy— 1H ver), 

Ezz = Eze = Eyz = Ezy = 05 
here the z-axis is in the direetion of the external magnetie field H®, 
o = 4ne?N[m, and wy = |e| H/me = 1-76 x 107H®. In the absenee of 
absorption we must put v»; = 0 in (10.12); then o; = 0 and cip = ej,. In 
the eoordinate system shown in Fig. 10.1 the eomponents of the tensor e; 
are given by the expressions (10.17). The problem of caleulating v.s (or, in 
the kinetic treatment, of finding the tensors ej, and o; as functions of vq) 
has been diseussed in § 10; see, in partieular, (10.32). When the motion of 
the ions is taken into aeeount as well as that of the electrons, we have 


Exe Fi egy = 1 — obio F wa) (o dc Og) — iw veil, 


AE; LN 1 Eg 2 . Y 
Eze = Eyy Ezy = T bye, Ez = l — w/w (w — i verr); 


| (10.44) 


the remaining eomponents are zero. Here the moleeules are assumed absent, 
giving a pure eleetron-ion plasma, with »,; the effcetive frequency of eollisions 
of an electron with ions. When molceules are present, the tensor ¢;, is given 
by formula (10.43). 
The wave equation for waves propagated in a magnetoaetive plasma is 
AE — grad div E + (o?[c?) (D — 1-4 j/w) = 0, (111) 
D; — i- An jiw = ej, Ey. ` 
This equation has the same form in other media, of eourse, and the choice of 
a particular medium merely determines the form of the tensor ej,. 
In the system of eoordinates used, with the wave veetor k in the z-direetion 
(see Fig. 11.1), we have for plane waves 


d? E,Jdz? + (w/c?) (A E, + i C Ej) — 0, 
d? E d2 + (w/c?) (C iC E, + B E,) — 0, | nes 
Vacca QD 
yv = s E Es co, v=az/w*=42e N/m o, | (10.18) 


where the coefficients A, B and C, whieh depend on v, v, s and a, are given 
by (10.22); see also (10.23)-(10.25) and (11.3). 
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Substitution in (11.3) of the solution E, y = Ey,,,e°'°@-*™* leads to equa- 
tions (11.2a) and (11.4); hence in the gencral case (n — ix)? is given by 
formula (11.5), and in the absenee of absorption 


Ris = (n = i X)s 


oes 2v(1— v) 
2(1— v) — usin?« + y[w sinta + 4u(1 — v)? cos?a] 
ae 2 we (w? — we) 


2 (c — e) e? — eX o? sin? + [ot od sin*ox + 4 05; o»? (o? — e$? cos? x] 
(11.6) 
Here the plus sign corresponds to the ordinary wave 2, and the minus sign to 
the extraordinary wave 1. 
For H(? = 0 (an isotropic plasma) we have 


(n — ix} a = (n — ix} = l — v/(l — is) = 1 — w/o (w — ive). (11.7) 
For « = 0 (longitudinal propagation), 
(n—ix)}, = (n — ix) =1—v(l—is yu), (11.8) 


and in the absence of, absorption (s = vet/w = 0) 


R =n? =1—/(1 — fu) = 1 — o/o (w — wa), | (11.9) 
&ülz4-—1-v/(-cywu)-1-— o$o(o- on). i 
For « = 4x (transverse propagation) 
— ix? =1—v(1 — is —vy[(1 — is? — u — (1 — is) v], 
(n th vt t yt : ) ( ) v] (11.14) 
(n — ix), = (n — ixj = 1 — v/(1 — is). 
In the limit 
uC0s?a = (ao?) cos*x > 1, v= olo? 7 1, | (11.23) 
w È WH, W > Qu 
we have 
fle vyu cosa, de — v/ u cosa. (11.24) 


This formula for n, is used, for example, in studying the propagation of whist- 
lers in the ionosphere. 

For all « +0 we have 42— 0 at v = 1 and 4; = 0 at «(2 = l Yu; 
if u <1, the index %, nowhere becomes infinite, but #$ (vio) = oo, where 
Vs, = (1 — u)/(1 — u cos’). In the range where u > 1 and w cos?œ < 1, the 
functions ñ? (v) have no poles; for u >l and wcos*« >1, the function 
fil(v) has no pole, but fi(vg;) = 0, where Ugo = (u — 1)/(u cos?a — 1). 

The polarisation of the normal waves 1 and 2 (the extraordinary and ordi- 
nary waves) is givon by the rclation 

Eyi, 2 yu(1— v) cosx 


- = Ky, 


QW... = ME ek Lee 11.26 
Ez1,2 i usinto F V[u? sinta + 4u(1 — v)* costa] ( ) 
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or, in the presence of absorption, by formula (11.25); the component £,, » 
is given by (10.20). 

At the critical collision frequency v... with 

Scr = Veti, cr/@ = Wy Sin?x/2@ cosa = Yu sin?a/2 cosa, (11.41) 

the medium appears isotropic, since (n — ix), = (n — ix), and K, = Kg. 

When the thermal motion of the plasma electrons is taken into account, 
the dispersion relation for a given w has three roots, (n — ix)?» 3. The appear- 
ance of the root £j; is closely related to the plasma wave which is propagated 
in an isotropic plasma. This topic has been examined in detail in § 12. Here 
we shall merely mention that the third root #2 is not very large, and is real, 
only near the points v, 2%, where ñ? or 4i? becomes infinite if absorption and 
thermal motion arc neglected. The points vi 2% and the corresponding fre- 
quency c, are given by the relations (see also above) 


l — u — ves + U tu, cos?x = 0, (12.3) 
Vo = W5/W% = (1 — u)/(1 — ucos?a), 
1 1 
w = = (c + e) 4 E (e$ + wh)? — e o sosta]. (12.22) 


For large values of n» mj we can use formula (12.54) to find n2. In the 
general case where the conditions (12.15) and (12.50) hold, the quantities ET 
satisfy equation (12.52). This formula and others from $ 12 are not repeated 
here, since the discussion in $ 12 was itself merely a summary of results relatin g 
to the cffect of the thermal motion on the values of #2 , ; and on the collision- 
less damping. The allowance for the thermal motion is important not only 
near v, 2% but also near the frequencies w = cg, 2g, 3wy, etc., and more- 
over, for the ordinary wave, in the frequency range œw « cg, c « w = 
= V(&ze N/m), which is of interest, for example, in the study of whistlers. 

In 813 we have given the fundamental equations of magnetic hydro- 
dynamies, and also the quasihydrodynamie equations for a plasma containin g 
molecules. A discussion has also been given of the relation between the velo- 
city v, of the ionised component of the plasma, the mean velocity v of the 
whole plasma, and the clectric field E; it was assumed that N,, >N, as in the 
Earth’s ionosphere. 

At low frequencies, where œw « Qy = je, HO/Mc, the investigation of 
wave propagation in a plasma must take into account the motion of the ions 
(§ 14). 

If the approximation of magnetic hydrodynamics is applicable, then in the 
absence of dissipation (c > co, and viscosity and thermal conduction negli- 
gible) three waves are propagated in cach direction, with phase velocities 


py, 2 = (H® cosox)/V/(4 zt o), (14.7) 


1 [PP eee [IO * Qual, 
2 zs mom Uis 4 oe 32 
"phia = g (x8 + 420, +y Vas (xo ara ^ al, (14.10) 
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where « is the angle between k and H®, o, the density of the plasma un- 
perturbed by the wave, and u, thc adiabatic velocity of sound in the medium 
considered. In the limiting eases we have 

E = uo + HO /Y(40 09) > 1:vg, Uos Ups = HO V(47 00); 

b = us + H/V (420 00) K 1: Uppy 5 HOJA 0), vpn a & Uo COSH. 
In § 14 the relations are also given between various quantities in hydro- 
magnetic waves and the refraetive indices of these waves. The relations involve 
the electri¢é eonductivity o and the viseosities [see (14.21)-(14.23)]. The 
expression for (n — ix)?, with allowanee for the motion of the ions, is derived 
not only in the hydromagnetie range but also for the more general ease of 
wave propagation in a medium where the tensor ej; is given by (10.44). We 
shall not repeat here the eorresponding general formula (14.28) for (n — ix) 2- 
For longitudinal propagation (« = 0), 


(n — £2)$,5 = 1 — œw (w — i v + og — og Qglo). (14.29) 
At high frequeneies (w > Qy) this gives (11.8). If, however, 
wo<Qy, ov«ogQg, wloqQy>1, (14.30) and (14.32) 
then (14.29) gives the hydromagnetic formula 
Von, 1,2 = HO/V(4 x M N) = H9/V(4 zx oo) . (14.31) 
When « + 0, if the conditions (14.30), (14.32) and 
wp Qy eosa 
w (w? + »?) 


hold, the general expression (14.28) gives thc hydromagnetie formulac for tho. 
ease Ug = 0 (here the thermal motion is negleeted, which is formally equivalent 
to taking the veloeity of sound wu, to be zero). Thus the hydromagnetic for- 
mulae for vy, ,,; obtained as ø — co are valid even outside the limits of appli- 
cability (13.7) of magnetie hydrodynamies. This is diseussed in morc detail 
in $14, together with the following topics: the speeial ease where « > $m 
and the condition (14.34) does not hold; the propagation of low-frequency 
waves in a plasma eontaining molecules [the ease « = 0, formulae (14.41) to 
(14.45)]; and the effeet of the thermal motion on the propagation of low- 
frequeney (hydromagnetie) waves [sec formula (14.47) and after]. 


»1 (14.34) 


CHAPTER IV 


WAVE PROPAGATION IN AN INHOMOGENEOUS 
ISOTROPIC PLASMA 


§16. INTRODUCTION. THE APPROXIMATION OF 
GEOMETRICAL OPTICS 


The wave equations. A medium of plane layers 


Iy THE propagation of electromagnetic waves in an inhomogencous isotropic 
medium (in particular, a plasma), the fields E and H must satisfy the wave 
equations (2.10) and (2.11): 


AE — grad div E + (w2/c?) &' (o, r) E = 0, (16.1) 


AH + grade'(w,7r) X curl + (w/e) e (0,7) H — 0. (16.2) 


1 
&' (o, v) 
Of course, only one of these equations need be solved, since if E or H is known 
the other may be found at once from the field equation curl H = iwe E/c or 
curl E = —iwH/c. However, it is useful to consider both equations (16.1) 
and (16.2), since either may prove more convenient for use, depending on the 
nature of the problem (see $ 19). 

The propagation of waves in inhomogencous media involves a very wide 
range of possibilities, which arise mainly from various choices of the function 
£'(c, r). It is therefore necessary to state the problem morc definitely, for 
example, by considering a medium which consists of plane or spherical layers. 
In the former case e' = &'(c, z), and in the latter case &' = e'(w, R), where 
R is the distance from some centre. In what follows we shall be concerned 
almost exclusively with the very important case of plane-parallel layers. 
The propagation of waves in media whose properties are constant on spherical 
or cylindrical surfaces is in many respects similar to propagation in a plane- 
parallel medium; see 88 34 to 36 regarding propagation in a medium of spheri- 
cal layers. 

Wave propagation in a planc-parallel medium may conveniently be first 
considered for the important particular case of a wave incident normally on 
a layer of an inhomogencous medium. Here the fields E and H depend only 
on the coordinate z, and equation (16.1) for E becomes 


d? Eldz + (w?/c?) e'(w, 2) E = 0, (16.3) 
178 
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where E is either E, or E,. The component E, is taken to be zero. This neces- 
sarily follows (for normal incidence) from equation (16.1) if e’(w, 2) + 0; if 
e'(w, z) = 0, plasma waves can exist with E, + 0, but for normal incidence, 
in the linear approximation uscd, they are entirely independent of the trans- 
verse waves which satisfy equation (16.3). 

For oblique incidence the problem of wave propagation in a plane-parallel 
medium reduces to that of normal incidence (see $19) except for one case 
(see $8 19 and 20). 

An equation like (16.3) occurs in acoustics and indeed in the theory of pro- 
pagation of waves of any type. In particular, in quantum mechanics Sehró- 
dinger’s wave equation for one-dimensional motion is 


PY da + (2m[h* [W — V (z)] V = 0, 


where ¥ is the wave function, m the mass of the particle, h = 1-05 x 
x 10-?' erg sec the quantum constant, W the particle energy and V (z) the 
potential energy. 


Exact solutions for a plane-parallel medium 


The mathematical results pertaining to equation (16.3) thus have direct 
reference to problems of acoustics, quantum mechanics, etc. It is therefore 
understandable that equations such as (16.3) have been the subject of a large 
amount of investigation. Since this equation for arbitrary e'(w,z) has no 
solution which can be written in terms of known functions, the particular 
cases where this can be done are of considerable interest. For example, in the 
very important case of a linear form e' = a + bz, the solution of equation 
(16.3) can be expressed in terms of Bessel functions of order 5 or Airy functions 
[110-113]. For a parabolic form e' = a + bz?, the solution can be expressed 
in terms of parabolic cylinder functions (Weber functions) [111, 114]. If e' 
has the form e' = a + e"?[b(e"* + 1) + c]/(e"* + 1)? (where, as in the two 
previous cases, a, b, c and y arc complex constants), equation (16.3) becomes 
a hypergeometric equation, whose solution has been studied [115, 116]. 

The solution for e' = (a + bz)" with integral m can be expressed in terms 
of Bessel functions [117, 118]; for m = — 2 the solution is a power function. 
Solutions are also known [119, 120] for certain other forms of z'(z). Some of 
the above solutions are given and discussed also in [121, 122]. 


Approximate solutions 


These solutions as a whole give an idea of the propagation and reflection 
of waves in layers of quite different properties. The exact solutions and their 
utilisation will be discussed in §§ 17 and 18 and in Chapter V. 

The problem of approximate solutions of cquations like (16.3) is of equal 
interest. This is due, in the first place, to the fact that approximate solutions 
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can be obtained for an arbitrary function ¢'(w, z). Sccondly, the methods of 
approximate solution of the very simple equation (16.3) can usually be applied 
also to more complex cases (e.g. an inhomogeneous magnetoactive plasma), 
where the exact solutions are either entirely unknown or of little practical 
value. 

The most important approximate method of solving wave equations, and 
in particular equation (16.3), is based on the use of the approximation of geo- 
metrical optics. This method, and a kindred method in quantum mechanics, 
are often called the quasiclassical method or the Wentzel-Kramers—Brillouin 
(WKB) method. The method of geometrical optics gives a good approximation 
to an exact solution of the equation if the properties of the medium change 
sufficiently slowly with distance. For a plasma, e.g. the ionosphere or the solar 
corona, the corresponding condition is in general easily satisfied. 


The approximation of geometrical optics 


The starting point in deriving the approximation of geometrical optics is 
the solution of equation (16.3) for a homogeneous medium, i.e. for &' = e'(«). 
This solution is 

E = Ey,etieve zje — Ee: exz|c ptiwnzie (16.4) 


If the medium is inhomogeneous but its properties vary only slightly 
over the length of the electromagnetic wave, then the propagation of waves 
in a small region is very similar to propagation in a homogeneous medium 
whose indices of refraction and absorption are those of the region considered 
in the inhomogeneous medium. In other words, propagation in the inhomo- 
geneous medium must be approximately the same as in a homogeneous medium 
with a variable permittivity. This means that the solution must have the form 
(16.4), but with /e’z = (n — ix) z replaced by fye dz = fin — ix) dz. 

The above condition that the properties of the medium vary slowly is 
equivalent to 

À de[dz < €; (16.5) 


here A = A,/n = Alle is the wavelength in the modium (Ay = 2zc/o being 
the wavelength in vacuum), and for simplicity, absorption is assumed absent. 


Thesc arguments lead to the expression E = gp 4 me with E, = con- 


stant, but with thc condition (16.5) we can easily obtain a still better approxi- 
mation to the exact solution of the equation (16.3). Two methods can be used 
for this purpose. The first, which is the less rigorous, consists in seeking a 
solution of equation (16.3) in the form 


E (z) = Eg (2) e- io " Cc, (16.6) 
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where £,(z) and V/(z) are slowly varying functions of z to be determined. 
Substituting (16.6) in (16.3), we have 


Ey — 2i P" Eye — ic V" Ele + e (e! — V?) Eyc? = 0, (16.7) 


where the primes to E, and V/ denote differentiation with respect to z; the 
prime to e has another meaning, but this should not give rise to misunder- 
standing. 

The slow variation of the field signifies, roughly speaking, that E,(z) and 
V" (z) vary appreciably only over some characteristic distance L > Ay. Hence 
in (16.7) Ej ~ E,/L, Ej ~ E,/L?, V" — V'[L and therefore, if we multiply 
throughout by c?/w? = 12/422, we see that the first term is of the order of 
e Jan e A&E,Az?L?, the second and third terms together are 
= oic" Bilo — icP" E,/w and are of the order of AV E,/2 7 L, and the last 
term is (e' — W'?) E, and is independent of 4,/2 z D. The approximate solution 
of the equation can be found by equating to zero the terms of each order 
separately, i.c. the terms in w?/c? and in w/c in (16.7). This gives 


(€ — V?) E, — 0, E, + V" E29 ' = 0. (16.8) 
The first of these gives 


z z 
gg WE f ye' (z) dz = + f [n(z)— i x(z)]dz, (16.9) 
Zo Zo 
where Z is some constant. 


The expression (16.9) gives the phase of the field in (16.6) in exact agreement 
with the above discussion of the necessity of replacing, in the solution (16.4), 


the phase +iw/Je'z/c by the integral +iw f Ve' (z) dz/c. 
The second equation (16.8) has the solution 
Ey (2) = C/V" = C/[e' ( (z)]! = C/y[n(z) — i x (2)], (16.10) 


where C is a constant. 
Thus the solution of equation (16.3) in the approximation of geomctrieal 
optics is 


E(z) = E emet fe 2 
[s (2)]* 


E o f of 
- arrr +t froast [nme (16.11) 





In the approximation of geometrical optics the waves propagated in the two 
directions [corresponding to the + signs in (16.11)] are evidently quite in- 
dependent, as in a homogeneous medium. We can therefore say that the general 
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solution in the approximation of geometrical optics is 


E(z) = 








— exp re fe dz | + — exp etw dz} (16.12) 


[e (z aj [e e 


and depends on two arbitrary complex constants C, and C_, since any change 
in the constants z,, and z)_ amounts to a corresponding change in C, and C_. 

If the equations (16.8) are satisfied, all the terms in (16.7) except Ej are 
zero. The solution (16.11)-(16.12) can thus be an approximation to the true 
solution only if the term E, is found to be less than the others when (16.11) or 
(16.12) is substituted in (16.7). Thus for the validity of the approximation we 
must require that the term E, should be much less than each of the terms in 
(16.7) which contain the factor w/c, i.e. that the inequality 


| By | < (fe) |" Eo] ~ (cole) |P Eg] (16.13) 
should hold. 
Substituting (16.9) and (16.10) we obtain the condition for the approximation 
of geometrical optics to be valid: 
yr 3v 2n pp 
B aya | SZ 


This inequality will certainly hold if (with Y’ = n — ix) 


Ay y(n”? + x'?) » 1 and Ao y(n”? + a2) 


2z (n? + x?) 2 z (n? + 22) V(n/2 + x2) «1, (16.14) 


or, in the absence of absorption, if 
(4/270) |" || «& 1, (2/27) |" || mm'| « 1 (16.15) 


(where n’ = dn/dz, etc.) 

It is easy to see that, if the incqualities (16.14) or (16.15) hold, we also 
have | Hy | < (w/c?) E, = (w2/c?)e'Ey, i.e. the term Ej is in fact much 
less than all the other terms in equation (16.7). 

It may be noted that the first of (16.15) is essentially the same as (16.5), 
since £ = n? and A = A,/n. In (16.14) and (16.15) we have not 4, but A, = 10/27; 
it is a feature common to the whole theory of electromagnetic waves that 
the true parameter is not A) but 4, = A,/2 = c/w. The difference is usually 
unimportant, on account of the fact that the theory involves several exponen- 
tial expressions. 

The condition (16. 5) or the first inequality (16.15) may also be written 
(with A = Aj/ly/s) 

dA[|dz « 2z, ie. dafdz <1. (16.16) 


The above method of deriving the approximation of geometrical optics 
and the conditions for its applicability cannot be regarded as entirely satis- 
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factory, since it is based on estimating and neglecting various terms in the 
original equation (16.3). A small term in the equation may neverthcless 
considerably affect the solution, and the only completely legitimate procedure 
is to neglect small terms in the solution but not in the equation. 


A more rigorous treatment of the same problem 


We shall therefore find an approximate solution by another and considerably 
more correct method. To do this, we represent the solution of equation (16.3) as 


E (2) = [Eq + (c/w) Egy + (2/0?) Eq, 4- Jeter Ore, (16.17) 
where ¥, E(y, Ej, ete., are unknown functions of z. 
Substituting (16.17) in (16.3), we obtain an equation of the type 
Awe + Bole + € + Delw + Feo? +.. — 0, 


where A, B, C,..., are some expressions involving £5, Y and their deriva- 
tives. Since this equation must hold for all w/c, it can be satisfied only if 
A=B=C=D=F=...=0. Thus we have after some simple calcula- 
tions 

(e' — P?) Eo — 0, | 


Eo) + yw E42" — 0 , 
Eq + Um Ew/2 bl = Eqy/2i V, etc. | 
The solutions of the first two equations are respectively (16.9) and (16.10). 
The solution of the equation for Eq is (with Y’ = ye") 


(16.18) 


zZ zZ 
It it 
Dees Jt BE E if —fPe az, (69) 
yer J aye eg J 2e 
Ze Zo 

where we have taken only the forced term in the solution, since the solution 
of the homogencous equation for FE has the same form as that of the equation 
for E. 

The approximation of geometrical optics] is seen from the preceding 
discussion to be valid if only the first term need be taken in (16.17), i.e. if 


fol £a)l/27t « | Et]. (16.20) 


where it is assumed that the higher terms are less than Ky). 

The condition (16.20) is shown by (16.19) to be an integral condition; we 
shall derive only some other inequalities which arc mercly sufficient to ensure 
the validity of (16.20). 


f More precisely, we are speaking of the first approximation of geometrical optics. 
However, since the higher approximations are not gencrally used (if Aj/L is close to unity, 
the series (16.17) converges only slowly), the condition for geometrical optics to be 
valid may be equated to that for this first approximation to be valid. 
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Putting for simplicity e' = e = n? > 0 and using the fact that in this case 
Eq = c/VP" = c//n, we have from (16.19) 


Ae Ey _ «ft Bn 1 uam 
n? 





zZ 
Ao dnjdz EN (d n/d z} d 
-| Ain? | - 1630 n? 


z 
D Xo el Ao f amo 
2z 4im |,  l6im n? 

Zo 


(16.21) 


Let us now assume that the function n (z) is monotonic in the range (zp, 2). 
Then the two factors in the last integral in (16.21) are either both positive 
or both negative, so that 


2 zZ 
(dnjdz} 1 dn s( 1 s n (z) 
b od iic: M apaa aa d a l 

J ns da Ia dz ann n? dz]max " n (Zp) ' 


Ze Zo 





where the suffix max signifies the maximum value in the range (Zp, z); it 
is assumed here that the integral is positive (i.e. z 7 2,). If it is negative, the 
minus sign must be inserted at the appropriate point in the estimate. 'Thus 
we see that the inequality A49|E(]/2z|E(y| € 1 is satisfied if throughout 
the range we have 
Ay |d njd z| 
Qn |r| 
and the value of |In[»(2)/n(2,)]|] or simply |In m|max does not become very 
large. The latter requirement is usually quite unimportant, and so the suf- 
ficient condition for the approximation of geometrical optics to be valid has 
been written as (16.22) and not as 
d n[d z 


n2 


<1 (16.22) 





Inn| <1. 


Qn 








The condition (16.22) is the same as the first inequality (16.15). The sccond 
inequality (16.15), which restricts the values of the second derivative 
d?n[dz? = n", is thus unnecessary for the validity of the approximation of 
geometrical optics. However, we shall sec at the end of this section that, 
if the correction to the geomctrical-optics solution is to be not only small 
but very small, it is necessary that dn/dz should not be discontinuous (i.e. 
that d?n/dz? should not become large). 

It should once more be emphasised that the condition (16.22) is sufficient 
but not necessary, since the original condition (16.20) is an integral condition 
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[see (16.19)]. A more important point is that in deriving the sufficient condition 
(16.22) the function n(z) has been assumed monotonic. For investigations 
of wave propagation in plasmas such an assumption is usually quite permissible; 
we shall not discuss here the problem of the reflection of waves from random 
inhomogeneities. If the function n(z) is not monotonic (for example, if it has 
the form »(z) = l + a cos Oz), then the integral condition (16.20) does not 
in general reduce to a differential condition of the type (16.22), and the ratio 
Eqy/E@) may increase with the path traversed by the wave, ie. with the 
difference z: — 2.7 

It may also be noted that the above discussion does not make a careful 
use of the moduli of Hy, E, ete., in the inequalities. Strictly speaking, 
when moduli are used, inequalities should also be written involving the phases 
of the respective quantities. We have omitted to do this because in plasma 
conditions the absorption is usually a secondary effect as regards the nature 
of wave propagation (the absorption is weak). Consequently we can, asin (16.21), 
simply take the case where absorption is absent, when E, and V/ are real 
for e > 0. In the inequalities we need therefore only consider whether the 
expressions concerned may be of unlike sign. For this reason the absolute 
values are used in (16.15) and (16.22); otherwise the left-hand sides may be 
negative and the inequalities are no longer meaningful. 


Cases where the approximation of geometrical opties is inapplicable. 
Total internal reflection 


The condition (16.22) for the approximation of geometrical optics to be 
valid is violated in two cases: if the gradient of n is sufficiently steep (i.e. if 
the derivative dn/dz is large) and if the refractive index n is sufficiently 
small.tT 

In a rarefied plasma, steep gradients can occur only sporadically; when the 
variation of e(z) is smooth and regular, the properties of the medium vary 
negligibly over distances of the order of wavelengths in the radio range. 
For example, in the E layer of the ionosphere the refractive index n (z) usually 
varies, for the waves reflected from this layer, by an amount of the order 
of unity over a path ~10 km; thus dn/dz ~ 1079. In the F layer, dn/dz 71077. 
For A, = 6 x 104 em = 600 m, the condition (16.22) for the E layer therefore 
becomes n? > 10-2. For the F layer at Aj = 6x10? cm we have n? > 10-4. 


+ For example, if n = 1 + a cos Qz, where |a| « 1, then Eg,/ Ey ~ a?*(z — z) if 
the oscillatory term is omitted. A similar result is obtained in the presence of statistical 
inhomogeneities (see [269]). From (16.21) we can at once obtain a sufficient condition 
for the ratio 49 | £u, |/2z:| Ei | to be small, in the form (16.22) together with the condition 
|n-3(dn[dz)* |max Ao(z — 29)/16 t < 1, where z — zo is the path traversed by the wave. 

tt Since we are discussing a single condition (16.22), the selection of these two cases is, 
of course, arbitrary. It is, however, convenient and essentially legitimate. 
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Thus in these cases geometrical optics is valid except when n is small. In 
the solar corona the mean gradients of » are considerably smaller than in the 
Earth's ionosphere. Thus, at radio frequencies in plasmas, geometrical optics 
fails in general through n being small rather than dn/dz being large. 

In the absence of absorption we have in a plasma [sce (3.5)] 


Ee = n? = 1 — 4nze?N (zjm? = 1— 3:18 x 10° N (z)/o??, (16.23) 


and when N (z) is sufficiently large or the frequency w is sufficiently small 
the squared refractive index n? is zero. In all other media the region & & 0 
is much less important, since the density N (z) in practice varies over a much 
narrower range than in a gascous plasma. Moreover, except in a plasma 
we cannot usually neglect absorption, so that values of e < 0 are uot so in- 
teresting as they would be in the absence of absorption. 

The inapplicability of geometrical optics for small n has an evident physical 
significance. For this approximation to be valid it is necessary that the pro- 
perties of the medium should vary only slightly over the wavelength 4 in the 
medium; but À = Aj/m, and as » — 0 the wavelength A — co, so that the 
change in n with distance becomes significant even if m(z) varies smoothly. 

It has been mentioned above that in the approximation of geometrical 
opties the waves travelling upwards and downwards are entirely independent. 
Thus reflection of waves can occur only in regions where geometrical optics 
is not valid. In the absence of absorption we have, in agreement with this, 
that in the approximation of geometrical optics the energy flux S = cE X H/Az 
in the travelling wave, averaged over time, is independent of z. For a wave 
propagated along the z-axis (16.11) gives 


E 
E =— 
yn (2z) 


H = (i c/w) eurl E, 





Z 
exp iot- ^9. fntydz , E£;—0, 


Zo 


4 
ic dE ic anid } 
ic y -(- p Ts) Boy eX? iot- +2 fndz ; 





Z 
ic dE ic dnjdz : 10 
Hy, = — 2 = (a= A Bor exp iot - 17. fnaz 


9 


(16.24) 


From the condition (16.22) for geometrical optics to be valid it is clear that 
in this approximation the terms in dn/dz are negligible. Thus the approxi- 
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mation of geometrical optics gives 


z 


S = OR cos? wt— | ndz , S=c E?f8n = constant. 
0 

Even if the terms in dn/dz are retained, the time average of the energy flux S 

is still c.E2/87: = constant, since those small terms in H are iz out of phase 

with the principal term. 

Thus the reflection of waves must become stronger as the approximation 
of geometrical optics becomes less accurate. In particular, reflection occurs 
in the presence of steep gradients of n, and the coefficient of reflection is fairly 
large only if the distance of transition from one value of n to another is of 
the order of 45/27: or less. In the limit as the width of the transition region 
tends to zero (a boundary between two media) the familiar Fresnel's formulae 
are obtained (§ 18). 

Reflection also occurs from a region where n = 0. In the absence of ab- 
sorption, this reflection is complete provided that the electron density continues 
to increase over a distance much greater than 2/27 beyond the point £ = n? —0 
towards negative e. Physically, the presence of total reflection is evidently 
a consequence of the fact that the wave is damped in the region where e < 0. 
In that region n = 0, x = y|e|, E = E, exp(— of Vle] dzje) , and ata distance 
of a few wavelengths beyond the point where = 0 the field is almost zero 
(if the derivative de/dz is not very small). Since, moreover, energy absorption 
is assumed absent (o = 0), it is clear that all the energy must be reflected, and 
a standing wave is formed. 


The reflection of radio waves from the ionosphere 


The above arguments explain the fundamental fact that radio waves may 
undergo complete reflection from the ionosphere and similar layers of an 
inhomogeneous plasma even with normal incidence. This reflection is analogous 
to total internal reflection in optics. For, according to the law of refraction, 
the angles of incidence and refraction of a wave incident on a boundary 
surface are related by sin6,/sinO, = n/n, where 0,, 0, are the angles of 
incidence and refraction, and n,, ng are the indices of refraction of media 1 
and 2 (the angle 0, being that in medium 1). If n > nz, then for angles 
0, 2 sin-!(n,/n,) we have total internal reflection (since then sin, is formally 
greater than unity). For normal incidence (6, = 0) total internal reflection 
ean occur only when n = 0, and this is possible in a plasma (in this case 
the absence of a sharp boundary is not important). 

For a medium with smoothly varying properties we cannot speak of a point 
of reflection in the literal sense, since reflection occurs over a certain region, 
but we can somewhat arbitrarily take the point of reflection to be that where 
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e€ = n? = 0, since beyond this point the field decreases rapidly and can usually 
be neglected (see also Chapter VI). 
According to (16.23) we have at the point of reflection 


N = ma2/4ne = w?/3-18 x 10° = 1-24 x 10-9f*. (16.25) 


This is one of the fundamental relations used in the interpretation of ionosphere 
data, in radio studies of the Sun’s atmosphere, and elsewhere. 

The problem of the reflection of radio waves from the ionosphere is discussed 
in more detail in Chapter VI, which is closely related to the present chapter 
and contains certain information pertaining not only to the specific problem 
of the reflection of waves from the ionosphere but also to the general propa- 
gation of waves in an inhomogeneous medium. Problems of radio astronomy 
are analysed in Chapter VII. 


A completely non-reflecting layer 


The absence of steep gradients of n and of a region where n = 0 ensures 
that there is no strong reflection of waves. Even in these conditions, however, 
there is in general some weak reflection of waves in an inhomogeneous medium; 
if geometrical optics is valid, then this reflection is only slight. We can say 
that the smoother the function e(z), the less reflection occurs. Reflection is 
completely absent only in a homogeneous medium, and in an inhomogeneous 
medium where e(z) has a particular form. 

For example, reflection is completely absent for media where solutions 
of the type (16.11), i.c. 


E = [Ey Vf (2) exp (+ iw fied e), (16.26) 


are exact solutions of the wave equation [123]. For it has been shown above [see 
(16.24)] that, for such solutions with f(z) rcal, the mean energy flux is 
independent of z, and so reflection is absent. On the other hand, it is not diffi- 
cult to find a function z' (z) in the wave equation (16.3) such that the solution 
(16.26) is exact. By direct substitution it is easily seen that the function 
(16.26) satisfies the equation 
d? E|dz? + (o?|c?) e&'(z) E = 0 

with 


e (z) = P (z) + 








e [djds sen 


Sarl 2P (16.27) 


It is curious that the requirement of real f, which is necessary if absorption 
is to be absent, does not ensure that e(z) is positive [if f is real, e' (z) is of course 
real and equal to e(z)] Thus, even if there is a region where e(z) < 0, the 
wave may not be reflected, unlike what happens in the approximation of 
geometrical optics. 
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Weak reflection 


In some cases it is of interest to consider the weak reflection of waves 
which occurs under conditions where the first approximation of geometrical 
optics is a good approximation to the exact solution. To solve this problem, 
we put the solution of the wave equation (16.3) in the absence of absorption 


in the form 
Z 


E ; 
EG) gj T —*2 [naz + 


Zo 


zZ 
+ E, (2) exp +22 [nae , E «|EJyn|. (16.28) 


Ze 


The last inequality evidently ensures that the solution of geometrical optics 
(taken as a wave propagated along the z-axis) is valid as a first approximation. 

The function Z,(z) and the amplitude coefficient of reflection R may be 
found by means of perturbation theory. Substituting (16.28) in (16.3) with 
&' = e(z) = n? (z), we obtain the equation 


dE, dnjdz ic m 


X. oH ero PI ugs) Zo exp -aie fa = y% (2), 
(16.29) 











where the approximation consists in neglecting the term d? E,/d2?. Integration 
of equation (16.29) gives 





E (2) = gg [nma 
E, [| d [dud iof 
PELLE ONLUS SI 2:50. 
d EA al nel? LE 2j c [nd te 
2 29 
" ic dnjdz x [fe^ 
4oln(z| n? 
+. T, Gu EC. dz— 


Zo 


ic icho i (dn/d z)* 


woe 5 -242 fna: ie. (16.30) 


2 Zo 
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where z, and z, are arbitrary constants. We shall now particularise the problem 
a little and suppose that beyond the layer (z > oo) the medium is homogeneous 
and only the transmitted wave is present, and further that we are interested 
only in the field for values of z in front of the layer, where the medium is 
likewise homogeneous (n = constant). These boundary conditions hold good 
when a wave is incident on the layer from the direction of negative z and no 
wave is incident from the opposite side. Then E,(z— oo) = 0 and in (16.30) 
we must take z, = oo, dn/dz = 0 for z = z,. In the region in front of the 
inhomogeneous layer, d n/dz = 0 also. Thus the first term in the last member of 
(16.30) is zero; the third term is considerably less than the second by (16.22), and 


E, f dnjdz Oca 
E (z) m =el on CP -242 [nde dz, 





z 


E, exp “2 [naz 


Xx (16.31) 


2 


(Eo/Vn) exp -42 fn dz 


Zo 





zZ 


= — exp 277. fndz f Ena oxp EL dz. 


Zo Z Zo 





This expression is the same as that given in [121, § 17], where it was obtained 
by another and more laborious method, which, however, is valid for strong 
reflection also. 

It should be mentioned that thc expression (16.31) is not always convenient; 
sometimes a more general formula for R, derived from (16.30), is suitable. 


It is i E 
E, exp 29 [nde 


Zo 


R= 


2 


(Es) exp -+ fad 


Zo 
Z 


— i h exp a te 
d /dnjd j 
fs acum TUS. exp -222 [na dz. 


k (16.32) 


Propagation in an Inhomogeneous Isotropic Plasma 191 


Reflection from a discontinuity of the derivative dn/dz 


As an interesting and important example, let us apply this formula to the 
reflection of waves from a discontinuity of the derivative dn/dz. A discontinuity 
in the value of dn/dz is seen from physical considerations to be equivalent 
to a large variation of dn/dz over a distance small in comparison with the 
distance c/w = A,/2. In such a region we can regard all the quantities in 
(16.32) except d?n/dz? as constant. Hence, if the discontinuity is at z = 0, 
we have 


2- ss (G8), (e f | 


Ao |(dn/dz), — (dn/dz),| 
8x n? (0) : 

where (dn/dz), , are the values of dn/dz on the two sides of the discontinuity 
and we have put z, = 0 to fix the phase factor, since the quantity 


zZ 


(16.33) 
|R| = 


tw 
2 X n (z) dz 


0 
is evidently the variation of the phase in propagation from the point z to the 
discontinuity at z = 0 and back to z. 

Formula (16.33) can also be obtained directly in solving the problem of 
reflection from a discontinuity of dn/dz in conditions where the approximation 
of geometrical optics is valid on both sides of the discontinuity and the field 
may be represented in the form 


E, iw Cy tw 
Hs ge -+2 fade E P <2. [naz 
Zo Zo 
in medium 1 (the incident and reflected waves), (16.34) 


z 
B(2) = exp -12 [naz 
Zo 


in medium 2 (the transmitted wave). 
At the discontinuity of dn/dz (at z = 0) the tangential components of the 
fields E and H (or in this case E and d#/dz) must remain continuous.] For 


+ It is clear from (16.24), for example, that in this problem the boundary condition 
H(2) = H (1) (i.e. the equality of the tangential components of the field H) is equivalent 
to the continuity of the derivative d E/dz. This result follows also from formal arguments, 
since for a second-order equation such as (16.3) the function E and its derivative dE/dz 
must both be continuous at the boundary. 
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the fields (16.34) these boundary conditions lead directly to the result (16.33) 
if we omit the small term which is less than the others by afactor (29/2 zz n?)d n/d z. 
This is, of course, entirely legitimate, since the approximation of geometrical 
opties is assumed valid outside the discontinuity [see (16.22)]. For this reason 
the reflection coefficient R in (16.31)-(16.33) is always small, i.e. |R| « 1. 

It has already been mentioned, in connection with the derivation of the 
conditions for the approximation of geometrical optics to be valid, that this 
approximation is in fact close to the exact solution for a monotonic function e (z) 
if the single condition (16.22) holds, independently of the values of d?n/d2?. 
However, if the derivative d?n/dz? is also everywhere small, so that the second 
condition (16.15) holds, the approximation of geometrical optics is still better. 
This is clear from formulae (16.32) and (16.33), which show that the reflection 
from the medium decreases with d?n/dz?. 

The reflection from a discontinuity of the derivative dn/dz is similar to that 
from a discontinuity of the refractive index n itself (here we dissent from the 
opinion put forward in [121, § 17.5]). In either case the discontinuity may be 
regarded as sharp, and its structure does not (within wide limits) affect the 
coefficient of reflection if the thickness of the discontinuity is small compared 
with 2/27. In other words, in either case the reflection cffect may be regarded 
as either occurring at a sharp discontinuity or resulting from reflection through- 
out a transition layer where the rapid change of dn/dz or n(z) occurs. One 
difference between the two cases is, admittedly, that the discontinuity of n 
may occur at the boundary between two homogeneous media, where any 
reflection is from the region of the actual discontinuity only. If there is a 
discontinuity of dn/dz, at least one of the two media on either side is inhomo- 
geneous, and the reflection is not in general localised at the discontinuity 
alone. This is, however, of little significance, since the reflection from the 
inhomogeneous medium other than at the boundary (i.e. outside the transition 
layer which is regarded as a discontinuity) may be arbitrarily small or even 
zero [as in a layer of the type (16.27)]. 


$17. EXACT SOLUTIONS OF THE WAVE EQUATION 
WITH + LINEAR, PARABOLIC, OR EQUAL TO a/(b +2)? 


Introduction 


In investigating wave propagation in an arbitrary inhomogeneous medium 
we obviously cannot restrict ourselves to the first approximation of geomctrical 
optics. The samc applics to the other general methods: the perturbation method 
described at the end of § 16, which is essentially the second approximation 


T By the structure of the discontinuity we mean, of course, the nature of the variation 
of the function dn/dz or n(z) within the region, which on a less detailed view is regarded 
as a point on the z-axis at which dn/dz or n is discontinuous. 
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of geometrical optics, and the method of phase integrals, in which the approxi- 
mation of geometrical optics is widely uscd. (See [124] and the literature 
there quoted. We shall also discuss this method in § 28.) No such general 
approximate solution (general in the sense that the function e'(z) is not taken 
to have any particular form) can be used to find the reflection coefficient, 
still less the wave field in the actual region of reflection from an arbitrary 
layer. For this reason exact solutions of the wave equation (16.3) are of great 
value, and they are known for various functions ¢’(z) already specified at 
the beginnihg of § 16. We shall now discuss the most important of these exact 
solutions, namely those for a "linear layer" with e&' = a + bz, a “parabolic 
layer" with &' = a + b2?, and a layer with &' = a/(b + z)?. The last of these 
is of interest mainly because the exact solution is expressible in terms of 
elementary functions, and is therefore particularly simple. 


A linear layer without absorption 


Let us first consider the solution for a linear layer of plasma without ab- 
sorption [110, 111], putting in (16.3) for z 2 0 


e = A —1-—4zeN(z)mo? =1—2/z,, o —90. (17.1) 


For z < 0 we can suppose that e = 1, but it is better not to specify the pro- 

perties of the medium in that region, considering only the region z = 0 and 

imposing at z = 0 the boundary condition in the form of the expression for 

an incident wave. Here it must be borne in mind that, if the derivative dn/dz 

is discontinuous at z = 0, a wave coming from the region z < 0 will be re- 

flected there. We avoid this problem by specifying the wave field at z = 0 +. 
With the change of variables 


€ = (2/2)? (a, — 2) = (oz,Je e (2), (17.2) 
it is easily seen that equation (16.3) for the layer (17.1) becomes 
d*E|ldi? +E — 0. (17.3) 
eñ? 
ro 
Incident 
wQve 
(0) 
z zZ 


Fic. 17.1. A linear layer. 
T PEW 
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This can be reduced to Bessel’s equation (see, for instance, [125]) and its 
solution can be expressed in terms of Bessel functions of order 4. We are 
interested in the solution which corresponds to the case where the wave is 
incident on the medium in the direction of the positive z-axis (Fig. 17.1). 
For z — œ (ie. £ -> — oo), the wave field must be damped, since at z = 2, 
(£ = 0)e = 0 and for z > z, (É < 0) e < 0. In the region z < z, we evidently 
have a standing wave. The corresponding solution is unique, and is 


E() - Ad |y, (sen) e rag en) for (20, 


rO = 4col|- n ($c on) + (17.4) 


+14(5(-9%)| for <0, 


where A is a constant, J is the Bessel function and J,(z) = $^"J,(?2) (see 
[125]). The necessity for a difference between the explicit forms in which the 
field E is represented for ¢ — 0 and ¢ <0 is due to the presence of a 
branch point of (9? at ¢ = 0. Of course, the above solutions for E are the 
same at ¢ = 0 (where the field # and its z-dcrivative are continuous). The 
solution of equation (17.3) which decreases for ¢ < 0, i.e. the solution (17.4), 
may also be written as an Airy integral (see, e.g., [126]): 


zi)» 34 foe (s- cx) de. (17.5) 
0 


The expressions (17.4) and (17.5) are identical (the coefficients having been 
chosen so as to give the constant A the same value). For £ < 0(z > 2,,¢ < 0) 
the field E is exponentially damped; for ¢ > O(z < 2z,,¢ > 0) the field is 
oscillatory. The form of the field (17.4)-(17.5) is further discussed in § 32. 

For large €(|¢| > 1) we can use the asymptotic representations of the 
Bessel functions [125] or the Airy integral [126]. The result is 


3A 
yz 


From (17.2) the condition ¢ > 1 for the approximation (17.6) to be valid is 
(with z, = |de/dz|-!, w/e = 2z[A) 


am cos( $ geL a), >l. (17.6) 


Ex 
4 


2 2/3 
C = (w zc)? 3(1 — z/z) = (a) é(z) » 1. (17.7) 


This inequality is the same as the condition (16.22) for gcometrical optics 
to be valid, since e(z) = n?(z). The solution (17.6) is also, of course, a gco- 
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metrical-optics solution of the type (16.12), since 
= constant/|/n(z) , 


2 
3 O87 = (20/30) z e (z) 


-2 [V0-2)« 


uud. (17.8) 


We shall suppose that the amplitude E, of the incident wave as it enters 
the layer (at z = 0) is equal to unity (i.e. at z = 0 the field Z, , including the 
time factor, is e'^*). The solution (17.4)-(17.5) is a standing wave, and at 
z = 0 it can be put in the form [omitting the factor &'^' and using (17.6)] 


E = E, +E. _=1 + ei tozletin]2, 
2 : F 
A= - yz (o z,/c)1/6 e^ 6 2wz 3e +injt (17.9) 


The field at any point (with z 2 0) is determined by the formulae (17.4) 
and (17.5) with the constant A given by (17.9). The phase shift between the 
reflected and incident waves is cvidently 


poc E iz 
1 
-22 ye 2e VP 


nat [nain (17.10) 


A linear layer with absorption 
The above results can easily be generalised to the case where absorption 


is present [113]. For a linear layer we have 


g€ =e — i: Anol[o 


= (n — ix)? 
= l — 2/z, —t(« + pzz) 
=a — bz[z, g (17.11) 


7* 
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where œ and f are real constants. By the change of variables 
€ = (o?b[c*z,) (az/b — 2) 
= (w2,/cb)*¢! (z) 
= &—in (17.12) 


the wave equation (16.3) is again brought to the form (17.3); ¢ is, of course, 
a complex variable, while £ and 7 are real. The solution of the equation which 
satisfies the eonditions of the problem (E — 0 for z — oo) is again of the form 
(17.4)-(17.5), with the conditions $ = 0 instead of ¢ 20. The asymptotie 
representation of the field for £ > 1 is again of the form (17.6), and if E, = 1, 
atz = 0 we have 

H=1 texp(—i-5 0% ei ga) —14-e-*, | 
(17.13) 


2 L442 
A= yatioe" i | 


where ¢,_, is the value of ¢ for z = 0. 

Here, to avoid misunderstanding, it should again be emphasised that the 
field EZ, of the incident wave is taken to be equal to unity at z = 0+, i.e. 
refleetion from the boundary at z = 0 is not considered. If the linear layer 
adjoins at z = 0 a homogeneous medium with e' = 1 (for example), then in 
the absenee of absorption there is a diseontinuity of the derivative dn/dz 
at the boundary z = 0, and reflection oeeurs. This reflection is weak if the 
gradient |de/dz| = 1/z, is small. If the layer is absorbing, however, then even 
for small |de'/dz| the refleetion is weak only when the parameter «x in (17.11) 
is small. This is reasonable, sinee when « + 0 there is a discontinuity wæ/4x 
in the conductivity at à boundary with a vaeuum. When « is large, therefore, 
there will be almost total reflection at the boundary (mirror refleetion).f 

It is not diffieult to solve the problem of the refleetion of waves from a linear 
layer with à boundary at z — 0, but we shall not pause to do so. This is because, 
when « = 0 and the gradient de'/dz is small, the region e = 0 lies far from the 
boundary z — 0, and the problem of reflection essentially separates into two, 
those of reflection from the region ¢ «x 0 and from the boundary at z = 0. 
Moreover, by “smoothing” the layer near z = 0 we ean render the reflection 
from this boundary entirely negligible. 

Fora linear layer with e = 1 + z/z, for z = 0, where e does not vanish, the waves 
are not totally refleeted from the layer. When the gradient de/dz = 1/z, is 
small, this reflection is weak and reduces to reflection from the boundary z = 0. 
(It is assumed that & = 1 for z < 0.) Of course, formula (16.33) may then be 


t For a layer where (17.11) holds, only the conductivity o is discontinuous at a boundary 
with a vacuum. For a somewhat more general layer, where the permittivity & is also 
discontinuous at the boundary, the reflection from the boundary may, of course, be large 
even if |de/dz| is small. 
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used. The coefficient of reflection from the layer for any z, and oblique incidence 
is given in [121, § 17.3]. 

Returning to the problem of reflection from an absorbing layer (17.11), 
we may point out that by (17.13) the phase shift of the reficcted wave is 
p = re¥, and the reflection coefficient is R = e'™”, where [see (17.12)] 

ts=0 
Vroansimn2f dat 
0 
1 G-. az,/b 


=2( 2%) Ji (n—ix)dt— al (n—ix)dz, (17.14) 





since ¢ = 0 for z = az,/b and d£ = — (wob/e2z,)3 a 
In the integral (17.14) the upper limit is 
azı/b = (1 — ic)z/(1 + ip), (17.15) 
and the variable of integration z is complex. For simplicity we at first put 
p = 9. Then (17.11) gives 


4zxo/w = x = constant, (17.16) 
ie. the conductivity is independent of the coordinates. In this case 
(1-ic)n 


Pt aoe I (n—ix)dz 


g 


[fee Tem T 
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Ay 


Le y2 
22 l n(z)dz — VP stay) — 


— — 


4 
ias | fons Pun, (17.17) 
a | 
since for z = 2, + iy (17.16) gives n = x = V[3(x + y[z)]. From (17.17) 
and (17.16) we have 


TRACT (17.18) 


|; 7 


~InR= ZEE (17.19) 








w 
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The expressions (17.17), (17.18) and (17.19) can, of course, be obtained 
directly by calculating 


p=re($ on) — ga amt kiam m( = an), (17.20) 


where 
1 . 9 . 
E, -0 = (w? b/c? 2)? a z/b = [w zje (1 +i p) PPA — ta), 

If~ = 0 and f + 0, ie. 420/m = Dz[z, , then 

1 Q -i8)z,[( + B4) 

Wc pup f ET ae, 
2 c 
0 
Usually f? « 1, and the expressions (17.20) are easily shown to reduce to (17.18) 

and (17.19) as before (where ø is the eonductivity c/47zt for z = 2). 


In general, we have to within terms of order o?, f? and «f 


2 


v a+ P zfz 


—InRw2— 2 (a +- 35-4 ya — zz) 





2x oa 
22 f oie. (17.20a) 


These formulac give the solutions to all problems which may arise con- 
cerning waves reflected or propagated in a linear layer. In §§ 30-32 we shall 
discuss the application of thesc formulac to the ionosphere. 


A parabolic layer without absorption 


Let us now consider a parabolic layer without absorption, where for |z|<z,, 
we have 
e = 1 — 4ze?N (z)mo? = 1 — (fef?) (Y — 22/22), (17.21) 


the coordinate z being measured from the position of maximum density 
N = Nmar(l — 23/25), with N(0) = Nmax = the density at the maximum; 
fer = Wor/27 = Ve Nnm) is the critical frequency, Ay = C/fer, and Zm 
is the half-thickness of the layer (Fig. 17.2). We shall not consider reflections 
from z = +2, (see [127]); they do not occur if the transition to the region 
where £ = 1 is smoothed so that the derivative de/dz becomes continuous. 
In the wave equation (16.3) with & given by (17.21) we put 
O = Rem(fer — Py Aa fer, 
(17.22) 

= (4n «Ay : (z/2m) ett = u eint, 

obtaining 


d Ejdi? + (ip — V?) = 0. (17.23) 
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This equation is satisfied by the parabolic cylinder functions D;,_ 4 (uel) 
and D ;, ,(ue'*"^), also called Weber functions (see [128, chapter XVI]). 

It will be shown in $38 that the exact solution for a parabolic layer is of 
very limited interest as regards the theory of the propagation of radio waves 


in the ionosphere. It is not even necessary to use the exact solution directly, 


N mox 






Incident 
wave 


(a) 


Fia. 17.2. A parabolic layer. 
(a) N (z) 
(b) e(z) for /2/f* = 1 and 2 
and it serves only to test various approximate solutions. For this reason and 
others which will become evident, we shall not examine in detail the solution 
for a parabolic layer, but simply give the results [114, 127]. 
At the boundary of the layer (z = —z,,), the phase difference between the 
reflected and incident waves is 
p = zu? — ọ ln 4v? + arg [(2? o) '/(? o) !] + 
?(g — $9) (o — 31) | 1 
2 2 meets (es ORE .24 
248 t 97 (17.24) 
In a parabolic layer the region where e(œw) < 0 is always finite; if f > fer 
there is no such region [see (17.21) and Fig. 17.2]. Thus in principle the wave 
always penetrates to some extent through the layer. For a parabolic layer 
without absorption, the reflection coefficient |R|? (the ratio of intensities of 
the reflected and incident waves) is given by 
IRP e (ane in Pd 
—— s = ea = exp [42% — ; ; (17.25) 
1- [RẸ "T e 2f 
This formula is valid both when f > fer and when f < fe. In the latter case 
the reflection coefficient |R|? is equal to unity for a thick layer, where 


Zml Aer > 1, (17.26) 


:2]14 





even in the immediate neighbourhood of the critical frequency fe. For example, 
if 2m/Acr = 10 the coefficient | R|? = 0-999 for Af/f., = (fer — ffer = 1-7 x 1072. 
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When f > fa, the coefficient |R]? tends rapidly to zero; for example, if 
ZmlAcr = 10, |R|? = 0-001 for Af/f., = — 1:7 x10-7?. 

It must be borne in mind that formula (17.25) is valid if we neglect reflection 
of waves at the beginning and end of the layer, as already mentioned above. 
Such a condition cannot, however, be fulfilled if the layer is very thin (Zm S Act), 
since the edges of the layer cannot then be "rounded" without making the 
whole layer non-parabolie, so that € cannot vary smoothly with z. Hence 
formula (17.25) is strictly valid only if the condition (17.26) holds. If this point 
were overlooked, we might falsely conclude [114] that |R|? — 0-5 as zm — 0 
for all f, as follows from (17.25). In reality, of course |R|? — 0 as Zm > 0 if 
fer is finite. Reflection from a smooth layer of arbitrary thickness with a 
dome-shaped curve of e(z) is discussed in $ 18. 

Since by (17.26) only the region of small 4f, i.e. where 





Af lhe = (fer Ex Dif « 1, (17.27) 
is of interest, formula (17.25) may be written 
IP CEN 
1 — |)? TUAE ES Aer fer 
—exp (42° A A i (17.28) 


ID?=1-|R}=1/ | + exp (4262 41)]. 


where | D|? is the transmission coefficient. 
The penetration of the waves through the layer is discussed in detail in $33. 


A layer with &' = a/(b +z)? 


At the beginning of § 16 it has already been mentioned that the wave 
equation (16.3) has an exact solution expressible in terms of known functions 
not only for linear and parabolic layers but also for certain others. One such 
fairly general and important case will be considered in § 18. Here we may 
mention that the wave equation (16.3) has an exact solution in terms of 
elementary functions also for 


e' (z) = a/(b + 2)%, (17.29) 


where a and b are any complex numbers [129]. 
By direct substitution in equation (16.3) with this function e' (z) it is easily 
verified that the solution is 


E — C,(b +2)" + 0,0 +2)", 


nas $ ah VG E" ale). | (17.30) 
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As an example, let us consider reflection from a layer of the type (17.29): let 
e=1 for zz« (medium 1), | 


e — o*[z for z>a (medium 2) Tus) 







Incident wove 


Transmitted wave 
——————— 


Reflected wave 





rO 20 30 z/a 
Fio. 17.3. A layer with & = «?/z* for z/a > 1. 


(see Fig. 17.3). Let the wave be incident from medium 1, a vacuum, where 


the field has the form 
E = e- io - afe R gio -a)lc. 


In medium 2 the field is 
E=A 22 z7 iV ontey -1] =A 2 2z7t8 — A z e7tAlnz, 


since in (17.30) we must put b = 0, a = «?; we have also used the fact that 
in medium 2 there is only a wave travelling away from the boundary. It is 
assumed that the wave can be propagated, which implies that wa/e > 4.f 
At the boundary z — « we must have E, = E, and (dE/dz), = (dE/dz),, 
whence 
R=1—Aod-#? 
: l 
~ " 2(wale +B)’ 

1 
2 (co aje + ) ' 

2a-3*i8 (17.32) 


A= Ty ied =i Pylon 
= one tte [ 


|R| = 


: 1 | 
de 2 (o aje + B) |? 


p= [to oi? — 4]. 


If the permittivity e varies only slightly over the distance of a wavelength, 
then wa/c > 1 and p ~ walc, i.e. 


1 . Ay (dn 
wy, zn co t D 17.33 
ed 4o x[c Um Es ee } 


T If wa/c & 4, the time average energy flux S = cE x Hj4 n is zero. 
7a PEW 
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since for z — « we have dn/dz = (d/dz)(«/z) = — l/æ. This formula is in 
accordance with the general result (16.33), since in (17.33) n(0) = 1. From 
a comparison of (17.32) and (17.33) we can also see the accuracy of the limiting 
formula (17.33). 


$18. REFLECTION AND TRANSMISSION OF WAVES 
BY “SYMMETRICAL” AND “TRANSITION” LAYERS 
OF ARBITRARY THICKNESS 


A smooth layer with four parameters 


The parabolic layer (17.21) considered in § 17 cannot serve as a good model 
of a semi-transparent thin layer, since we must also take into account the 
reflections at the points z = + Zm where the derivative de/dz is discontinuous. 
Hence the advantage of simplicity is not available for a thin parabolic layer. 
Moreover, the parabolic layer has only two disposable parameters fer and Zm 
[see (17.21)]. It is nevertheless of interest to ascertain the nature of the re- 
flection and transmission of waves by more general layers. The most suitable 
such layer for which an exact solution is known and has been discussed in 
detail [115, 116; 121, 8 14] is one in which 


& (z) — a + be’7/(1 + e?) + cev*/(1 + e?e, (18.1) 


where a, b, c and y are complex constants. 
In the absence of absorption, putting a = 1, we write the expression (18.1) as 


e(z) = 1 — Pe"[ + e?) — 4AMe"*( + e?e, (18.2) 


where P, M and y are arbitrary real coefficients. The solution of the wave 
equation for a layer with (18.1)-(18.2) may be expressed in terms of hyper- 
geomctric functions. We shall not write out this solution here, but give only 
the expressions for the reflection coefficient | R|?, i.c. for the ratio of the energy 
fluxes in the reflected and incident waves; R is the ratio of the amplitudes 
of the two waves. 


A “symmetrical” layer 


If we put P= 0 in (18.2), and take M and y to be positive, we have a 
"symmetrical" layer with a single minimum of the function e(z) at z = 0, 
as shown in Fig. 18.1. The value of e(z) at the minimum is ey = 1 — M. 

The width of the layer may be characterised by the dimensionless parameter 


S = 2w/ey = 4a/Agy. (18.3) 
For a “symmetrical” layer, we can put M = f2./f* to obtain 
4 fer e"? 
Soe (18.4) 


B Ute 
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and the half-width of the layer is £ = 0:14 SA,, ie. for z = € 
l-e= 0-5 fe Jf = 05(1— Emin) - 
If M = 0 with P and y positive, we have a “transition” layer, as shown 


in Fig. 18.2; for z -> — oo, e —> 1 as in a "symmetrical" layer, but for z — + co, 
e€-> 1 — P, whereas in a "symmetrical" layer £— 1 also. 








o 2:0 z 
Fic. 18.1. A "symmetrical" layer. 


" "——— ———€———— 





2:0 z 
Fic. 18.2. A “transition” layer. 


The reflection coefficient for the layer (18.2) is 
PGS) PG —4,i-38D + ya — P] — id) 
T(-iS)I( d, c i-180 — ya — Pj id) 
, T + dy - i d5t + ya- Py + id p 
Py +d,+%-48[1 — y(l—P)} + idi} 
where J’ is the gamma function and 2(d, + idı) = l/(1 — 4S? M). 
For a “symmetrical”? layer (18.4), /(1 — 4S? M) = (1 — 6422/22, y?), 
where A, = c/f, and usually 8z/Ajy > 1. In that case 
d,—0, y(1—48$8*M)—2id;, | 
|R|? = cosh? z d,/cosh x (d, + S) cosh x (d, — S). 


| |? = 





E 





(18.5) 


The transmission coefficient —the ratio of the energy fluxes in the trans- 
mitted and incident waves—is |D|* = 1 — |Rf*; the quantity )(|D|?) is 


Ta* 
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the modulus of theratio of the amplitudes of the electric field in the transmitted 
and incident waves, since in à “symmetrical” layer for z = + co the value 
of e is the same, namely unity. The dependence of |R|? on M = f/f for 





























Fig. 18.3. The reflection coefficient for a “symmetrical” layer. 


various values of S is shown in Fig. 18.3. Even for S = 10 the value of |R|? 
for Mz L3 (ie. f 5 0.9/,) is almost equal to unity. 


A “transition” layer. The limiting transition to a sharp boundary 
For a “transition” layer (M = 0, P > 0,d, = 4, d, = 0) we have 
|R|? = sinh? {$} z S[1 — y(1— P)]J/sin?(3z S[1 + (1 — P)]$. (18.6) 
In this case we have e—>1l — P for z—- + co, and so the value of 
[D] = 1 — |R|? is not the ratio of the squared moduli of the electric field 
amplitudes in the transmitted and incident waves. For in a medium of per- 


mittivity e = n? the energy flux is in absolute magnitude cH H/4 zt = cn E?[4 x, 
and thus the ratio of the moduli of amplitudes of the field Z in the transmitted 


and incident waves is D/|n = DJ(1 — pj (with e>1 for z  — c). 


IRI", % 





— 


O OS O 
Fro. 18.4. The reflection coefficient for a “transition” layer. 


Fig. 18.4 shows the form of the function | R(P, S)| for a “transition” 
layer. It is seen that formula (18.6) is valid only if P < 1. If P > 1, there 
is total internal reflection, as is obvious a priori, since in this case ¢ < 0 
when 2 — — co. 
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For S > 0 the “transition” layer tends to a sharp boundary, and Fresnel’s 
formula for |R|? must be valid. Formula (18.6) shows that this is in fact so, 
and 

[Rigo — [1 — y — P)P/D. + ya — P)P 
= (1 — »y/ü + n}, (18.7) 


wherc n is the value of the refractive index for z > 0. 

The simple formulae (18.5) and (18.6) make it possible to obtain an im- 
mediate estimate of the reflection coefficient for any layer similar to the 
fairly typical "symmetrical" and “‘transition’’ layers. A more detailed account 
of the reflection and transmission of waves in the case (18.1)-(18.2) is given 
in [116, 121]. 


$19. OBLIQUE INCIDENCE OF WAVES ON A LAYER 


General relations. A wave with the electric vector perpendicular to the plane 
of incidence 

Let us now consider harmonic plane waves obliquely incident on a plane- 
parallel medium. Here we start from equation (16.1) or (16.2) with e’ = e’(w,z), 
the z-axis being normal to the layer. 


nzn(Ol 





Fia. 19.1. Oblique incidence of a wave on a layer. For z < 0 the refractive index 
is n = n(0) = 1, for z > 0 it is n = n(z). 

The choice of the z and y axes has one degroc of freedom, which may con- 
veniently be utilised to make the normal to the wave lic in the yz-plane 
(Fig. 19.1). Then the incident (plane) wave outside the layer (for 2 <0 in 
Fig. 19.1) has the form 

E= E, e- (o (u sin 6, z cos0,)fe — E, e ibt , (19.1) 
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where Kk, = (w/c) (0, sin0,, cos0,), r = (x, y, z), absorption is neglected, and 

the refractive index is taken to be unity. Evidently such a choice of axes 

(making k,, = 0) is always possible without loss of generality. Since the in- 

cident wave is independent of the coordinate x, so is the “refracted” wave 

in the inhomogeneous medium, whose properties do not depend on x. Con- 

sequently the derivatives with respect to x in (16.1) may be taken as zero. 
Thus cquation (16.1) is, in components, 














2 o? 
2, + ur pe (z) Ey ee nE 0, 
oy? 02? 0y 
2E, E, a RES 
Z 
gT a +o (2) E; 5; CES 0, | 
CH, CH, 
y += aa + oe '(z) H, = 0. (19.3) 


The wave field E may always be resolved into waves with two mutually 
perpendieular directions of polarisation. We take one of these directions to 
be the x-axis. Then (19.2) and (19.3) show that the field component E, is 
entirely independent of the components E, and E,, i.e. if a wave whose vector E 
is parallel to the x-axis is incident on the layer, the direction of the vector E 
remains unchanged. For a wave whose vector E lies in the yz-plane, on the 
other hand, the components E, and E, are related and depend on the coordi- 
nates, as is easily understood if we consider the ray paths (see below). It may 
be noted that in the general case of an inhomogeneous isotropic medium the 
independence between the two incident waves with different polarisation 
does not occur, and in our casc it is due to the fact that e' does not vary 
in the x-direction. 

Let us first consider the wave equation (19.3) for the component Z,, which 
differs from equation (16.3) only by the term 0*E,/0y*. We put 


E, = F (z) ex i(slo) vJesino — F (z) ekikey , (19.4) 
where k(z) = (w/c) Ve'(z) and «(z) = sin (z). Then (19.3) gives 
d? Fjd2 + j80 — o?) F 
d(k ee) 
dz VT 








F {+ d (ka) | y [52 nz (19.5) 


= 924 i 
T dz? dz 


Since this equation must be true for all y, both sides must obviously be equal 
to zero: 
d? Fdz? + (w/c?) e' (z) — o2 (z)] F = 0 (19.6) 
and 
d(ka)/dz = 0. (19.7) 
The derivation of (19.7) from the vanishing of the right-hand side of (19.5) 
also follows from the fact that the coordinate y is arbitrary. From (19.7) 
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we have 
ko = (w/c) xle' 
= (w/c) Ve' (z) sin 0 (z) 
= kyo) = (w/c) Ve’ (0) sin6, = constant. (19.8) 


In the absence of absorption |/e’= ye = n(z), and the relation (19.8) may 
be written 
n(z) sin0(z) = sinf,, (19.9) 


where 0, is the angle of incidence of the wave on the layer, at the boundary 
of which n = n(0) = 1. The identity of the angle 6 used above with the angle 
between the z-axis and the normal to the wave follows from formula (19.14) 
below. 

The relation (19.9) corresponds to the law of refraction at the boundary 
between two media: n sin0, = n5sin0,. Hence formula (19.9) can also be 
easily obtained in an elementary manner by regarding the inhomogencous 
medium as the limiting case of a medium consisting of a large number of 
homogeneous layers. 

Equation (19.6) has the form (16.3) with (c?/c?)z'(z) replaced by 
(w2/c?) e (z) [1 — x? (z)] = (w?/c?) &' (z) cos? 0 = (c/c?) [e' (z) — &'(0)o3]. Thus the 
solution of equation (19.6) reduces to the solution of equation (16.3) with the 
same functional dependence of e' on z (a linear layer remains linear, and so on). 
For example, for the linear layer (17.1) the coefficient of F in (19.6) is 
(c/c?) [1 — £(0) sin?0, — z/z,], and equation (19.6) is transformed to (17.3) 
by using the variable 


C = (w/c? z,)3 {z,[1 — &(0) sin? 0o] — 2). 


The approximation of geometrical optics 


Hence it is clear that for equation (19.3) we can immediately write down 
the solution in the approximation of geomctrical optics by comparing (16.3), 
(16.10) and (16.11) with (19.3), (19.4), (19.6) and (19.8). The result is 


Ezo 
Aan Se A 
[e' (z) — €' (0) os] 


x exp E ix | f We) — e (0) aĝ] dz + Ye" (0) o, 2l j [0919 
0 


&' (0) o = &' (0) sin?0, = constant, 
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or, in the absence of absorption 


E, = PEN x | 
[n? (z) — n? (0) sin? 6]! 
: (19.11) 
x exp [+ i [feo — n? (0) sin*0,] dz + n(0) y sin&y| : | 
0 


This formula, besides depending on y, differs also from that for normal 
incidence in that n(z) is replaced by )/[n?(z) — n?(0) sin?0,] = n (z) cos0 (2). 
It is clear from this or directly from (19.6) that the wave is reflected from the 
layer in the neighbourhood of the point z,, where 


n (29) = n(0) sinf,. (19.12) 


Formula (19.9) shows that (19.12) is simply the condition for total reflection, 
which occurs when 0 = is; in (19.9) it is assumed that n(0) = 1. Since, 
as alrcady mentioned, the difference between normal and oblique incidence 
amounts to the replacement of n(z) in the relevant equation by n(z) cos0,, 
it is evident that the condition (16.22) for the first approximation of geometrical 
optics to be valid is replaced for oblique incidence by 


Ay d (n cos0)/d z 


2x n? cos? Ss (19.13) 





where n (z) sin 0 (z) = n (0) sin 0, = constant, cos0 = Vin? (z) — n? (0)sin?0,]/n (2). 
This condition is clearly violated when cos0 — 0, i.e. near the reflection point 
(19.12). 


The ray treatment 


In the approximation of geometrical optics we may work in terms of rays 
instead of waves. In a homogeneous isotropic medium the direction of the 
ray (i.e. the direction of the energy flux or the direction of motion of the wave 
pulse; see § 24) coincides with that of the normal to the wave surface. The 
same is true where geometrical optics is valid, since the medium may then 
be regarded as quasihomogeneous, and over relatively short distances the wave 
is propagated as in a homogeneous medium with the corresponding values 
of e and c (see also § 24). 

The direction of the normal is obtained from (19.11) by finding grad E,, 
and since the denominator depends only slightly on z, only the exponential 
factor need be differentiated. Thus we find the components of the wave 
vector k: 

k,=0, ky = (w/c) n(0) sinb, = (w/c) n (2) sin0, 
k; = (w/c) yir? (z) — n? (0) sin 89] = (w/c) n (z) cos6, (19.14) 
k? = (en /c?) n? (2). | 
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The unit vector along the normal to the wave front is k/k. In a quasi- 
homogeneous isotropic medium this vector is, as already stated, also tangential 
to the ray path. 

Near the reflection point z, (where n (z) = n(0) sin0,) the approximation 
of geometrical optics is invalid and the direction of the normal to the wave 
surface does not coincide with the direction of motion of the centre of gravity 
of the wave pulse. This point is further discussed in § 34. Here we may note 
that, for the linear layer (17.1), and for any layer far from the critical fre- 
quency, there is total internal reflection; and, by comparing (16.3), (17.10) 
with (19.4), (19.6), we easily see that the phase change of the wave on reflec- 
tion from a layer with oblique incidence is 


9-2 ef Vin? (2) — n? (0) sin20,] dz + = n (0) (yg — 44) sin 0, — = n 
0 


Zo 
1 
=2 f kdz + ky (Yo — 11) — m (19.15) 
0 


here n(z) — (0) sin@, = 0, absorption is for simplicity assumed absent, 
and y, and y, are the points on the y-axis (z = 0) for which the phase difference p 
is determined. 

In the range of validity of geometrical optics, the phase change of the 
wave over a distance / is [see (19.11), (19.14)] 


9 — (w/e) f n() ds = f k-ds, (19.16) 
l 


where ds is an element of the ray path, whose direction is the same as that of 
the vector k. 

The path of a ray incident on the medium at an angle 0, at the point y = yi 
and z = 0 where n(0) = 1 (see Fig. 19.1) is evidently determined by the 
equation 


sin, dz : 
Yr" t] ae ata (19.17) 
0 
see (19.14), which shows that along the ray path 
dy/dz = k,/k, = sin 0,/V[n? (z) — sin?0,]. 


Waves with the electric vector in the plane of incidence 


Let us now consider the propagation of a wave whose electric vector lies 
in the yz-plane [see equations (19.2)]. The physical difference from the previous 
casc is that, as the direction of the wave vector changes with incrcasing 
depth of penetration into the layer, the vector E must also rotate. 
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First of all, it is eonvenient to effect a slight transformation of equation (19.2), 
using the relation 
div(D — i: 4zj/o) = 0, (19.18) 


which follows from the field equation (2.1). In the present ease we have 


div(D — í: 4r j/w) = div (z' E) 
= E» grad e' + e' div E 
= E,dsz'[dz + e' div E = 0, (19.19) 
whenee 
grad div E = — grad (E, d Ine'/dz). 


In a homogeneous medium, of eourse, (19.19) gives div E = 0, and also 
div D = div j = 0, sinee D = cE and j —cE. 

Using the above expression for grad div E and assuming for simplieity that 
there is no absorption (i.e. putting e’ = £), we can write the equations (19.2) as 




















OE, | ORBE, | o 9E, dine(z) _ 

oy? 3z? Te ee) ys oy dz m | 

OE, OE, PN QE gots " dne (2) E jon 
ay? * Oe c PRECES d. 


We shall now diseuss only the seeond equation (19.20) for E,. Substituting 
the solution 


E, 
k(z) 


x (z) F,(z) etik (0o (2v, 
(w/c) Ve(z) = (w/c) n(z), | os (2) = sinb (z), | 


and separating the terms in y and y? as in (19.5), we obtain for ka 
(19.7) and for F, the equation 


(19.21) 








Fr, w? 5 l dine 1 /dine\? 
In (19.22) we have alrcady used the fact that 
2dajdz ^  dlne 
Xx dz ' 


whieh follows from (19.7) when absorption is neglected. It is easy to see 
that when absorption is present we must simply replace e in (19.22) by z’. 

It may be noted that the transition to normal incidence in formulae (19.2) 
&nd (19.3) is obvious, beeause the derivatives with respect to y vanish, and 
(since div E = d E,/dz) the equations (19.2) beeome (2.12) and (2.14). In 
(19.6) the transition to normal incidence is also immediate, putting « = 0. 
When « — 0, equation (19.22) is not needed for the ealculation of E,, which 
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tends to zero; this follows from (19.21) and is also obvious from the fact that 
the field is transverse. 

Equation (19.22) differs from (19.6) only by terms involving derivatives 
of e. It is easy to see that in the approximation of geometrical optics these 
terms may be neglected, and so we obtain for E, the expression (19.11) multi- 
plied by «(z) = sin0 (z) [see (19.4) and (19.21)]. The appearance of this factor 
is readily understandable because, if the derivative de/dz is neglected, (19.19) 
gives div E — 0 and the vector E is perpendicular to the wave vector k. 
The component E, must therefore be proportional to «(z) = sin0, where 0 
is the angle between k and the z-axis [see (19.14) and Fig. 19.1]. 

In the range where geometrical opties is not valid, and in particular near 
the “reflection point" z,, the nature of the wave field is different for waves 
of different polarisation, since the equation (19.22) is equivalent to the wave 
equation (16.3) for normal incidence with an effective ¢ given by 

ho @eldz? 3 xd 


2 
l Een (2) = e (z) — e (0) sin?0, + (>) | Ue xo wo a ; (19.23) 





here we have used the identity 


I dme 1l /dlne\? _ dejdz 3 (de/dz)? ` 
2 dz? ql dz ) = 4 





. 


2e 4 e 


At the same time equation (19.6) for oblique incidence of a wave with the 
vector E in the z-direction is equivalent to equation (16.3) with e.g = e(z) — 
— €(0) sin?6,. 

The expression (19.23) tends to infinity as e — 0, i.e. the value of the effective 
index of refraction varies very greatly. Near the point z,, the difference between 
Eee and e(z) — £(0) sin?0, is especially great for small values of œ = sin 0%, 
since (z) = (0) sin0,, and therefore e(z)) > 0 as sin 0, > 0. 

For a linear layer the coefficient of F, in (19.22), i.e. the quantity e; just 
defined, is 
3(de/dz)? ( Ao ) 


and is zero when z < zy, where z, is given by the condition e(z) = &(0) o2. 
Thus the wave begins to be damped somewhat before the point where 
X = sin = 1. In the ionosphere this shift of the “reflection point" is in 
general negligibly small. As just mentioned, only the range of small angles 
of incidence requires special investigation. For «, = 0 we have simply the 
already familiar case of normal incidence, where E, — 0, and so the result 
of the passage to the limit x, — 0 is known. 

The region above the point of reflection for a fairly thick layer might appear 
to be of no interest: with normal incidence the wave is exponentially damped 
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in that region and we might expect a similar behaviour for oblique incidence. 
In reality, however, for oblique incidence of a wave whose vector E lies in the 
plane of incidence, this exponential decrease of the field does not occur near 
the point where (œ, z) = 0. As we approach this point from below (from 
larger e values) the field begins to increase, and in the absence of absorption 
the components E, and E, even tend to infinity at the point e = 0 itself. (In 
practice, E, and E, remain finite even in the absence of absorption, for reasons 
to be dirai in § 20.) This noteworthy result is formally related to the 
singularity of the function eq at & = 0, already noted [see (19.23)]. 


The equation for the magnetic field of the wave 


The problem of the behaviour of the field near e = 0 for oblique incidence 
is examined in detail in § 20. Here we may note that, in investigating oblique 
incidence of a wave with the vector E lying in the plane of incidence, it is 
more convenient to use the equation for the magnetic field of the wave. In 
this case it is clear from the equation curl H = iwe’' E/c that we can putt 


E, M ( c/c» e) 0H,/02, E, = (i c/w e’) 0H,/oy, | (19 24) 


H,— H,=0. 
The field H is also governed by the wave equation (16.2), which in this case is 
eH, E OH, 1 dë 0H, ow 


0y? 02 e dz 02 ^c 








H, = 0. (19.25) 


Substituting 
H, = G(z) e: i(ole)v ye sino, (19.26) 


we arrive, as in the derivation of (19.6) and (19.7) from (19.3), at the law 
of refraction (19.8), and the equation for G 
2 ! 2 

Sole ae [e (z) — & (0) sin26,] G = 0. (19.27) 
This equation is somewhat more complex than (19.6) for F(z) — E, e* ye’ sino, 
but simpler than the equations (19.20). Of course, equation (19.27) aid 
equation (19.22) for F, = [E,/sin 0 (z)) e* «e/OvY" 2539 are of about the 
same degree of complexity, but a knowledge of G gives E, and E, immediately, 
whereas the derivation of E, from F, is not so simple. Thus in this case, as in 
other similar cases, the symmetry of the problem makes it more convenient 
to consider the equation for H rather than that for E. 


T If H, or H, is not zero, then in general E, + 0. We are interested in the case where 
E, — 0, and this corresponds to the field H taken here, with H, — H, — 0. 
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§20. A PROPERTY OF THE FIELD OF AN 
ELECTROMAGNETIC WAVE PROPAGATED IN AN 
INHOMOGENEOUS ISOTROPIC PLASMA. INTERACTION 
OF THE ELECTROMAGNETIC AND PLASMA WAVES 


A physical description of the phenomenon 


In order that the elear understanding of the physieal pieture shall not be 
obseured by the somewhat lengthy calculations, let us begin by a qualitative 
deseription of the results. 


le 


£,*0, E, *£,-0 





n* sin ĝo z 
(a) 


2 
IE] E, :0;£,7 0; £,470 





n*sin do n=O I 
(b) 


Fic. 20.1. The squared modulus of the electric field component when a wave 
incident at an angle 0, is reflected from an inhomogeneous layer. The refractive 
index is n = n(z). 

(a) A wave with the electric vector perpendicular to the plane of incidence. 
(b) A wave with the clectric vector in the plane of incidence. 


If à wave is ineident normally on a layer of inhomogeneous non-absorbing 
plasma, total reflection of the wave oeeurs near a point z, where e(w, 2) = 0, 
and so a standing wave is formed. The amplitude of this wave is oseillatory 
for z < z, and decreases exponentially for z > z,, where e « 0. The dependenee 
of the field on z in the refleetion region in this ease is diseussed in detail in 
$ 32; qualitatively, it is elear from the preeeding remarks and from Fig.20.1a, 
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which shows the squared modulus |#,|? of the field for a wave incident ob- 
liquely on a layer, with the vector E perpendicular to the plane of incidence 
(E, = E, = 0, H,+0; sce Fig. 19.1). For normal incidence, the picture 
is unchanged, as already explained, but sin 0, = 0 and at the “reflection 
point” n(w, z,) = Ve(@, z) = 0. 

For the case here considered of a wave obliquely incident on the layer, 
in which the vector E is in the plane of incidence (E, = 0, E, + 0, E, + 0), 
the field is of a different type (Fig. 20.1b). Near the “reflection point” z,, 
where n(w, %) = sinbo, the field behaves as for a wave with E, = E, = 0 
or for normal incidence, i.e. as shown in Fig. 20.12, but further into the layer 
the field begins to increase near the point where n(w, z,) = Ve(w, z,) = 0, and 
both Æ, and E, become infinite if we neglect absorption, the formation of 
plasma waves and non-linear effects (see below). 

This singularity of the field at the point where n = 0 obviously disappears 
for normal incidence. Moreover, when the angle of incidence 0, is sufficiently 
large, and if there is any absorption at all, the fields E, and E, are everywhere 
finite, and the increase in the field at the point where n = 0 becomes much 
less marked. This result, which follows from the calculations given below, is 
physically reasonable, since with increasing angle 0, the distance between the 
“reflection point" 2(w, 29) = sin0, and the point where n (w, z,) = 0 increases. 
Hence for large 0, the region of n = 0 becomes more “‘inaccessible” to the 
wave. 

Since this effect disappears when 0, = 0 and for large angles 6), it is evident 
that the effect is most marked for some “intermediate”’ values of the angle 
of incidence 6,. 


The solution of the wave equation 


The problem of oblique incidence of à wave with the vector E in the plane 
of incidence and of the singularity of the field for n — 0 is discussed 
in [112, 130-133, 70]. Here we shall follow [132], where the most complete 
solution is given; see also [70]. 

The basie equation is (19.27): 


d? G 1] dë dG 


H, = G(z) eot ioosule, 
2 
noL dre ests | 


dz?  e&(z) dz dz (20.1) 
i ƏH i 0H 
E,——————— ————-——ÉÀ — gi 
á wele 02 ' "" "eje dy’? ~° sit, | 


For e'(z) we take the expression (3.7) for a plasma, and suppose always that 
w? > 524. Then 


: 4a e? N (z) i Vere : ? 
&(z) ~ 1— Ee s (1 + er) = e(z) — i (w/w?) v.eloo . 
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For simplicity we shall also assume that the absorption varies only slowly 
with height, i.e. that vep depends only slightly on z. Then the imaginary part 
of &'(z) may be taken as constant and equal to its value for œ = wọ = 
= V(&ze?N|m). For a linear layer we thus havef 


&' (z) = —az2 —iv,gío = —az—is, (20.2) 


where a > 0, so that for z > 0 the permittivity e(z) < 0. 

The differential equation (20.1) then becomes 

d?G a dG o? 
ue Lea eeu Ee cx vr E c ate s 
d Geis dr o m ees 
With a new variable & = az + is and the notation 9 = w/ca, we have 
dG 1 dG 
d? č de 
0 = wjca =?2n]ha, a= jdejdz|. | 
The equation (20.3) is obviously unchanged in form when s — 0; the only 
difference when absorption is taken into account is that the “mathematical ” 
reflection point ¢ = —a? corresponds to a complex z. For a medium whose 
properties vary only slowly the quantity o = w/ca in (20.3) is much greater 
than unity. For example, in the F layer of the ionosphere (a ~ 10-? cm-}), 
for a frequency w ~ 108sec^, we have 9 — 3 x 10*. 

It will be shown below (see [130, 131]) that the solution of equation (20.3) 
which satisfies the necessary physical conditions has a non-zero value G(0) 
at the point in the complex plane where e'(z) — 0. Hence the vertical 
component of the electric field, 


| îi 0H, œ% 
~ wje dy X e(z) 


+ eX-t- opa -o, | as 


Q (z) eit - toc ule, (20.4) 








2 


is infinite at that point. The nature of the singularity depends on the behaviour 
of the function e' (z); for a linear layer #, becomes infinite as 1/6 = l/(az-F ?s), 
and the component Z, has a logarithmic singularity, as will be shown below. 
These singularities are on the rcal axis only if collisions are absent, when 
S = y/o = 0. When absorption is taken into account, the maximum value 
of E, is 

| E, |; -o = % (G (0) |/s = «o |G (0) | sinOj/vse, (20.5) 


and may be very large when s is sufficiently small. The field then depends 
considerably on the possible values of the function G(0). This in turn depends 


t For any layer the expression (20.2) is usually valid in a small region near a zero 
of the function e'(z), where the approximation of gcometrical optics is not valid (scc § 30). 
The choice of a different notation and a different origin in (20.2) as compared with § 17 
is dictated by convenience and should not lead to misunderstanding, since all the necessary 
formulae are given here. 
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on the angle of incidence 0,, and thus determines |E,|,., throughout the 
range of variation of the parameter a) = sin). 


It is fairly easy to deduce the form of the function G(z) for large angles 
of incidence, when the reflection point € = —a§ (i.e. e’ = sin?0,) and the 
singular point € = 0 (ie. s' = 0) are a considerable distance apart. To do 
this, it is convenient to consider, instcad of (20.3), the equation 


du/dl® — [g* (E + o) + 3/427] u = 0, (20.6) 

which is satisfied by the function 
u(t) = G(D/VC. (20.7) 
The assumption that the distance between the points | = —o? and ¢ = 0 


is large signifies in the present case that this distance is much greater than the 
wavelength. For a medium with slowly varying properties (o > 1) this is true 
even when o2 = sin?0, is quite small. Then the approximate solution of equa- 


2 
le; 


z - e ea, —, 
-ag (n=sin 8) O(n=0) goz 


Fro. 20.2. The same as Fig. 20.1b, but with a new coordinate = — «= az. 


tion (20.6), valid everywhere outside a small neighbourhood of the point 
Č = 0 and representing a standing wave to the left of € = —a? (Fig. 20.2), 
may be written (see [134]) 


u = Vm o) e- ish? (S/H (i 8), (20.8) 
8 


where 


c 
S=o [Ya -cogat o S o( + abe", 


-a 


(20.9) 


0 


S' =d S/d C j 


and HP is the Hankel function of the first kind of order 4. The constant in 
(20.8) is chosen so that the amplitude of the incident wave field is equal to 
unity at the boundary of the inhomogeneous layer (where e'(z) = 1). 
Another approximate solution, valid to the right of the reflection point, 
can be obtained by means of the method proposed in [134]. We use a new 
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independent variable 


E= e [Yo t == oll + op — ag. (20.10) 
0 
It is easily shown that the funetion 
w—A Vi HQ (i) (A= constant) (20.11) 
satisfies the equation 
NETT eT 


For small ¢ it is clear from (20.10) that £ & ox, 6, and equation (20.12) has 
exactly the same singularity at ¢ = 0 as the original equation (20.6). Moreover, 
for large values of the parameter o the equations (20.12) and (20.6) are almost 
the same except in some neighbourhood of the point ¢ = — o2, where the term 
5/16(¢ + af)? becomes very large. Away from this point, therefore, suitably 
ehosen solutions of these equations are almost equal. The funetion (20.11) is 
then approximately equal to the solution which tends to zero as ¢ — oo [in 
the region of negative values of e(z)]. 

Thus we have the approximate solutions (20.8) and (20.11) whieh represent 
the asymptotie behaviour of the desired solution (for ọ > 1l) in different 
ranges of the variable C: to the left of £ = 0 (20.8) and to the right of  — —o$ 
(20.11). In the range —o? < ¢ < 0 both approximations are valid, and so the 
solutions can be eorrelated in such a way as to represent the behaviour of one 
partieular solution of the problem. This joining of the solutions gives for the 
eonstant A the value [132] 

A = y(3m o) eii*- S, (20.13) 
where 


od. (20.14) 


ele 
E: 


=e [resa 
cad 
From (20.11) and (20.13) we obtain the final formula which gives the 
behaviour of the funetion G(¢) in the range ¢ > — aå: 


6( e wyt - (5o) el, gra ig. (20.15) 


If ¢ is so small that È = ga ¢ « 1, then in calculating the field components 
we can use the expansion of the funetion H® (i£) as a power series, taking 


only the leading terms: 


2 
HQ (i£) x me = ing. (20.16) 
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It is now easy to see that the amplitudes of the field components behave as 
follows. The amplitude of H, tends to a constant value as ¢ — 0 [see (20.1)]: 


| HO | = |G(0)| ~ 2| A[/m o xo = V(2/a o) e *+/ae9. (20.17) 
The horizontal component E, of the electric field as ¢ > 0 is given by (20.1): 
|E | & 2x9 | Aln&|/m, E= oos, | 


(20.18) 
o=wjca, a= ]|dejdz|; | 


thus this component has a logarithmic singularity. Finally, the vertical com- 
ponent E, of the electric field becomes infinite [see (20.4)]: 


|Ez| ~ æo |G (0) [1S | = % |G (0)|/|az + ? ves] o] - (20.19) 
Using the expression (20.17) for |G(0)|, we have finally 
| E,| ~ (2/7 o) e 9/1], | 


So = 5 g = à (w/c a) o. | m 
3 3 

For z = 0 the field | E, | takes its maximum value (in a medium with absorption, 
E — az + is) 

|Ezlz-0 = %o|@ (0) |/s = V(2/m o)e7 s. (20.21) 
It may be recalled that the above formulae are valid only for relatively large 
angles of incidenee: for x, = sin0, — 0, formula (20.17) gives a result which 
is clearly incorrect, since for «y = 0 (normal incidence) a rigorous solution of 
the problem shows that E, = 0. 

For the upper layers of the Earth's ionosphere, where o > 1, the approxi- 
mate formulae (20.17), (20.18), (20.20) and (20.21) are valid up to angles of 
incidence 0, of 4 or 5 degrees, and it is easily seen that the increase in the field 
near the point ¢ = 0 (n = 0) is then negligible (S, >> 1) even if we neglect 
the effect of the Earth's magnetic field, which is discussed in $ 27. (The electric 
field can be large only for very small values of v., whercas in the ionosphere 
vat © 10? up to the maximum of thc F layer.) The presence of a singularity 
at the point wherc e' = 0 does not affect the behaviour of the field in the 
region below the reflection point, i. e. the reflection of a wave whose E, com- 
ponent is not zero is in these conditions the same as that of a wave in which 
the electric vector is perpendicular to the plane of incidence.T 


T The whole problem is here considered for the steady-state case, and the question 
of the time taken to establish the resulting field distribution therefore remains open. 
From physical arguments, however, it is clear that, when the point e = 0 is considerably 
removed from the “‘reflection point" € = sin?0,, the time to establish the field distribution 
shown in Fig.20.1b may be very long. The reason is that the wave can ''penetrate" 
only slowly into the region e ~ 0, and some time is required for sufficient energy to enter 
that region. At previous instants the field near the point €= 0 will be less than its stationary 
value, and initially the picture will be nearer to that shown in Fig. 20.1a than to the 
steady state shown in Fig. 20.1b. 
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Formula (20.19) shows that the value of the field at the point where € = 0 
(i.e. at z = 0) is determined not only by vett but also by the values of «,G (0). 
For normal ineidenee, when a, = 0, the field is E, = 0; when S, is large, 
(20.20) shows that the field EZ, deereases with inereasing œp. Consequently, as 
already noted, for some small angle of ineidenee the field increase at the 
point e = 0 will be greatest. In this eonneetion it is of interest to eonsider the 
behaviour of the funetion œG (0, œo) for all angles of ineidenee. An examination 
of solutions of equation (20.3) shows [132] that the funetion a, |G(0, x») | 
can be approximately represented for all values of the parameter «y by 


47 v(t) v(t?) 
exe Ves ~ o (x)/V(22 o), (20.22) 
where v and v' are the Airy funetion and its derivative (see [126]) and 

t= 08 oy = (w/ca)s sin 0. (20.23) 
The dependenee of the maximum value of | Z,| on the angle of ineidenee is 
thus given by the funetion O(r), which is shown in Fig. 20.3. The seale of 
angles of ineidenee is also shown for a = 10-? em~ and w = 2z x 10° see“? 
(A, = 30 m). 


«o |G (0, æo) | m 


o8 


P(r) 


o6 
oa 
o? 
— 
[e] ro 20 30 r 
o i 2 3 4 5 $ 
6, degrees 


Fra. 20.3. The function P(t) = y (270) lap @(0, x) |; T = o3 % = (w/c ays sin 0o- 


An important feature is that the funetion (zr) becomes of the order of 
unity only for a very narrow range of angles of ineidenee. Its maximum value 
is 1-2 and, in this example, eorresponds to an angle 0, = 1:5?. Even for 0, = 5° 
we have (x) ~ 10%. 

On the basis of formulae (20.19) and (20.22) we may estimate the values 
whieh the field E, ean attain in various eonditions. The maximum value of 
|E,| is 1-2c/veg¢V (2z0) = 12(o/v«at) V(ca/2z:). In the E layer of the iono- 
sphere, therefore, where we ean put a ~ 1075, for 4, = 100 m (c = 62 x 108) 
we have | E,|,.9 œ 3°6 for v, = 10° and ~ 36 for vep = 10*. In the F layer 
(a = 107, w = 22 x 107, Ay = 30m) we have |E;[,., ~ 20 for v; = 10: 
and 44200 for vet = 10%. In the solar corona, with a = |de/dz| = 10-6, 


220 Propagation of Electromagnetic Waves in Plasmas 


w = 2% x108(A, = 3 m) and v, = 10, the maximum value is | £,|,.9 = 2000. 
However, it must be emphasised that in these estimates we have neglected the 
effect of the magnetic field, and this is certainly not permissible for the Earth’s 
ionosphere (see below and § 27). It should also be mentioned that by hypo- 
thesis |E| =1 and | Z,| = |E| sin =a, at the lower boundary of the 
inhomogeneous layer. 

The effective dimension of the region where the field is large is also of 
interest. From formula (20.19) we easily find that | E,|? falls to half its maxi- 
mum value at a distance 


A 2 = vat w a = Ag v.g[27tca (20.24) 


from the point z = 0 where the field is a maximum. For vep ~ 10* and a~ 10-7 
this gives Az ~ Ag. 


The allowance for spatial dispersion 


The rapid increase of the electric field near the point where ¢(0,z) = 0 
may make it necessary to take account of the spatial dispersion, i.e. it may 
not be possible to use only the local properties z' (w, z) of the medium. 

In the absence of collisions, spatial dispersion may be neglected if the path 
22v/w traversed by a particle in one period is small compared with the cha- 
racteristic dimension of the inhomogeneity of the field. In the present problem, 
in the absence of collisions and using e(z), the field E would become infinite at 
the point where & = 0. In a sufficiently strong field, however, the electron 
acquires a large velocity v, so that the quantity 27tv/« increases and the use 
of the local permittivity (w) is no longer admissible. As a result of induction, 
D(z) differs from £E (z) and at the point where e = 0 D(2) is not zero, but is 
determined by the field E at a point whose distance is of the order of the 
amplitude of the oscillations of the electron, i.e. ~v/w. Hence, as noted in 
[131], the denominator in formulae such as (20.19) for z = 0 (ie. € = 0) is 
not zero but 

t 
a f at, (20.24a) 
0 


where v, is the velocity of the electron in the z-direction, and ¢ = 0 is the time 
when the field is zero. In a strong ficld the velocity v, considerably excceds 
the velocity of the thermal motion v ~ V(x T'/m) ~ 107 cm/sec (for T ~ 300°K) 
and is of the order of e#,/mw. Hence the expression (20.24a) is of the order 
of aeH,/mw? ~ 1075 E, (for a ~ 10-? and w = 2a x 10"). Since this function 
of E, appears in the denominator of expressions such as (20.19) for E,, the 
problem is evidently no longer linear. This is reasonable, since the motion of 
an electron in a field which is harmonic in time but varies rapidly in space is 
not harmonic. 
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The non-linear effect just mentioned becomes important in an actual medium 
if the integral (20.24a) is comparable with v/v, which appears in the de- 
nominator of (20.19) when absorption is taken into account. In the F layer, 
as we have scen, ve/œ ~ 10-4, while (20.24a) is —10-5 E, ~ 10-4 only for 
E, ~10 = 3000 V/cm. Under these conditions the field at e — 0 is only 
20 times that at the boundary of the layer (sce above), and so the non-linear 
effect would have to be taken into account only in very strong fields, which 
do not occur in the ionosphere (in such fields, moreover, the linear treatment 
of radio-wave propagation in plasmas becomes invalid not only near e — 0 
but throughout the layer). Thus, when absorption and the possibility of plasma- 
wave generation (see below) are taken into account, it is notin general necessary 
to allow for non.linear effects. 

In the problem of the field singularity at the point where e = 0 there is 
another complication which is also due to spatial dispersion. When absorption 
is taken into account but spatial dispersion is to be neglected, the condition 
derived above that the path 27zv/w should be small is insufficient. This point 
is of general significance, and we shall therefore consider it in some detail. 

In a plasma, neglecting spatial dispersion is cquivalent to omitting from the 
Boltzmann equation the term which involves spatial derivatives. Let us 
suppose, for example, that the equation} 

ruo eT EUM nogo (20.25) 
can be used to determine the quantity p, the deviation of the distribution 
function from the equilibrium function fj,. Then the omission of the term 
v, 0p[0z gives a local relation between D and j and E (sce $ 6), i.e. is in fact 
equivalent to neglecting spatial dispersion. The legitimacy of this procedure 
can be tested by calculating the term v, 09/02 from the solution obtained when 
this term is neglected, i.e. 

(e/m) E, 0fog[0 v; 
i w + v (v) 


where the field E, is assumed monochromatic. For a wave propagated in the 
z-direction in a homogeneous medium we havo 


E, = Boe ie dte 
and 
v,Og[0z = —i w ye' v, pPfo= — (in + x) ov, plc. 


In order that this term should be negligible, it must evidently be small com- 
pared with the term (iw + v) p retained in (20.25). Comparing the real and 


t Equation (20.25) is obtained from (8.14) by taking account of collisions and assuming 
that E, = E, = 0 and that p and E, depend only on z. 
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imaginary parts separately, we therefore have the eonditions 
voníc«1 (or vjo«c|on- A2 n = A[2n), (20.26) 
vwnzje Kva (or l= vvar < c/w x); (20.27) 


here the collision frequeney » (v) is replaced by vep, and the veloeity component 
by the veloeity v eharacteristie of the problem [for à Maxwellian plasma in a 
weak field, v ~ vp = V(x T[m)]. 

The condition (20.26) is always fulfilled for the transverse waves here 
considered, in eomplete agreement with the results of $ 8. The eondition (20.27) 
was not discussed in $8, because absorption was there neglected; it signifies 
that the free path / must be small compared with the distance c/c over which 
the wave amplitude varies appreciably owing to absorption.t 

For waves propagated in an inhomogeneous medium, it must be strongly 
emphasised, the eonditions for spatial dispersion to be negligible are more 
stringent than for a homogeneous medium. This is simply because the ampli- 
tude of the ficld in an inhomogeneous medium may vary eonsiderably even 
when absorption is absent, i.e. over distanees less than c/wx. If the wave 
amplitude varies over a characteristic distanee L, and the phase over Ly, the 
eonditions (20.26) and (20.27) evidently become 


v[o K Lps l«L, (or wp > v/Ly). (20.28) 


In the problem of the singularity of the field at € = 0 the field amplitude E, 
varies considerably over a distance of the order of 42 = Ajwvqi/27tca. [see 
(20.24)]. Hence the second eondition (20.28) beeomes 


Vat v/Az = 2zvcalAgvas., 
or Ya > 2acvalA, = ova. (20.29) 


For a = |de/dz| ~ 10-7, w = 2z x 107 and v ~ (xT /m) ~ 10’, this con- 
dition becomes v, > 10%. The latter inequality docs not hold in the F layer 
of the ionosphere, and so the Boltzmann cquation ought to be used for a 
rigorous calculation of the field near the point where e = 0. This is not neces- 
sary, however, for applications to the ionosphere. The reason is that we have 
neglected hitherto the effeet of the Earth's magncetie ficld, and so have been 
able to regard the ionosphere plasma as isotropic. As we shall see in § 27, the 
pieture is considerably changed when the cffect of the magnetie field is taken 
into account. Consequently, when the ionosphere has been mentioned above 
in connection with numerical estimates, this was purely conventional and was 
done only in order to choose parameters of the medium. We shall proceed 
similarly below in diseussing another effeet which causes thc field at £ = 0 
to remain finite. 


T For metals the conditions (20.26) and (20.27) correspond to the validity of the theory 
of the normal skin effect (see, for example, [135]). 
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Allowance for the generation of plasma waves. The interaction 
between different normal waves 


This effect is as follows. Near the point where e = 0 a wave incident obliquely 
on the layer, with the electric vector E in the plane of incidence, is partly 
converted into a plasma wave. In other words, in this case we cannot neglect 
the possibility of generation of plasma waves, simply because at the point 
where e = 1 — 47e? N/mœ? = 0 (absorption being neglected) the wave fre- 
quency «c is precisely equal to the frequency of plasma oscillations 
Wy = J(&xe? N/m). Hence it may be supposed that the characteristic behaviour 
of the vertical component Z, near the point € = (is related to the resonance 
properties of the plasma. The function which gives the dependence of | E, |? 
on z is then of the resonance type (see Figs. 20.1b and 20.2), and near the 
maximum (e = 0,2 = 0) it has the form | E, |? = constant + [(az)? + (v.sr/co)?] 
[see (20.19)]. The physical explanation of the appearance of plasma waves 
when transverse waves are incident on the layer from a vacuum is very simple. 
In an inhomogeneous medium the incident wave is in general no longer purely 
transverse, since for a plane-parallel medium we have [see (19.19)] 


E,dsz'ldz 


20. 
7 (20.30) 


div E — — (1/2) E - grade’ Et 


Evidently div E +0 for precisely the case under consideration, since for 
normal incidence or for a wave with the vector E perpendicular to the plane of 
incidence Æ, = 0 and div E = 0. Next, in a plasma div E = 476, where 
6 = eAN and A N is the deviation of the electron density from the equilibrium 
value (the motion of the ions is neglected). Hence, when E, + 0 and de'/dz + 0, 
charges 6 appear in the wave, and for e = 0 the density of these charges fluc- 
tuates with the plasma frequency œw. Thus a wave with E, + 0 incident on 
the layer causes plasma oscillations whose amplitude increases as we approach 
the resonance point £ = 0. These local oscillations are not independent, because 
any change in electron density in one part of the medium is transmitted to a 
neighbouring region by the thermal motion, and in this way plasma waves are 
generated which carry with them some part of the energy of the standing 
electromagnetic wave. Ultimately the energy of the plasma waves goes to 
heat the plasma by dissipation in oollisions. 

Thus, when the problem is sufficiently general, it is necessary to allow for 
the possible occurrence of plasma waves, and this leads to the disappearance of 
the singularity in the solution, the field remaining finite even at the point 
of resonance. The analysis can be carried out to a first approximation by the 
quasihydrodynamie method described in §§ 8 and 13. For convenience we 
shall repeat here the initial equations for the case where collisions are neglected : 
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mNr=—xT gradN +eN E, 

Ə N[0t + div (Nr) —0, 

curl H = i (w/c) (E + 47 P), 
j=0, P=eNr, 
j=j+iwP=iwP, 

div (E 4- 4x P) —0, 

curl E = — i w Hjc, 

div H = 0. 


(20.31) 


From this we evidently have, for oscillations harmonic in time and after 
linearisation, 
P = (exT'/mw?) grad N’ — (e? N[/mo?) E, 


eN' + div P —0, div P = —div E[47, 


where N’ is the deviation of the electron density from thc equilibrium value N; 
and hence, when all quantities are independent of zx, 





P=- eN E,/mo*, 
«T (5 E, 2E, eN | 
"^ 4nmo?V90y? oye) mot "' (20.32) 
P= xT (72 se) eN 
Z  4nznmo? \ dy dz ur" mo? 7" 
The equation curl H = (c/c) (E + 4x P) with 9H, ,[0x = 0 gives 
3H, 9H, .o 
ay amc EL 
(20.33) 


9 H,[0z — i (w/c) (E, + 4 xt P,), 
0H,/dy = — i (w/c) (E, + 4n P). 


For a wave with the vector E perpendicular to the plane of incidence (E, + 0, 

y = E, = 0, H, = 0, H, + 0, H, + 0), (20.32) shows that taking account of 
the clectron pressure makes no difference, but for the wave with H, + 0, 
H, = H, = 0, E, =0, E+ 0, E;--0 we obtain from (20.32), (20.33) and 
the field equation curl E = —iwH/c 


„O p 9E. PE, 











Bd ca ME 
oH, E Bh (2E, ZE 
K E ed E A z 
oy ar f m w? (aye Tag J} (Ree) 
0H, w Bh [OE, OB, 
az c 2 j w?/c? ( oy? dy Oz J^ 
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where € = 1 — 4ze? N[mo? is the ordinary permittivity of the plasma and 
Bp = xT me. 

When £7 0, equations (20.34) are equivalent to those examined previously 
(19.2) with e’ = e. Since in a non-relativistic plasma f} « 1 (e.g. in the Earth's 
ionosphere f ~ 10-7) the allowance for the thermal motion (i.e. for spatial 
dispersion) can be important only in exceptional cases. These include that of 
the field singularity where & = 0. 

We shall seek a solution of equations (20.34) in the form H, = G (z) e7 i^e, 
E, = F,(z) e *^^wle, E, = F(z) etel, where x, = sin). Then, eliminating 
F,(z), we obtain two coupled second-order equations for G and F,: 


ag 1 de dG | o? 


»s Prao de dF, 
ge Bok dz dz’ 02>) 


2 
F, Xo W 


d2 w? 2 .2 2 
i2 tou (E€ — Broo) F = -a fr- 1) G. 





Pr 


When r = 0 the first of these equations naturally gives (20.1) with &' = e; 
in (20.35) absorption is assumed absent, and it may be noted that the result 
is more accurate when fh is replaced by 307 (see $ 8). 

Thusthe allowance for the thermal motion of the electrons leads to equations 
of higher order. The solutions of (20.35) correspond to normal waves of two 
types, which allow a representation of the wave field as a superposition of 
electromagnetic waves and plasma waves only in certain particular cases, 
or outside the region where e is small. For example, if «, = sin0, = 0 (normal 
incidence), equations (20.35) become independent. The first of these is the 
same as (20.1) with ce’ = € and o = 0, and its solutions correspond to electro- 
magnetic waves. 'The second equation becomes the equation for plasma waves 
in the quasihydrodynamic approximation: 


d F, | o? e(z) 


dz c p 





F,=0. (20.36) 


For a homogeneous medium this gives for thc refractive index ng of plasma 
waves, in accordance with (8.9), the expression 


1 — exo 


n= Pe C 


For oblique incidence (x, + 0) the field cannot, strictly speaking, be divided 
into electromagnetic and plasma waves. If the normal solution which is damped 
in the region of negative e(z) is chosen, its asymptotic behaviour will therefore 
represent electromagnetic waves (incident and reflected) and a plasma wave 
(reflected) below some point of “interaction”, where & = fhao. 
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It is easy to see that, if e(z) has no singular points and f} + 0, the solutions 
of equations (20.35) will be analytic functions in the region of interest to us. 
The singularity of the solution at the point where e(z) = 0 appears only when 
the small parameter f, which is the cocfficient of the highest derivative 
in the fourth-order equation which is equivalent to (20.35), tends to zero. 

Thus the allowance for the thermal motion of the electrons in fact removes 
the singularities of the electromagnetic field. As already mentioned, this 
occurs because an electromagnetic wave in the resonance region incident on 
the layer causes a plasma wave whose energy is then converted by collisions 
(if present) into that of the thermal motion of the electrons. This mechanism 
of energy dissipation naturally results in a finite value of the energy density 
in the resonance region.T 

If x) = sin, is not small, the interaction between the electromagnetic 
and plasma waves is only slight. On solving the equations (20.35) by successive 
approximations, we can show that the order of magnitude of E, at the resonance 
point is given by 


o |G (0, %) | ; 


| Ez]; -oc à 
(Br/e)s 


(20.36a) 


The same result can be obtained by the following simple arguments, and we 
shall not go further than these. The equation of motion of electrons under 
the action of the component Z,, taking account of collisions and of the pressure 
gradient, is 


—w Nmr + iovgaNmr —eNE, —xTONJ[0z; (20.377) 


here the motion has for simplicity already becn supposed harmonic, with 
all quantities proportional to e'^*, and evidently r = v/iw is the displacement 
of the electron. Using the equation of continuity 


aN/at + div(Nv) =0 


and putting 0N/0z ~ kN', 0N[0t = io N', div(NT) ~ iwkN|r|, where N' 
is the small deviation of the electron density N from its equilibrium value 


T The quasihydrodynamic method used here cannot, of course, lay claim to quanti- 
tative accuracy. There are, however, reasons for supposing that, at least in an isotropic 
plasma, this method gives a correct qualitative description and leads to formulae which 
are correct to within factors of the order of unity. Nevertheless, the problem of the 
singularity of the field at € = 0 certainly ought to be examined by the Boltzmann- 
equation method also. This is really necessary not only when collisions are neglected 
and the occurrence of plasma waves is taken into account, but also when v, is suffi- 
ciently small, in which case spatial dispersion cannot be neglected in the region e ~ 0 
(see above). 
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and 1/k a characteristic dimension of the wave field, we can write equation 
(20.37) as 


—o?Nmr + twrg:Nmr = eN E, — xTkNr. (20.38) 


This shows that the allowance for the pressure gradient (the term xT k2Nr) 
is akin to the allowance for collisions (the term £c v, N mr). It is therefore 
reasonable to suppose that, in order to take account of the pressure gradient 
(i.e. plasma waves), neglecting collisions, we should replace v«t;/o by x T k?/mw? 
in the formula previously obtained when allowing for collisions: 


Xo [G(0, a) | 


9 
jaz + ioo] ee 


E.) ~ 


The characteristic dimension 1/k may be taken to be the distance Az over 
which | Z,|? decreases by a factor of, say, two. This decrease will evidently 
be obtained if adz ~a/k ~xTk?/ma?; see (20.19), where vet/œ is replaced 
by x7'k?/mw*. Hence k ~ (mo?a[x T)5, and the value of the field E, at the 
resonance point z = 0 is given in order of magnitude by 


xa |G (0, x)| ^ o|G(0, a) | 
|Ez\2-0~ Pee ee ANGUS AEN, EE 
x T km w (Br/o)8 
which is exactly the same as (20.36a). 
Thus the effect of.plasma waves in our problem may be compared to that 
of absorption by using an effective collision frequency defined by 


valo = (Prl 
= (x Tm) (ajo)? (20.40) 
a= |de/d2|. 


For the E layer (Bp ~ 2 x 1075, a = 1075 cm~}, 4, = 100 m), veg ~ 10? sec-! ; 
for the F layer (Bp ~ 2 to 4 x 10-4, 4, = 30 m), %q ~4 x 10? for a = 107? 
and veg ~ 2 x 10? for a = 10^$. 

These figures show that the allowance for the effect of plasma waves might 
sometimes (a — 10-9) be as important as the allowance for collisions (with 
Ve; ~ 103). In the ionosphere, however, even ignoring the influence of the 
Earth's magnetic ficld (see $ 27), absorption would still play the dominant part. 

This effect of interaction between the transverse and plasma waves is, 
perhaps, of still greater interest when the problem is differently stated: it 
leads to the possibility of the transformation of plasma waves into electro- 
magnetic waves in an inhomogeneous medium, which is important in the 
solar corona, for example [133]. 
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The mutual transformation of an interaction between longitudinal 
and transverse waves in a plasma 


Hitherto we have discussed the regular transformation of waves. If there 
are in a plasma sufficiently small random inhomogeneities of the electron 
density, the scattering of plasma waves by these inhomogeneities and their 
conversion into electromagnetic waves and vice versa occurs even outside 
the region where & «: 0. The mechanism of this scattering is that, under the 
action of ‘the field of the incident (plasma or electromagnetic) wave, the 
plasma inhomogeneity is polarised, i.e. acquires an induced dipole moment; 
we assume that the inhomogeneity is small in comparison with the wave- 
length, so that the higher multipole moments are unimportant. Such a dipole 
in the plasma emits in general both electromagnetic and plasma waves. The 
mechanism of the transformation of plasma waves into electromagnctic waves 
by scattering seems to be of importance in the solar corona; see [136] and § 36. 

We have used the term “interaction” to describe the transformation of 
transverse waves into plasma waves and vice versa. To avoid misunderstanding 
it should be emphasised that we refer here, of course, not to the interaction 
due to the non-linearity of the plasma but to an entirely different concept. 

Normal waves in an inhomogeneous plasma are, in general, approximately 
the same as those in a homogeneous medium only in the approximation of 
geometrical optics. In cases where this approximation is invalid, wave propa- 
gation in an inhomogeneous medium differs considerably from that which 
occurs in a homogeneous or quasihomogeneous medium. This difference can, 
if the problem is appropriately formulated, be related to or even reduced 
to the interaction of waves which are normal in regions where the approxi- 
mation of geometrical optics is valid. Such an “interaction” has been mentioned 
above in connection with an inhomogeneous isotropic plasma where the 
electromagnetic (transverse) and plasma (longitudinal) waves are practically 
normal everywhere outside the immediate neighbourhood of the point 
&(w, z) = 0. Near this point, for a wave with E, + 0, the divergence of E is 
non-zero and increases with decreasing e [see (20.30)]. At the same time the 
frequency of the incident wave w ~ « and even an approximate separation 
of the waves into transverse and longitudinal components may here be quite 
inadmissible. For waves far from the point e(w,z)= 0, the existence of a 
region where the approximation of geometrical opties is invalid is equivalent 
to the interaction of the different types of normal wave near the point & — 0 
(in the "interaction region"). In this sense, for example, the occurrence of 
reflection from the layer at normal incidence may likewise be regarded as a result 
of the "interaction" of waves travelling in opposite directions in the neighbour- 
hood of the “reflection point" e= 0. We shall meet this conception of 
the interaction of waves in an inhomogeneous medium again in Chapter V, 
for the casc of an inhomogeneous magnetoactive plasma. 


Propagation in an Inhomogeneous Isotropic Plasma 229 


§21. THE PROPAGATION OF PULSE SIGNALS 


The Fourier representation of a pulse field 


Up to this point we have discussed the propagation and reflection of waves 
of a single frequency (monochromatic waves). In practice, however, we often 
have to deal with pulses or signals formed by a group of waves. In the linear 
theory this case must be treated by resolving the wave ficld into a Fourier 
integral. 

We represent the incident planc wave at the boundary of the layer as 


oo 
Ey(t)= f g(v)ei"tdo: (21.1) 
by Fourier’s theorem | 
oo 
1 l 
glo) = 5> f E) e- iot dt. (21.2) 


For a monochromatic wave of frequency wọ we have 
E, =e! and g(w) = 6(w — ox), 


where 6 is the delta function: 
Í ó(o —w)dw=1] and ô(w@—w)=0 for w=+wo. 
- oo 
For a wave packet, i.e. a quasimonochromatic group of waves, the function 
g(w) is by definition very “sharp” and appreciably different from zero only 
in a narrow range of frequencies near the carrier frequency wọ of the signal; 
in other words, the spectral width Jw of the signal satisfies the inequality 


Aw « wo- (21.3) 


The field E,(t) in a quasimonochromatic group may conveniently be rc- 


presented in the form 
E,(t) = Ae", (21.4) 


where A (t) is a slowly varying function of t (except at certain points where A (t) 
may vary rapidly). In the simplest case of a “truncated sinc wave” we have 


A(t)=1 fo —iT«ct«1iT, 


21.5 
A(t)=0 for t 1T and t< —4T, ee 


ie. E, = e^t in the range — 1T! <t « 4T and E, = 0 outside this range. 
From (21.2) we immediately find g (c) for tho field given by (21.4) and (21.5): 


sin} (w — w) T 


z(o — o) (69) 


g(@) = 
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In this case we evidently have dw ~x/T, and the inequality (21.3) holds 
if the interval 7' includes many periods T', = 27/wọ, i.e. if T > To- 

After reflection of the pulse from a layer, or more generally after the pulse 
has traversed any path, the field may be written 


eo 
E(t)= f R(o)g(o) edo, (21.7) 
-œ 
where R(w) =|R(w)| is the amplitude coefficient of reflection (the amplitude 
attenuation factor) and (wm) is the phase shift for a monochromatic wave 
of frequency w. 

In (21.1) and (21.7) only the dependence of the field on ¢ is explicitly shown, 
since the waves are assumed to be plane waves depending only on one co- 
ordinate (z, say) in addition to f. At each point z we ask what is the form of 
the pulse in time. Naturally we could equally well consider the form of the 
pulse in space for a given f, i.e. the dependence of # on z. 

The linearity of the field equations has already been used in (21.7), since 
the waves of different frequencies have been assumed to be propagated in- 
dependently, i.e. R(w) and (w) in (21.7) do not depend on the nature of the 
pulse. 

According to (21.1)-(21.2) and (21.4) the fields E, and E can be written 


eo oo 
Est) = j f 4e) iiem mods, (21.8) 
"S 
1 
BW) = 3— f [Alm ettoromset- 201 R(o) do dn. (21.9) 


In the absence of absorption and with total reflection, R(w) = 1; this 
equation will be assumed to hold unless the contrary is specifically stated. 


Propagation of a quasimonoehromatie pulse without allowanee 
for spreading 


For à quasimonochromatie pulse (a group) we have as a first approximation 
p(w) = p(w) + Q¢' (o), (21.10) 


where ¢' (wo) = (do[do),.,, and 2 = w — wy. In this approximation 


co co 
: ; 1 ] ; 
E(t) = gt Wyl- igp (w) D f f A (5) egi 9U--3'(2)) an dw 


-o =00 


= A(t — q' (eg) eit- Fo (oo), (21.11) 
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since by (21.8) and (21.4) 


1l 
22 


oo oo 


f f A(n) é£?4€-0dndQ = A(t). 


-œ -œ 





It should be noted that the phase g (w) is directly defined only for positive w. 
It always appears in the form i[|w|t — (|@|)], and consequently i[wt — p(c)] 
in the integral (21.9) and similar integrals must be replaced by i[|w|# — g(|o)] 
= —i[ot 4-,9(|o|)] when w < 0. For this reason some caution must be used 
in dealing with integrals of the type (21.11); on this point see, for instance, 
[137]. In our case, when the function g(«) has a sharp maximum, there are 
no difficulties at the point 2 = 0 (i.e. w = wọ), since the region of negative w 
is unimportant: at w = 0 the frequency is 2 = — w, and w > 4a, so that 
in the integral (21.11) the lower limit — oo can be replaced by — wọ- 

If the result (21.11) is compared with (21.4), we see that in the first approxi- 
mation (21.10) the pulse retains its shape (as a function of t), but on reflection 
or transmission through the layer the phase of the wave is changed by o(«), 
and the whole pulse is delayed by the “group delay time"T 


A tgr = (dp/da) a0, = 9 (c). (21.12) 
We can also define the “‘phase delay time" [see (21.11)]: 
Atp = g(oo)/a. (21.13) 


Instead of the times At,, and At, we frequently use the group and optical 


path lengths: 
Le =CA ty, Lyn = Lo =c tp: (21.14) 


The group path length Lgr is evidently the distance traversed by the group 
in time Atr if it moves with the velocity. of light in vacuum. The optical path 
length L, has a similar significance with At,, in place of A tgr. 


Phase and group velocities of waves 


In order to relate the times A tgr and At,, to the group and phase velocities, 
as is usually done, let us consider the propagation of a pulse in a homogeneous 
isotropic medium. We shall take g to be the phase shift on traversing a path z, 
i.c. H,(é) is here the field at z = 0 and Æ (t) the field at z. Then 9 = wn(w)z/c 
[see (7.6)], and in the approximation (21.10) we have from (21.11) 


E(t) — A ( — (ever) | gi Wot — iw, n (as) zie, (21.15) 


T The meaning of this is as follows: if the incident pulse appears at some chosen point 
at time t = 0, and E(t) ^ 0 for t < 0, the reflected pulse appears at that point (in this 
approximation) at t = p' (cw), before which E (t) = 0. 
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Hence the phase is propagated with the phase velocity 
vpn (Wo) = 2/4 tpn = c/n (Wo) = (E), (21.16) 


where k = wn(w)/c is the magnitude of the wave vector. 
The whole pulse is propagated without distortion with the group velocity 


€ 
veel) = 214 fer = onoi) 
i m 
EE ^5 55 b (21.17) 


If n? is defined by (3.5), i.e. n? = 1 — 4ze?*N[mo*?, then 


Ugo — Co (21.18) 
and so vg, tg, = C?. 

The relation n? = c?k?/wm*? = 1 — c/o?, incidentally, holds not only for 
a plasma but also in various other cases, e.g. in simple waveguides (here, 
of course, the significance of wy is quite different, and moreover no expression 
for n is usually written down in waveguide theory, the equivalent expression 
w? = w + CK? being used). The results obtained above can be applied in 
all such cases. Most of the results of this and some other sections are valid 
whatever the form of the function n (o). 

In a homogeneous medium 


Lor = C2fUgr 
=zd(wn)/dw 
= d(w L,)/dw 
=L,+odL,/do, 


L, = C z/Vpn 


(21.19) 


= nz, 


where z is the group distance traversed. 

Since in the ionosphere (neglecting the effect of the magnetic field) we 
always have n? <1, it is clear that vj, > c and vg, < c. Thus the signals 
are propagated with a velocity (the group velocity) which is less than that 
of light, in accordance with the theory of relativity. The group velocity vy, 
defined by formula (21.17) may, for some forms of n(w), exceed the velocity 
of light in vacuum, c. For example, in a region of anomalous dispersion 
dn|dco <0, and if n + wdn/dw < 1 the velocity v, > c. In such cases, 
however, we do not have a propagation of signals with a velocity exceeding c; 
the concept of the group velocity is here inapplicable. The reason is clear 
from the above calculations: formulae (21.11), (21.12) and (21.17) have been 
obtained by writing thc phase p in the form (21.10), and this is only a 
first approximation, corresponding to the linear term in w — wọ = Q in an 
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expansion of p(w) as a Taylor series. The pulsc is propagated without change 
of form in a dispersive medium only with this limitation to the term of order Q 
in the series expansion of the phase. When higher powers of Q are taken into 
account the form of the pulse changes: it is spread out and the concept of 
the group velocity is no longer definite without further specification. 

The concept of the group velocity as defined above is in general inapplicable 
also if absorption is present, unless the dependence of R on w may be regarded 
as negligible within the spectral width of the signal. In a region of anomalous 
dispersion this is not possible, since the absorption varies considerably with 
frequency. Thus in such a region the form of the signal varies considerably 
during its propagation. Consequently, formula (21.17) has no physical signi- 
ficance in this range of frequencies (ie. does not determine the velocity of 
the signal) It should be noted that some meaning may still sometimes be 
assigned to the concept of the group velocity even when absorption is present, 
but of course there is no direct relation to formula (21.17). This will be dis- 
cussed in $ 22. 


Spreading of pulses 


The propagation of a signal in a homogeneous isotropic dispersive medium 
taking account of the distortion (spreading) ofthe signal, has been investigated, 
in [138]. It was shown that the forward front of the signal is always propagated 
with the velocity of light in vacuum. This result is quite reasonable, since 
the spectral resolution of a signal of finite width includes arbitrarily high 
frequencies, for which n — 1 and vy, — vp, > c. However, the contribution 
of these high frequencies in a long signal is quite negligible. Consequently 
the part of the signal which adjoins the forward front (called the ‘“‘precursor’’) 
is usually of negligible intensity. The most important part of the signal is 
that where the intensity is relatively large (the “main part" or “body” 
of the signal). For a homogeneous medium the manner of variation of the 
signal intensity has been examined in [138], and for a plasma in more dotail 
in [139]; the casc of an inhomogeneous medium and spccifically of a plasma 
(the ionosphere) is discussed in [137, 140, 141]. 

To calculate the change in form of the main part of a quasimonochromatic 
pulse when it is propagated in an arbitrary non-absorbing medium, it is usually 
sufficient to add one more term in the serics expansion of the phase [sce (21.10)], 
putting 

p(w) = p(w) + Qe (o) + 3*9" (09). (21.20) 


The field E (t) then becomes (see (21.9)] 


eo oo 
E(0) = htio | f Aen emi nen tiem (od dn dQ, (21.21) 
7 
-œ - 00 
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putting 
(2+ I) gp" =k, (21.22) 
ie. with £ as variable in place of Q, and using the fact that 
f eit#2d&=1—i, 
we obtain eo 
E(t) = eh gat ipw) fI; 7 A gi(n-t*o»[2s" qd 
(= [us 40 n. 


Replacing (n — t + 9 i ' by izw?, we have finally} 
= £(1 — i) efmot-t 9 (we) d A [t — 9' (ex) + V(z 9" (o,)) u] du. — (21.23) 


If the derivative 9' (axi is sufficiently small, the expression (21.23) of course 
becomes (21.11), as it should, since 


f &"*au-14i. 
-—co 
The above calculations are not sufficiently correct, however, since, as has 
already been pointed out, the sign of the phase (|œ |) must be changed when 
w < 0. This is not important if we can to a good approximation replace the 
limit — co by — w, in the integral over Q in (21.21). After substitution of (21.22) 
this replacement leads to the appearance in an expression like (21.23) of the 
following integral over Å: 


yr — fece dë 


=}(1— i) + F*(— 5), (21.24) 
where E = — l/(g"'[zr)e + [y — t + 9'(o9)]/V[z o" (w,)] and F is the Fresnel 
integral: 


u 
F(u) = f e"? du —C i8, 
0 


F* =C —iS= f[eiv?du, 
i (21.25) 


C(u) =œ $ + (L/x u) sin 4} zu? 


for u> 1. 
S (u) ~ 1 — (1x u) cos 3 mu? 

t For definiteness we suppose that o" > 0. If 9" < 0, we obtain the same results on 
changing sign in the substitution of variables, but with y[z |p” (c) |] in place of ying" (w,)]- 
If 9" = 0, of course, the subsequent terms in the series expansion of p(w) must be taken 
into account in order to see how the signal is spread out. 
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The expressions for C and S when u l are accurate to order 1/n?u8, and 
so they are valid to within about 19, when u 2 3. 

In going from (21.21) to (21.23) we have put F* = F*(oo) = }(1 — i) 
in (21.24). If this is not done, then in (21.23) the factor 1 — i in the integrand 
must be replaced by (21.24) with u instead of (y — t + 9')/V(a"), i.e. by 
4(1 — i) + F*[y(g"[zm)o, — u]. This is equal to 1 — i, as it should be, if 


Vio" («)/z]e > 1 (21.26) 
and if also in-the integral (21.23) the important values of u are ~u, such that 
V (p/n) > Up i (21.27) 


(with u, > 0). The conditions (21.26) and (21.27) may be replaced by the 
single requirement that |/(9''/z)eg — u should be large throughout the signi- 
ficant range of integration in (21.23). 

When the conditions (21.26) and (21.27) hold, the spreading of the signal 
is determined by formula (21.23), which can be made more specific only if the 
function A (t) which gives the form of the original (incident) signal is known. 
For a “truncated sine wave", i.e. the rectangular pulse (21.5), we have 


(T- 6)/V(29") 


E(t) = $ (1 - i) gi evt - igo) f gine du 
-0/¥(2@") 
=} — py eint- iro) M CLE —F netu NR ien) 
2 ir ( TERI Erol J^ 





T —0 0 

Eol- (re) "eria 
Here F is es Fresnel integral (21.25) and 

= 4T + t — p' (w). (21.29) 
Evidently 6 is the time measured from the instant — 4T + 9' (c) when the 
signal would pass the point considered if there were no spreading. 

If the signal is so long that 

T > ing" (o). (21.30) 
the distortion of the signal is of interest only in the range 0 « T near 0 = 0 
and the range T — 0 « T near 0 = T, i.c. at the ends of the signal. In this 
case we have for the front of tho signal 
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For the back of the signal we have the same formula with — 0 replaced by 04, 
the time from the instant 1T + y'(w,) at which the back of the signal would 
pass the point considered if there were no spreading. 

The expression (21.31) is well known, as it gives the intensity of the wave 
field in Fresnel diffraction at the edge of a plane screen. Fig.21.1 shows 
a graph of the function |Æ (u)|, where 


u = OIV irg" (wo)] =[37 +t—- ' (Mp) Vt o" (wo). 
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Fic. 21.1. Form of the front of a pulse, originally rectangular, passing through 
i a medium. 


The maxima of this function correspond to 0/V[zg" (c)] = 1:22, 2-35, 3-08, 
3:67, 4:18, etc.; the minima are at 1:87, 2-74, 3-39, 3-93, 4-42, etc. The values 
of |#| at the maxima and minima are shown in Fig.21.1. It may be noted that 
at the first maximum (6///(ap'’) = 1-22) the intensity | E? | is 1-36, the intensity 
of the original signal being taken as unity. At 0 = 0, i.e. when (in the absence 
of spreading) the front of the signal would pass the point considered, and. 
the amplitude would change discontinuously from 0 to 1, the amplitude given 
by (21.31) is 
|E| — 4. (21.32) 
The time required to reach a steady signal amplitude is defined, as we 
see from (21.31), by the parameter 


To = Virg" (0)]. (21.33) 
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It is clear that this time must be determined by the quantity p” (wo), and the 
square root in (21.33) follows from dimensional] considerations. 

The time to establish the steady value can be exactly determined if the 
limit of permissible deviation is fixed. For example, the time v between the 
instants when the amplitude becomes constant to within 5 per cent for 0 > 0 
and when |#| = 0-05 for 0 < 0 is shown by Fig. 21.1 to be about 87. 
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Fio. 21.2. Form of a reflected signal for 7'/t) = 1,3 and 5. The broken lines show 
the original shape of the pulse on the same scale. 


If the condition (21.30) is not satisficd, we must use formula (21.28), and 
the form of the signal is given by the parameter T'/r, = T/VẸro" (w,)]. The 
amplitude of the reflected signal |#| given by (21.28) is shown in Fig. 21.2 
as a function of the variable 0/t, for T/t, = 1, 3 and 5 (the amplitude of the 
incident signal being taken as unity). 

The condition (21.26) for the expression (21.28) to be valid may be written 
[see (21.33)] 

Vip" (@9)/1] wo = Town = ZTT > 1. (21.262) 
In the ionosphere, the estimates of v, given in $ 30 show that this condition 
is usually well satisfied. In (21.27) we can take for u, the limits of integration 
(T — 0) (x9) and —O0/l/(zo") in (21.28) if they are positive. Assuming 
for definiteness that |0] — T, we have the condition (21.27) in the form 


p” (ow > T. (21.272) 
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If (21.3) holds, and T ~1/Aw > 1l/o,, the conditions (21.27) and (21.27a) 
are less stringent than (21.26) and (21.26a), and therefore only the latter need 
be considered. More precisely, the condition (21.27) is significant in this case 
only in the regions T — 0» T and —0 >T; these evidently correspond 
to the remote “precursor” and “tail” of the signal, where the field |Æ] is 
negligibly small. 

The quantity g”, like the phase g itself, increases with the path length 
traversed by the signal. The conditions (21.2623) and (21.27a) are therefore 
requirements that this path should be sufficiently long. 

When absorption is present the whole problem must in general be re-examined. 
If, however, as sometimes happens, the amplitude of a wave of frequency o 
or the reflection coefficient R(w) varies only slightly over the spectral width 
of the signal, we can put R(w) = R(w,), and so all the formulae obtained 
remain unchanged [except, of course, for the factor R(w,)]. It must not be 
forgotten that the absorption also affects the phase o (œw), but in the general 
discussion given above this fact is, of course, unimportant. 


The limits of applicability of the approximation used, and some 
more accurate results 


The results so far obtained are limited also by the initial relation (21.20), 
in which terms proportional to Q?, Qt, etc., have been omitted. 

The condition for these results to be valid may be found by estimating 
the importance of the next term, 39" (wo)/6, in an expansion such as (21.20). 

Apart from the remote “precursor”? and “tail” of the signal, in which 
waves are represented whose frequencies differ considerably from wọ, the 
range of Q which is important in all the integrals is of the order of Aw, the 
spectral width of the signal. Hence the term 2°¢'''(qw,)/6 may be neglected 
in comparison with the previous term if 


p” (ex) Aw p” (Wo) 
Sp") ^ wf E pe 


If, for example, o(w) = constant x c", where the exponent m is not very 
large, the inequality (21.34) follows from the condition (21.3) for quasimono- 
chromatic signals; for such signals, i.e. when 


T >T, (21.32) 


we may therefore neglect the terms in Q?, 04, cte., in the main part of the signal. 
This is confirmed by a quantitative assessment of the importance of the term 
39" (99/6, which can be carried out by calculating the field on the basis 
of the expansion 








1 1 
9 (o) = e (a) + Q ' (o) + a? P” (c) + s 2v" (o9. (21.35) 
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We then obtain for F(é), instead of (21.28), the expression [141] 


de nca T —06— [39 (o9)] y i 
E(t) = ot- ig (a) + 
O= Tm * P i [e Coal y Viz 9" (2)] 


+F puii v(y)dy, (21.36) 
0 





where 1 m 1 
v) m ys | eos( e nv)ds 
0 


is the Airy function. 
When o'"(c,) = 0 the expression (21.36) becomes (21.28), as it should, 
since 
oo 
f oy)dy = ya. 
In the approximation (21.35) we see from (21.36) that the signal is characterised 
by the parameter 
B = Io" (oo) BV erp" (009)] (21.37) 
as well as by zy = Virg" (wp)]- 

In the conditions in which radio waves are reflected from the ionosphere, 
B = 0-1 to 0:3, and calculations [141] based on formula (21.36) show that in 
the main part of quasimonochromatic signals the accuracy of formula (21.28) 
is at worst a few per cent. The use of this formula is invalid in practice only 
for very narrow signals, where the conditions (21.3) and (21.3a) do not hold. 
Such short pulses, with T S T, = 22/w) = l/fy, are not usually of interest 
in the propagation of radio waves in the ionosphere; in radar probing of the 
ionosphere we have in most cases 7' ~ 107* sec when 7, ~ 10-9 to 10-? sec. 
However, the discussion in [139] and below shows that formula (21.28) is appli- 
cable near the points 6 = 0 and 0 = 7, cven for short signals. 

The general investigation of the propagation of short pulses and of the “pre- 
cursor" and ''tail" of any pulse offers considerable difficulties. For a homo- 
geneous ionised gas this problem has been considered in detail in [139], where 
for a rectangular signal (21.4)-(21.5) which has traversed a sufficiently long 
path the following simple expression was finally obtained: l 


| E(t, z)| = |F (u) — F (u2)|/y2, 
Uy = V(@o/2) c +47 — ze) V3 + n ()] — 
— y + 3T + 2/c) VY — (99); 
Uy = Y(w0/7) {V(t — 4T — z/c) VIL + n(09] — 
— yt — $T + zje) V1 — n(w0)]}, 
(Wp) = y(1 — 4x e N/m oy). 


(21.38) 
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Here it is assumed that the signal left the point z = 0 at time t = —} T; 
at z — 0 the signal is rectangular and of length 7, i.e. the signal ends there 
at t = 1T. Formula (21.38) is valid only when the signal has travelled so far 
in the medium that 
E » Ty. (21.39) 
Vr SC cn 
This is evidently equivalent to requiring that the difference between the 
time £4, needed to traverse the path z with the group velocity vy, = cn and 
the time z/c taken for this path by the front (“precursor”) ofthe signal, moving 
with the velocity of light in vacuum c, should be much greater than the period 
T, = 2x[o of the oscillations. It is also assumed that t > 4T + z/c. This 
means that only the field at a considerable distance from the front of the 
signal is considered. The latter is propagated with velocity c and reaches the 
point z at time t; = z/c — 47; the back of the original signal, if it moved 
with velocity c, would reach the point z at time t, = z/c + 47. 
In the casc of a homogeneous ionised gas considered here we have 
q (c) = «n(o)2[e, 
9' (Wo) = tg. = z[en (w), and 
|p" (ao) | = (z/c) (l — n?)/m* oy. 
Using these relations, we see from (21.38) that, near the point 
E =t, — T —z[cn — 1T, 
we have to within terms of order (t — tg + 4T} 
wù (t— ter + $7) Vic" (09)] = [VI o" (wo)]. 
Similarly, expanding ug in series about the point t = tyr + 47, we obtain 
us = (0 — T)y(ng), where 0 = t — tg + 1T. 

Substituting in (21.38) these values of u, and «,, we find that it becomes 
(21.28). This was to be expected for sufficiently long signals, of course, since 
formula (21.28) must be valid for the particular case of a homogeneous medium. 
However, we now see that formula (21.28) applies even for short signals (as 
already mentioned) near the points 0 = 0 and 0 = T, at least in a homogeneous 
plasma. At a considerable distance from thesc points, a case which is of interest 
for strong spreading of short signals, formula (21.28) eannot be used, but 
formula (21.38) is valid for a homogeneous ionised gas. 


§22, ENERGY DENSITY IN A DISPERSIVE MEDIUM. 
THE VELOCITY OF SIGNALS IN PLASMAS 
WHEN ABSORPTION IS PRESENT 
Introduction 


In order to elucidate certain points, it is necessary to obtain an expression 
for the energy density in a dispersive medium. The energy density of the 
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electric field in an isotropic medium is often taken to be 
Wy, = E-D/8a = eE?/8 x. (22.1) 
In a monochromatic wave E = E,sinw,t, and we then have 
W g = (e E28 x) sin? wg t ] 
= (e .Eo/16 x) (1 — cos2 o, t), 
Wer = (e/82) - } E3 
=€ E*/8 7, 


(22.2) 


where the bar denotes averaging with respect to time. 

Now let £(c,) < 0, as is entirely possible for a non-absorbing ionised gas, 
where (w) = 1 — 4ze? N[mo?. In this case Wg < 0, and Wp < 0. But the 
density of electric energy cannot take a negative value. As œw — 0 (a static 
field) this is clear from thermodynamic eonsiderations: in a state of thermo- 
dynamic equilibrium, Wz is the density of free energy (see, for example, [2]), 
and in the isothermal case the value of Wz is à minimum; if Wp < 0, the 
minimum corresponds to Wyg- — oo and Ẹ?— oo, which is obviously in- 
correct. Furthermore, when absorption and thermal motion are neglected, 
in accordance with the above expression for (œw), the energy density in the 
medium is the sum of the energy density W$ = E?/8x in vacuum and the 
energy due to the polarisation of the medium. When there are free charges 
(as in a plasma) the latter part of the energy is the kinetic energy of the ordered 
motion of the charges, i.e. it is certainly positive. Thus we see that Wz = 0 
in a plasma for any frequency when absorption is absent. Thus the expressions 
(22.1) and (22.2) cannot be valid in the general ease. 


Energy density in a non-absorbing dispersive medium 


To elucidate the question, let us turn to Poynting's original thcorem, 
which expresses the law of conservation of cnergy and follows from the field 
equations (see, for instance, [2]; the magnetic permeability u = 1): 


t 
S MUN LH LL [uas ies =| 
4t at 4n at at 4n 0t V 8a 
= —j-B—cdiv(E X H)/Am. (22.3) 


From this it follows, at least in thc absence of absorption (i.e. when j. E — 0), 
that the electric cnergy density is 


punc. E fib (22.4) 
4n 
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For a monochromatic wave E = E,jsincot we have D = &(w,.)E and 
Wg(t) = £E?*(t)/8z: + constant. The arbitrary constant] included here cannot 
be determined for a monochromatic wave specified for all ¢, and so in this case 
there is no meaning in saying that Wy is negative when e < 0. At first sight, 


however, it seems that the deduction that Wp is negative is valid also for 
a quasimonochromatic wave: it is sufficient to suppose that the wave is not 
monochromatic but quasimonochromatic and then that E 0 as t-> — oo 
and the field energy density W g(— oo) = 0, so that the additive constant is 
zero. It appears that the change from a signal of infinite duration to one of 
finite but arbitrarily long duration cannot affect the expression for the energy 
density; the result is that for a quasimonochromatic wave with € < 0 we 


still have Wz < 0, but this must be incorrect. We shall now show that for 
a dispersive medium the transition from a monochromatic to a quasimono- 
chromatic wave must be made with greater care, and that the paradox just 
stated is then resolved. 


Let us consider some field 
oo 


E(t) = f g (o) ei^td c 


-œ 


= f [g(o) eet + g* (oe do, (22.5) 
0 


where the second expression for Æ (t) is obtained by using the fact that it is 
real; in discussing energy relations it is convonient to use a real field through- 
out. Evidently S 
D(t) — f &(o) [g(o)é + g* (o) eted v», (22.6) 
0 

where we have used the fact that (cw) — £(— «), a condition which is quite 
generally satisfied.TT 

The general expression for the energy density is now obtained by substi- 
tuting (22.5) and (22.6) in (22.4). It is 


t oo co 
1 1 
Wee f f f toto eto) etm + complex 
our conjugate} d o d o d t 4- 
t co oo 


1 : 
t asl ff (g (co) g* (w) e E(w) e -9?* +. complex 
BOT conjugate) d c d o dt. (22.7) 


T More precisely, we may speak of an arbitrary function of the coordinates, independent 
of time, which could also be added to (22.4). 
tT The equations e(~w) = e(v) and o(—w)=o(w), from which it follows that 
e (— w) = &'* (w), are derived from the requirement that D and j are real for any real E ; see 
(22.5), (22.6) and the corresponding expression for j. 
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Let us now consider the case of a quasimonochromatic pulse, when the 
function g(w) has a sharp maximum near the carrier frequency wy). Putting 
w =w, +Q and o' = a, + 2’, we can write e(w) as a first approximation 
in the form (w) + 2(de/dw),. For a sufficiently narrow pulse the term in Q2 
may be neglected, but the term in 2 may not, as we shall see. Next, in the 
first term in (22.7) we have factors exp(27w,t) and exp(—2iwof), and these 
give zero on averaging over time [cf. (22.2)]. The second term in (22.7) is equal 
to the mean energy density Wz and, if terms of order Q? are neglected (the 
averaging being always over times large compared with 27:/0,), we have 


t oo oo 
m 1l 
Ws-u-f f [959-2 
0 -œ -%0 
x Tiwo E(w) + Q elw) + Q w (d e[d w) ol e (9 - 9?! + 
+ complex conjugate) d Q d Q' dt; (22.8) 
here the lower limits of integration have been taken as — oo, since in fact 
only a narrow range of frequencies near wọ is of importance in a quasimono- 
chromatic pulse. 
It is easy to see that the part of (22.8) which contains the term wy é(w) 


is zero; in this case the complex conjugate is the same with the opposite sign. 
Thus 


Me 1 oD 1 de 
sea [Bae mu O + ml» 
t 


ff feosesmem e meems 
i + complex conjugate) dQ d O' dt 


pere pen pm m 


the suffix 0 to the brackets signifying that the derivative is taken for w = wọ. 





a=: 1 
If we use the complex field E, then Wy = 165 d (ee)do) E: E*. 


The second expression in (22.9) is obtained from the first by means of the 
result 
t 
1 rop l 
lur 
0 





t 
dE 
w TB. qr E(t); 
4z WY | j; à! (t) 
0 


we can put E(0) = 0, since there is no field at the beginning of the process, 
and the choice of the point t = Qis arbitrary. Expressing 4 x W= f E. (0 Ej[0t)dt 
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in terms of Fourier integrals, using (22.5) and separating the high-frequency 


part from the part independent of time, we see that 1E? is exactly equal to 
the integral in (22.9). The derivation of (22.9) is also given in [22, 36, 120, 
142, 143] (see also Appendix B). 

The expression (22.9) shows that when dispersion is present the allowance 
for non-monochromaticity is important: it leads to the replacement of e(o) 
by € + wde/dw. When e = 1 — 4ze?N[mo? we have 


d(we)/dw = 1 + 4ze? N[mo*? = 2 — e. (22.10) 


This expression is always positive, and so the paradoxical result described 
in connection with (22.2) is in fact erroneous, and the energy density in a 
plasma without absorption is positive, as it should be. 

The question may arise of what happens in a non-absorbing medium without 
dispersion withe <0. In thiscase the derivative de/dw playsno part, and Wg < 0. 
The answer is simply that such à medium cannot exist; this is proved by the 
impossible result just mentioned and is, of course, confirmed also by calculating 
é for any actual media. The paradox in the conclusion that Wr <0 for a 
quasimonochromatic wave, which could be obtained by starting from (22.2), 
lay in the fact that the derivation was valid for an actual medium with 
e = l — 4ze?N[mo*. 


The case of an absorbing medium 


The above derivation of formula (22.9) remains valid even when absorption 
is present, since it has nowhere been assumed absent. Here another problem 
arises. For a plasma with w? « 24 we have & ~ 1 — 4zre? N [my?s [see (3.11)], 
and € may be negative for certain values of N and »,g, even if dispersion 


is absent, so that by (22.9) we have Wg < 0. 

In this case, however, the expression (22.9) does not represent the total 
mean density of energy. It must be emphasised that, when absorption is present, 
it is not in general possible to introduce phenomenologically the concept 
of the mean electromagnetic energy density. This is formally due to the fact 
that, when absorption is present, the expression (22.3) which gives the law 
of conservation of energy contains two volume terms: 


t 
Q 1 cD H? Q 
coq atcp qui gates Waal E, 
at il or eag ay (at Wa) 
0 


and j* E. For this reason it is not clear, especially as regards the averaging 
over time, how we can uniquely divide this sum into parts corresponding 
to the change in energy and to dissipation; the example given above shows 


that, when absorption is present, it is not permissible to continue to take Wy 
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defined by (22.9) as the total mean energy. If a particular model of the medium 
is used, the problem of the energy in the presence of absorption can be more 
eompletely understood. 


Energy density in a plasma 


Let us consider the motion of electrons in a plasma by means of the Boltz- 
mann equation (4.2), omitting the term v * grad,f (the case of spatial homo- 
geneity). Then, multiplying (4.2) by mv? and integrating with respect to v, we 
easily obtain (for details see Appendix B) 


ə EX E OD l 
—— ———|2——.———— T uz x 2 ` 9 , 
arr =) mathe [om de. (22.11) 


where J^ isthe kinetic energy, and we have used the results that for a plasma 


__ 1 (D-E),, 
= ah EY +jrefvfde, 


X = [km fdv. 


(22.12) 


The last term in (22.11) is the energy acquired by the heavy particles from 
the clectrons per unit time. 


Together with the theorem (22.3), (22.11) gives 
Of BEE AÀA NE Bea " 
arg) - tive x m- f mesas. (22.13) 


In the absence of collisions j = 0 and S = 0, and for a quasimonochromatic 


field 
HK = 





1 [d(we) = 
taldo 4, 
In the presence of collisions we put for simplicity do/dw = 0 for the quasi- 


monochromatic field (see also Appendix B): 
t t 


DON E [422] z fowa- [ [ame Sava. (22.14) 
0 





8z 82 dw 


Here the bar denotes averaging over a time long comparcd with 27/w), but 
short compared with the characteristic time of variation of the signal amplitude. 


Hence all the quantities in (22.14) may depend on £, and it is clear that # 
depends on the function S, and is not in general of the form constant x E?. 
It is also of interest to consider the energy relations obtained by using the 
equations for the mean clectron velocity r: 
d(mr)/dt =e E — grad U — m vtt, 


; : = (22.15) 
d(imr*--U)ydt—evr.E—mogq", 
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where U is the potential energy corresponding to a certain force, which is 
zero for free (plasma) electrons. With E = E, cos(wọt 4-9) and U=0 we 
obtain from (22.15) (sce, for instance, § 4) 





eee E ts 
AzeN E? 
mir ro amm d | Bar 22.16 
0 eff ( . ) 
2—8 = 
— à 
8z E. 


K =} m = e EJ[2m(og-- vix), 
since from (22.15) we derive the expressions (3.7) for e and c. Evidently the 
energy W is always positive, unlike the expression 

1 E 2] ER n ovk | 4 e? N (we — vert) | 
0 


NOUS | 
8z | dw r 8x T m (we + vesc)? 





2 


with which it coincides when v.g = 0. Here it may at first sight seem reasonable 
to regard Wp as the density of the part of the energy of the plasma which 
depends on the field (see [22, $ 68; 143, 144]). However, a comparison with 
the result of the kinetic treatment shows that the use of equation (22.15) 
and the expression (22.16) corresponds to a very definite assumption regarding 
the form of the integral f 1mv?Sdv. On averaging over a time long compared 
with 2 /w,) we must have (Appendix B) 

m N vg? = f 3mv Sde. (22.17) 


This is at least a very particular case, and the equation probably does not 
hold for the majority of plasmas. 
Energy density for an assembly of oscillators 


If, instead of a plasma, we have an assembly of independent oscillators 
with cigenfrequencies c, , equations (22.15) give 


2 Nm. 
&—1—5 ; n Nm; ; 
i @ — 0$ —to Voff, i 
W-Z sNE 22.18 
Nach (22.18) 
se Not ded E 
E hz (w? — w? + w? veg, J 82’ 


where N; is the density of oscillators having frequency «oj, Peg = Vef, is 
charge e; and mass m, [in (22.15) we have U; = 4m,w%rj). 
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If there is no absorption, ie. vm, = 0, then Wọ in (22.18) is given in terms 
of e by (22.9). When absorption is present, however, Wy cannot be expressed 
in terms of £ or ¢’ only, even for this simple oscillator modcl. A similar result 
occurs in electrical circuits (bipolar), where s’ is represented by the impedance, 
and the energy in different circuits with the same impedance Z = R + iX 
may have almost any value (if R + 0). Hence it is clear that, when absorption 
is present, we cannot give an expression for the mean energy density which 
would be obtained phenomenologically, i.e. would be uniquely expressed in 
terms of e'(w). Thus to calculate the field energy in an absorbing medium 
we must use the microscopic theory and a particular model of the medium. 
When the energy of interaction between the particles is neglected, and 
equations (22.15) and the elementary formula &' = 1 — w/w (wc — ivg) are 
used, a plasma forms an exception, since even in the presence of absorption 
the mean energy density Wy can be expressed in terms of e'; from (22.18) 
with œ; — 0 we see that Wy = (2 — e) E2/8zx: = (2 — ree’) E?/8x; even for 
a plasma consisting of several species of particle. 


Energy density in plasma waves 


The above expression Wh = (2 — s)E?*[8z forthe energy density in a plasma 
is a local quantity, i.e. it is independent of the way in which the field varies 
in space. In other words, spatial dispersion is neglected and the ficld may 
equally well be regarded as longitudinal or transverse (the polarisation of 
the field in a wave e'(!-*-7) is given by div E = —ik-E and becomes in- 
determinate as k—> 0). Hence the time average energy density in plasma 
waves (oscillations) is 

We = E*/Am, (22.16a) 


as follows from (22.9) and (22.10) or (22.16) with the condition € = ¢(w») = 0 
which corresponds to plasma waves (neglecting collisions). 
The result (22.16a) docs not contradict the fact that the expression (22.4), 


ie. (1/42) fE. (0Dj0t)dt, is zero for plasma waves in which 3 D/ðt = 0. 


The reason is that Poynting’s theorem [see (22. 3)] is no longer meaningful 
if we impose initially the condition curl H = (1/c) 9 D/0t = 0. If, however, 


we start from the energy density W g = E?/8 n + f imv*(f — fj)dv, it becomes 


pa, 
4n a 


B= ap tne fofde, 


where 
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only if two conditions hold. Firstly, we must assume that as ( — — oo we have 
f — fp (the equilibrium distribution function) and Æ > 0, i.e. W > 0; secondly, 
we use a Boltzmann equation of the type df/dt = — (e E[m)* grad, f. The 
former condition means that initially (t = — oo) there are no plasma oscil- 
lations, as must be assumed in considering quasimonochromatie waves. 
These waves, however, cannot appear spontaneously; they must be produced 
either by non-electric forces or by the motion of external charges, of density o. 
In the first case (for example, when electrons and ions are separated by gravity) 
the above equation for df/dt, in which non-electric forces were ignored, is 
not valid. In the second case, which is of much greater practical importance 
(for example, the plasma waves emitted by a moving charge), we have 
div D = 420, and we cannot put 0 D/0t = 0 throughout the interval of time 
considered. Thus the apparent contradiction due to the use of the expression 
(22.4) for plasma waves is resolved, and formula (22.16a) in fact gives the 
energy density in plasma waves, and also in transverse waves with a carrier 
frequency wọ for which e(w) = 0. In this case we may start from the ex- 
pression (22.4), but 0.D/0t is not identically zero, since a quasimonochromatic 
wave is being considered. For this reason the spectrum contains frequencies, 
other than wp, for which e and D = cE are not zero. It was this fact which led 
to the replacement of (22.1) and (22.2) by (22.9). 


Veloeity of signals in an absorbing medium. Application to a plasma 


In conditions where the expression for the energy density in an absorbing 
medium can be used, it is possible to define also the velocity of pulse signals 
propagated in that medium [143, 144]. 

The group velocity has been defined in $21 essentially from kinematic 
considerations, and the expression vg, = dw/dk is in fact valid for any kind 
of quasimonochromatic wave. This group velocity, being the rate of propagation 
of signals, must also have a significance as the rate of energy transfer. This 
is easily seen to be so by defining the rate of energy transfer as the ratio of 


the time average energy flux density S to the mean energy density W: 
Ven = S/W. (22.19) 


For a non-absorbing dispersive medium 


ee” Saeed es l [d — HB 
W= Wet Wi - u.s DE id 
8x | do 8x 





ol EA 
~ lóx| do 


where in the last expression we use the complex fields E = E,e'” 
and H = H, e”; the quasimonochromaticity of the field has already been 
allowed for in (22.20) by replacing & by d(we)/dw, and so in this equation 
the fields may be considered monochromatic. 


1 
| eee tg; eH, (22.20) 
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In any medium, as in a vacuum, the electromagnetic energy flux is 
S—cE x H/4n, 
8, = c(E, H, — E, H,)/40 (22.21) 
= cre (E, Hj — E, H¥)/8 m, 
for à transverse wave travelling in the z-direction, the fields in the last ex- 


pression being complex. 
For a transverse monochromatic homogeneous plane wave 


E = E,ét-F:D, H= Vek x Ejk, 
S, = cn E. E*[8z, k-E=0, (22.22) 
K? — o? e'[c? = w?(n — i x)? e, reye =n. 
In the absence of absorption Ve’ = Ve = n, k = wn/c and 
S, = cn E- E*[8m, 
= (n +w s) E. E* 


^? d(wn) 
=—_ 2OY ee 
82 do 


Ven = S/W — c + d(wn)/dw =d wjdk, 


W 


Il 


(22.23) 


i.e. Ven = vg, aS stated. 

When absorption is present, v,, = dw/dk is in general no longer meaningful, 
and may, for example, give values exceeding the velocity of light in vacuum c 
(see § 21). If, however, the cnergy density W in the presence of absorption 
is known, the velocity ven given by formula (22.19), which no longer equals 
dw/dk, must in some sense represent the rate of propagation of the signal. 

For a plasma, usingthe elementary formula for e’ and formula (22.16) for Wy: 





2 —— 
CS NER UNUM LC NY = cn E- E*[8m, 
w (w — € Voge) e 

- (22.24) 
W = [2 — e) E- E* + H- H*]6 | 

= (2—e+ |e'|) E- E*/16, J 
woe obtain 

Ven = S/W = 2cre Ye'/(2 — ree’ + |e |) =cn/(1 + x?). (22.25) 


In the absence of absorption x = 0 and Ven = cn = dw/dk [sce (21.18)]; 
ifø = 0 and e < 0, then n = 0 and v, = 0, as it should be for total internal 
reflection without absorption. From this and from other cxamples it is clear 
that formula (22.25) gives entirely reasonable results for the velocity of signals 
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in a plasma. It must be borne in mind, however, that the expression (22.16) 


used for Wy is a particular case and is not generally valid. Moreover, for- 
mula (22.25) may still be entirely inapplicable if the wave is appreciably damped 
over the length of the quasimonochromatic pulse considered (this point is 
discussed further in [144]). The latter statement is readily understandable, 
since the concept of the signal velocity in a medium is itself essentially an 
approximate one, describing the propagation of the signal while neglecting 
its change and distortion in the course of time. In the general case, any in- 
formation about the propagation and distortion of a signal in a linear medium 
can, of course, be obtained by analysis of the corresponding Fourier integral 
(see § 21). 


CHAPTER V 


WAVE PROPAGATION IN AN 
INHOMOGENEOUS MAGNETOACTIVE PLASMA 


$23. INTRODUCTION. THE APPROXIMATION OF 
GEOMETRICAL OPTICS 


The wave equations 


Iw THE discussion of electromagnetic wave propagation in an inhomogeneous 
anisotropic medium and, in particular, in a magnetoactive plasma the basic 
equation is [see (2.5) and (2.9)] 

a w? 


div E + 


Ps m &y (0, r) Ey = 0. (23.1) 
% 


AE; — 








For an isotropic medium, where ej, = 'd;,, the equations represented by 
(23.1) naturally reduce to (16.1). The corresponding equations for the magnetic 
field H in the wave are in general inconvenient because they are so cumber- 
some; they are obtained by eliminating the field E from the equations 


AH + (tw/c) eurl(D — 4z:j/o) = 0, curl E = —iwA/c, 
D; — Anijjo — ei (v) Ex. 


In the particular case of a plane-parallel medium, where ej; = e' (o, z), and 
for plane waves, the equations (23.1) are greatly simplified, but even when the 
waves are incident normally on the layer we have two second-order equations 
(cf. (2.18) and (11.3)]: 











ak. w? S ORAE 

da + z (A E, 4-1 C E,) — 0, 

PME (23.2) 
Ja +- C iON, BE)-0; | 


here A, B, C are given by formulae (11.3), in which the paramcters 
v = 42eN/mw2, u = w/w? and s = v,g/c depend on z. [In particular cases, 
of course, only one or two of these parameters may depend on z; a dependence 
of u on z occurs when the plasma is in a non-uniform external magnetic field 
HO (z).] 
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The equations (23.2) are equivalent to a fourth-order equation for E, or 
E,, whereas when waves are normally incident on an isotropic layer the 
components E, and E, satisfy the second-order equation (16.3). The compli- 
cations resulting from the use of (23.2) are mathematically so great that the 
exact solution of the latter has not yet been studied. It is, of course, assumed 
here that the magnetic field H® is at an angle x to the z-axis (i.e. to the normal 
to the wave) which is neither zero nor 4x. When œ = 0 or « = 32, equations 
(23.2) separate rigorously into two independent second-order equations, and 
so these particular cases are of especial importance both in themselves and 
when used (with certain modifications) as approximate solutions sometimes 
applicable for other values of «. 

The above discussion explains why approximate solutions are of even 
greater significance in the propagation of waves in an inhomogeneous magneto- 
active plasma than they are for an isotropic medium. They include first of 
all the approximation of geometrical optics, and also the phase-integral 
method and the method of perturbation theory. 


The approximation of geometrical optics 


The wide range of applicability of the approximation of geometrical optics 
is due to the fact that the properties of the plasma usually vary only slowly 
in space in the ionosphere, the solar corona and some other regions. The varia- 
tion is said to be slow if the indiees n g and xy » change very little over distances 
of the order of the wavelength in the medium. Evidently the propagation in 
any relatively small region of the layer may then be regarded as being the same 
as in a homogeneous medium, with the corresponding values of n > and »« 2. 

The nature of the propagation and reflection of waves in a layer of inhomo- 
geneous plasma in the approximation of geometrical opties is clear from the 
curves of ny »(v) for given u and «; sec Figs. 11.2, 11.3, 11.6, etc. (for simplicity, 
absorption is ignored). At the boundary of a layer, with v = 0 (ie. N(z) = 0), 
the.wave is split into an ordinary and an extraordinary component, which 
are thereafter propagated independently. If, for example, u < 1, then for 
v = vfo = l — Vu the index n, = 0, and the extraordinary wave cannot 
be propagated further (being damped when n? < 0). Hence, as in an isotropic 
medium (see $16), we may conclude that in the region n? ~ 0 there is total 
reflection of the extraordinary wave from the layer. The ordinary wave is 
seen from similar arguments to be reflected at the point v = v, = l. An 
exception occurs when the angle « is small. The region of reflection must then 
“jump” from the neighbourhood of vag = 1 to of} = 1 + yu. This “jump” 
cannot be explained on the basis of the approximation of geometrical optics, 
and is discussed in § 28. The fact that geometrical optics is invalid near 
Ugo = 1 for small angles « is immediately evident from Fig. 11.10, which 
shows that the properties of the medium vary rapidly with v in this case. 
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On the basis of the identifieation, in § 16 and above, of the approximation 
of geometrical opties with the possibility of regarding the medium as quasi- 
homogeneous, it is elear that in this ease the ehange in the wave phase during 
propagation must be given by an expression of the type (w/c) f Ny (2) dz, 
as in an isotropie medium. For a eomplete determination of the fields E, y1,2 
in the approximation of geometrieal opties, however, it is neeessary to eonsider 
the problem in more detail, as in § 16 (see [145]). 

We shall seck a solution of equations (23.2) in the form 


2 
E(x) = [BO (a) + p) +S (ressent, oua) 
w 
where r may be replaeed by z, sinee the only differentiations in (23.2) are with 


respeet to z. Substituting (23.3) in (23.2) and equating to zero the eoeffieient 
of eaeh power of the ratio w/c, we obtain 


(A — P?) BD +iCEP=0, | (23.4) 
—iC EQ + (B — V?) go — o, . 

(A — V?) E - iC E =(P" BO + 2 EQ), | TS 
-iC EQ (B P?) BP — iP" Ep + 2" BY”), 

(4 — V?) ED - iC BO — iP" BY + 2 EQ") — EQ", 
—4€ Ego + (B — Wn Eo =(P" EW +2 EQ») — EO", | (23.6) 


ete., where the prime denotes differentiation with respeet to z (U/' = dW/dz, 
ete.). 

Equations (23.4) for EQ are the same as (11.2a) for à homogeneous 
medium if n? is replaced by V/? (for simplieity, absorption is assumed to be 
absent) Thus the eondition for the existenee of a non-trivial solution for 
EO) gives the funetion V/?: 

V, = nia, (23.7) 


where nj o are given by equation (11.6). Hence 
z 
P, =+ fm,2(2)dz, (23.8) 
Zo 


the plus and minus signs eorresponding to propagation in the positive and 
negative z-direetions respectively. In what follows we. shall always use the plus 
sign in (23.8), taking the sign of ¥ into aeeount (if neecssary) in the expression 
for the field itself. 
Next, by (23.4), 
EQ iC A — V», 2 
29, Be C O0 dO 0€ om 
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i.e. the polarisation of the wave in the first approximation of geometrical optics 
is at every point the same as in a homogeneous medium with the correspond- 
ing values of u, « and v(z) [see (11.26)]. This is, of course, to be expected. 

The condition for the existence of a non-trivial solution of (23.5) gives 
equations for EQ, and E, as functions of the coordinates: 





y K K' 
(0)! — | go 
por + ( or 2 aaa) =0, l 
i 2Y:  K(1— K?) 


where ¥ and K for waves 1 and 2 are given by (23.8) and (23.9) with the suffixes 
l and 2 respectively. According to (23.10) 


constant constant (23.11) 


QUU en c REMIT nnper Le DLL MS ed 
ea E ZA a(l — Ki, 2)] Vi, s (2) {1 S Ki a(2)}] , 


and the component # is K,.H®, by (23.9). 
Thus, in the first nie dS of geometrieal optics, 


E constant eso dis E. (z) d | 

a ee z|, 
"A Tim — Khi P|" J? (23.12) 
Ey, = Kı, 2 Ez. | 


If we take account of absorption we obtain a similar result with Y = m, , 
replaced by WY = m, — ix, a» the latter expression being given by (11. 5). 
In this case K, is given by (11.25). 

The general solution of equations (23.2) in the approximation of geometrical 
optics is 


zZ 
= Ci .@ . 
* ye — ix)0- XS P i feo im) ae à 


z 


p| -i£ fim- ide + 


Zo 


C, 
^ Yt. Sin) dK 





£z 


hi de to eM TEE re Yd 
Vn; —ix,)0— KD i2 fino in) z|-+ 
+ Cs- of 
Yin; —ix)0— KR) Pe f (na — tn) dz}. (2313) 


Zo 
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The expression for E, differs from (23.13) in that C,, and C,. arc multiplied 
by K,, and €,, and C,- by K,. The component E, is given in terms of E, 
and E, by formula (10.20). The solution (23.13) depends on four arbitrary 
constants C14 and C2, (as it should), since any change in 2, is equivalent to 
some change in these constants. 

Formula (23.12) differs from (16.11) for an isotropic medium only in that 
it depends on the quantity K, , which charaeterises the polarisation. In the 
isotropic case with normal incidence [equation (16.3)] the polarisation of the 
wave does hot vary with z, i.e. K, , = constant and (23.12) becomes (16.11). 


The limits of applicability of the approximation of geometrical optics 


These we take to be given by the conditions for the first approximation 
(23.12) to be valid, and they may be found by determining the field in the 
second approximation, i.e. by calculating E(D, from (23.5) and (23.6). 

From (23.5) we find 


EQ» = K EQ + (V" EQ + 29 EW)/C 
‘= KED+2K K' V'EQOJC(1 — K?), (23.14) 
where C is one of the coefficients in (23.2). 


The condition for the existence of a solution of (23.6) gives an equation 
for EO: 


Uh" KE 
ay RON PT Rice E (1) — 
E; tm a) BY f (2), 
1 
m LEES a 2 (0)// — 71 7X0)! 
1) = spp {a K2) EQ" — 2K K' EQ' + 
IPK (2K K' (aalo) 
San ar 1 p0) 
C (I rum) )* 
d| 2KK 
'K 1 po) 
esr [og vip). 


The approximation of geometrical optics is valid if 


AME Ar 
2x (on | Va 





ft (z)y/xdz|-«|EQ|- constant//y, ^ (23.16) 


where y = V'(1 — K?) = n(1 — K?), A, = 2ztc[o, and for definitencss we 
have taken the component £,. 

As in $16, the condition (23.16) may be replaced by a series of sufficient 
conditions. Here, for the sake of brevity, we shall not perform the integration 
by parts in (23.16) as we did in (16.21), but merely make a simple estimate. 
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If the function y(z) is monotonie and the inequality 
Ao| f (2) |[2zx < | BY dln x/dz| (23.17) 


holds, then the eondition (23.16) is satisfied, provided that the value of |In y| 
is not too large throughout the range (z,2,) (for, example, the requirement 
|In y| < 10 corresponds to 10-* < y < 10*). In order to prove this, we need 
only remember that E(? = eonstant//y and substitute (23.17) in (23.16). 
The condition (23.17) is easily seen, by using the explicit expression for f(z), 
to be eertainly satisfied if 





4, K nn KK 

1 Se T n T e a 

Ao x' [2t n y « 1, In 0 yu KS <1, | 

A, K K'[2zt y «1, hoz [2t n y' «1, (23.18) 
» , Ay nKyy d n K K' | 

AUOEUAR do — DE y Elon |<) 


here all the quantities must be taken as moduli (see § 16) and the values of n, 
K and x must be substituted for each wave (1 and 2). Some of these inequalities 
could be simplified or omitted in the same way as was done in § 16 for the 
seeond inequality (16.15). We shall not pause to do this, sinee it is easily seen 
that when v varies smoothly and slowly with z the conditions (23.18) reduee in 
practice (with an exeeption to be described below) to the single inequality 
Žo 

on 


1 
Sus 


2 |l, (23.19) 
753, 2 








whieh is entirely similar to the eondition (16.22) and whose physieal meaning 
is quite elear. 

In order to show that the eonditions (23.18) may legitimately be replaeed 
by (23.19), we must use the faet that the functions C and C' tend to infinity 
only as v—-v,5,, and tend to zero as v>1 and v>0; |K,|> œ 
and |K; |> oo as v — 1. The parameter K, does not tend to infinity even 
when v->1 (see Fig. 11.9). From the discussion in § 11 of the behaviour of 
the curves n, , (v) (see Fig. 11.3, ete.) it is evident that at the points v = vey = 1 
and Vi 2% geometrical optics is inapplicable to the eorresponding waves beeause 
the eondition (23.19) is not satisfied. 

In the approximation of geometrical opties the waves of the two types 1 
and 2 are entirely independent, and so are waves of the same type propagated in 
opposite directions. Henee, in particular, the reflection of waves ean be ob- 
served only in regions where geometrical opties is not valid. This happens 
when mi, is small or dn, ,/dz is large. A wave of type 1, therefore, ean be 
reflected in the neighbourhood of the points v6? or, as we shall conventionally 
say, at the points vi) = 1 + Yu where n? = 0 (for simplicity we shall analyse 
only the case where 4 < 1). Geometrical opties is, however, applicable to 
wave 2 at the points (2? , and so the reflection of wave 1 does not affeet wave 2. 
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Geometrical optics is inapplicable to wave 2 (the ordinary wave) atv = va = 1, 
where n3 = 0. In turn, geometrical optics is valid for wave 1 at this point. An 
exception is formed by the case of small angles «, when, as we see 
from Fig. 11.10, geometrical optics is applicable to waves of ncither type near 
the point v = 1; as x — 0 with v e l, na ~ 0 and dn, [dz = nye > co, 
Hence, as x > 0, waves of type 2 may become of type 1, and this actually 
occurs, thus explaining the peculiarity, mentioned in $ 11, of the passage to 
the limiting case of longitudinal propagation (see $ 28). 

We have hitherto considered the case where v varies smoothly and slowly 
with z. If the density N has steep gradients (or, what is the same thing, 
v has steep gradients), the derivatives dn, ,/dz may be large for both waves 
for any v. In other words, the diagrams such as Figs. 11.2, 11.3, etc., where 
the function %4 (v) is plotted, show the behaviour of the function n, (z) only 
if v is, over the whole range, a linear or at least a smooth monotonic function 
of z. Only with this condition does the smallness of the derivative dn/dv imply 
that of n' = dn[dz, which appears in (23.19). When steep gradients dn, ,/dz 
are present, the waves of different types and directions may in general change 
into one another. In the limit of a sharp discontinuity of the properties of the 
medium at some boundary, reflection and refraction of waves are described 
by the familiar Fresnel's formulae for an anisotropic medium. 


The region near the boundary of the layer and the interaction 
of normal waves there 


At the boundary of the layer (v — 0) the condition (23.19) is not, however, 
a sufficient one for the approximation of geometrical opties to be valid; this is 
the exceptional case mentioned in connection with the derivation of (23.19). 
For small v such that 
v«l, v«|(u — l)/(u cos?« — 1)| (23.20) 
we have as far as first-order terms [see (11.3), (11.6) and (11.26)] 
A — 1-4 v/(u — 1), ) 
B-—1l-cv(l—usin*x)/(u — 1), 
C = Yu (v cos x)/(u — 1), 
n? o = l — 2v[(2 — u sin*a + y(u? sinta + 4u cos? «)], ¢ (23.21) 
A n = n4 — n, = (u? sin! « + 4u cos x)v/2(1 — u), 
Koc 2yvu(1— v) cosa 
1257? u sin? x F (u? sinta + 4u cos? a) ` j 
Let us now consider the second condition (23.18): 
A, K nw KK <1 
2x C y'(1— K?) f 
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Using (23.21), and especially the fact that Cis proportional to the parameter v, 

we see that C > 0 when v — 0, and thus the second condition (23.18) is not 

satisfied. The inequality (23.19) is satisfied, provided that the derivative 

dv/dz is not too large, as is usually true in the ionosphere and the solar corona. 
If we write v at the boundary of the layer as 


v = az, (23.22) 


then, ignoring for simplicity the factors u — 1, cos?«, sin?«, etc. (i.e. assuming 
that these factors are neither very large nor very small), we obtain instead of 
the second inequality (23.18) the condition 

Ao A, dAnjdz 


jee oe a (23.23) 





here na — n, = Án ~v w az, and the coordinate z is measured from the 
boundary of the layer. If instead of (23.22) we put v = az”, where the ex- 
ponent m is neither very small nor very large, the condition obtained is prac- 
tically the same as (23.23). For an arbitrary dependence of v on z, if we again 
ignore factors such as w — 1, (23.23) is replaced by 
Ay dvjdz «1. 
2m v 

It is clear from (23.23) that geometrical optics is invalid when z is sufficiently 
small. More precisely, geometrical optics cannot then be used to discuss the 
polarisation of the waves which are propagated, since for v — 0 the indices 
n,a > l and the medium approaches a vacuum as regards the velocity of 
propagation and rate of change of phasc. The inapplicability of the approxi- 
mation of geometrical optics at the boundary of the layer (v —» 0) is a par- 
ticular case of its inapplicability to the consideration of polarisation in an 
inhomogeneous medium for vanishingly small anisotropy. The reason is that 
in an anisotropic medium thc polarisation of normal waves remains fixed [see, 
for example, (11.29)] even when the anisotropy (that is, for instance, the 
difference ng — n) tends to zero. In an isotropic medium, however, we have 
degeneracy, since the velocities of propagation of the two normal waves are 
the same, and these waves may themselves be chosen arbitrarily within certain 
limits: they may be taken to be linearly, circularly or elliptically polarised. 
Next, in an isotropic medium with the wave incident normally on the layer 
(i.e. if the wave normal is parallel to the gradient of £) there is no change 
in polarisation [in (16.3) the components E, and E, are independent]. For 
a magnetoactive medium, on the other hand, (11.25) and the above discussion 


1 In the general case for an isotropic medium there is, of course, a change in polarisation 
(see, in particular, $ 19) duc to the fact that the vector equation (16.1) does not separate 
into independent equations for E,, E, and E,. If the ray is twisted, i.e. its path does 
not lie in a plane, there is also a rotation of the plane of polarisation. 
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show that the polarisation depends on v(z) and, according to the approximation 
of geometrical optics, should begin to vary at the boundary of the laycr. How- 
ever, it is evident that the presence of extremely weak anisotropy cannot 
have any significant effect, and the approximation of geometrical optics 
is therefore inapplicable. 

The situation is especially clear for the example of propagation of light in 
a crystalline medium with slight anisotropy in which the directions of the 
principal axes of the permittivity ellipsoid vary along the ray [146]. Let the 
propagation be along the z-axis, with two principal axes in the zy-plane and 
rotating as z varies, in such a way that over a distance 4z the angle between 
the principal axes and some fixed direction in the xy-plane varies by 
AW = aAz. In the approximation of geometrical optics the normal waves, 
which are linearly polarised in the direction of the principal axes of the per- 
mittivity ellipsoid, are entirely independent of each other, and at every point 
their polarisation is the same as in the corresponding homogeneous medium. 
Thus in the approximation of geometrical opties the plane of polarisation of 
waves propagated in the medium considered must rotate, over a distance Az, 
through the same angle AY = 2/42 as the principal axes. But if the difference 
4n of the refractive indices of the waves is sufficiently small, the rotation of 
the plane of polarisation must evidently tend to zero, since for An = 0 there 
is no rotation of the plane of polarisation (in this case the rotation of the 
axes is purely formal). 

This contradiction is resolved if we take account of the fact that geometrical 
optics is invalid when An — 0. The condition for the approximation of geo- 
metrical optics to be valid in the present case is [146] 

dU A a hy 
If An ~1, this condition takes the form of the usual requirement for the 
applicability of geometrical optics, that the change in the properties of the 
medium (in this case the angle Y) over a wavclength should be small, but 
when An <1 the condition (23.24) has independent significance. 

In a magnetoactive medium, d V//dz is replaced by dK, ,/dz; at the edge 
of the ionosphere, dK, ,/dz ~ dv|dz ~a, An ~v ~az, and the condition 
(23.24) becomes (23.23). The propagation of waves at the boundary of a layer 
of magnetoactive plasma, where geometrical optics is invalid, is discussed in 
§ 26. Using the terminology explained in $20, we can say that there is an 
interaction of the normal waves of types 1 and 2 at the boundary of the layer. 
In other words, the normal waves 1 and 2 obtained in the approximation of 
geometrical optics do not represent, at the boundary of the layer, the exact 
solution of equations (23.2); nevertheless, a certain approximation to a correct 
solution can be obtained from a certain combination of interrelated (‘‘inter- 
acting’’) solutions of the geometrical-optics typo. The interaction of the waves 
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in this sense occurs also in the region v œ 1 in the case of small angles x men- 
tioned above; this is considered in more detail in $ 28. 

Finally, essentially the same type of interaction is responsible for the 
reflection of waves of type l or type 2 from the points «(2 = 1 + lw or 
vao = l, where nj or n? vanishes. Here, however, an important simplification 
already discussed above is possible for sufficiently extensive layers of inhomo- 
geneous plasma: if the points «(29 and v,, are far apart, the inapplicability 
of geometrical optics affects only one type of wave at each point. In such cases 
we go beyond the limits of geometrical optics by investigating not the equa- 
tions (23.2) but one second-order equation analogous to (16.3) for an isotropic 
medium. The corresponding calculations are given in $ 25. 


$24. PROPAGATION OF PULSES 


The group-velocity vector in a magnetoactive medium 


In Chapter III and § 23 we have considered only the propagation of mono- 
chromatic plane waves E = Ejé6(^'-*'? in a homogeneous magnetoactive 
medium, and that of waves with E = E,(z) e'® in an inhomogencous magneto- 
active plasma. We must now examine also the problem of the propagation 
of pulses (i.e. wave packets or groups bounded in space and time) in a magneto- 
active medium. The direction of motion of such a packet is, by definition, the 
direction of the ray, and the velocity of the packet is called the ray velocity 
or group velocity. In an anisotropic medium the direction of the ray and that 
of the wave vector k (i.e. the normal to the wave) do not in general coincide. 

The direction of the ray, which is the direction of motion of the wave group, 
in an arbitrary non-absorbing homogeneous medium may be found by expand- 
ing the wave field as a Fourier integral of “normal” plane waves propagated 
in the medium: 


E(v, t) = f g(k) leer d e; (24.1) 


here dk = dk, dk, dk, and E may be taken as any component of the electric 
field. We could, of course, equally well consider components of the vectors If 
and D, and if the function g (k) is taken to be a vector, we can take E in (24.1) 
to be the field vector E itself. 

As already stated, the waves E = constant x e![900!-*:7] are assumed 
to satisfy equations (11.1) and (11.2) with j — 0 (absence of absorption) and 
the equation D; = ej;(w) E, (a linear homogeneous dispersive medium). 
Such waves have been referred to as "normal" waves. In an anisotropic 
medium which is arbitrary (except for the restrictions just mentioned) two 
waves (apart from the plasma wave, which is not considered here) can be 
propagated in each direction characterised by the unit vector along the wave 
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normal kı = k/|k| = k/k. These waves differ in polarisation and in phase 
velocity Upp: 


Upn (Ft) = c/n (k) = w(k)/|k| = w/k, (24.2) 
where 2(k) = c/vp is, by definition, the refractive index, and writing the fre- 
quency w in the form w(k) signifies that for any given frequency w and direction 
hk, =k/|k antity b [or vy, or n(k)] is entirely determinate for cach of 
the normal waves. Thus 


k = k(k,,@) = wn(k,, w)/c, (24.3) 





and conversely w = c (Kk, k) = w(k). In the particular casc of an ionised gas 
in a magnetic field the value of n = Ny 9 18 given by formula (11.6), where n, , 
depends on w through v = w/w? and u = c/o? and on the direction of the 
wave normal through the anole « between k, and HO. 

Assuming that the pulse is quasimonochromatic, and therefore sufficiently 
extensive in all directions, so that the function g(k) has a sharp maximum 
near the "carrier wave vector" kg, we can expand the frequency w (kk) in (24.1) 
in series. Taking only two terms of the expansion, we have 


f Ó 
E(r, t) = eitetot- feni f oq) exp i oF ^ 





t—Akerldk, — (244) 











where Ak =k — ky 
and Ow dont w ae Ow i 
= erad, c = L uU, 
ak TTS E A ok, 7 Ok, 


i,j, k' being unit vectors along the 2, y, z axes, and the value of 00/0 k being 
taken for k = kọ. It is clear from (24.4) that in this approximation the pulse 
is propagated as a whole with the group velocityT 


Ug = Ow/dk, (24.5) 


the value of 20/0 k being taken for k = ky. When higher derivatives in the 
series expansion of w(k) are taken into account, the pulse is spread out; the 
simplest case of this process has been discussed in $ 21. 

The direction of the vector v,, is that of the ray, and its magnitude is the 
velocity of motion of the group along the ray. 

In an isotropic medium, by definition k = wn(w)/c, i.e. k is independent 
of direction. Hence we havc, for cxample, 


0w/0k, = (dw/dk) 0 k/0k, = (dw/dk) k,/k (since k = V(k2 -+ k? + k2)) 
and 


do k dw 
x) EON EM M (1 24.6 
"mr dk qj dk fen 








T The integral in (24.4) is constant if (00/0 k)t — v is constant, and this gives formula 
(24.5) for the velocity of the packet. 
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ie. the group velocity is, as it should be, equal in magnitude to (21.17) and 
parallel or antiparallel to the vector k. In the absence of spatial dispersion, 
dw/dk > 0, i.e. the vectors vg, and k are parallel; when spatial dispersion is 
present, dw/dk may have either sign (see Appendix A). 

In the case of a magnetoactive medium at present under consideration, 
the index n = n, ; depends only on the angle « between the vector k, = k/|k| 
and the field H® (as well as on w). Hence, taking the direction of H® as the 
2'-axis and cosa = yg = y, we have 





k = (w/c) n (o , ky/k) = (w/c) n(o, y), (24.7) 
from which it is clear that w = w(k, ky). Differentiating (24.7), we obtain 
dk _ _ 1 0o TA w ôn O00 y w On  O(k,[k) 
dk, ? c Oly c Ow Ok, ` c O(k]k) ky 
1 on | 00 l on 
IL oe —— ee ———— — 2 
s (n+ 5") ok, + he oy (1 — y’), etc., 
and thus 
y „L Kell + (ymnfey] 
ee I key n+ o 0n[0 o 
yio(y n)/ y 


T (nJo) (c n)]0 o ”’ 
00 — yst(ym)oy 


Pery = Ok, — (nic) dlon) o’ 
Per," ~ Oly — n + 0 0 n[0 w (24.8) 
_ yo9(ymjoy —9n/0y 
(n/c) O(o n)üo  ' 

Ver = V (ver, 2" + Us. y) 
ya — »?) (y n)/ y 

(n/c) 0 (w n)/0 w 
|». 9(ncosa)/0 x 
~ (nje) (o n)] w’ 


where y, and y; arc the cosines of the angles between the vector k and the 
x' and y' axes (and, as before, y = y, = cos«, the cosine of the angle x between 
the vector k and the z'-axis, which is in the direction of the field H®). Also 





og |20-| = A yin — pi 
i os n + wô nð w , 


(24.9) 





1 
cos(k, 2 w/a k) = yu + (1/n?) (0 n/a y*( EE y?) | 
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tan(k, 3 w/0k) = (1/n) (0 nJ y) V(1 — y?) 
= (1/n) sinx 9 n[0 cosx 
= — (1/2n?) 0 n?[0 o , 
Ugr, k = Vg COS (E, O c0]O k) =c+d(wn)/dw. 

These formulae (24.9) and (24.10) are evidently valid for any choice of 
coordinates, with y always the cosine of the angle between k and H9. The 
value of n(w, y) in (24.8) and (24.9) must be that given by (11.6), i.e. n, for 
the extraordinary wave and n, for the ordinary wave (with y = cosa); and 
we take nı, to be real, thus ignoring values of nia «0 (in the latter case 


(24.10) 





Fic. 24.1. Directions of the group-velocity vectors v,. , ;. 


the waves are usually strongly damped and the concept of group velocity 
is in general inapplicable). The presence of absorption, as in § 21, does not 
alter the above results if the absorption cocfficicnt varies sufficiently slowly 
with frequency within the spccetral width of the signal. 

The preceding discussion shows that in general the group-vclocity vectors 
of the waves of types 1 and 2, i.e. the vectors v,, , and v, », are not parallel 
to the normal vector k or to each other, but lie in the planc of H® and k 
(Fig. 24.1). We shall not pause here to determine the direction and magnitude 
of the vectors v,, , and vq, » in various cascs (sce § 29). For a wave normally 
incident on an inhomogeneous medium the question of the dircction of v, 
is not of great importance, since the vector k is always in the z-dircction, 
and the component of v,. in that dircction, which in this case determines 
the group delay time [see formula (24.15) bclow], is, by (24.10), 


: = {Plo m s (eo, p)[e]/ 80)? . 


V nz s 
i a,» + W O4, [0 co 


T For an absorbing magnetoactive plasma we can obtain expressions for the mean 
energy density W% and the rate of energy flow as in § 22 for an isotropic plasma. 
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In other words, the component of the group velocity in the direction of k 
(in this case, along the z-axis) has the same form as the group velocity in an 
isotropic medium [see (21.17)], with, of course, n replaced by 7, s- 

On account of the complexity of (11.6), the expressions for vg, ;, 2z in terms 
of v, u and « are fairly involved. Here we shall merely mention that, for “ quasi- 
transverse" (and, in particular, transverse) propagation of an ordinary wave, 
the value of vg, 2z is, by (11.14), equal to the group velocity 


Vg = cn = c|/(1 — 4xe? N[mo?) 
obtained when the effect of the field is neglected. For ‘‘quasilongitudinal”” 
propagation we have [see (11.37) with vw.g = 0] 

ol € T4.» 
1 c 2x6? N orm o(o +o 
| cyl — 4x e N[m o(o x o1) 
1E 2x6? N orm olo - cor? 





Ugr. 1,22 
(24.11) 


It may also be noted that for low frequencies, when the formula 
nz = v/Vu cosa holds [see (11.24)], (24.9) gives tan(k, 0c/0 k) = — 4 tana. 
From this it follows that with n? = constant/cos« the angle between k and 
0w/dk depends only on «. It is also easily seen that in this case the angle 
between @w/@k and the field H® cannot exceed 19° 28’. 


The group-velocity vector, the direction of the ray and the energy-flux vector 


The above derivation of the direction of the ray as that of the group velocity 
is equivalent to determining the ray on the basis of Huygens’ principle, 
according to which the ray surface is the envelope of a family of wave planes. 
For the family of wave planes is in parametric form (with parameters k,, ky, kz) 
kv! = w(k) = ck[n(o, k), and the equation of the envelope in parametric 
form is *' = 0«/0k. In other words, for a given k the ray is in the direction 
of 9c/0k, which vector in turn depends on wœ (on account of dispersion) 
when k/|K| is given. 

In an isotropic medium the direction of the ray evidently coincides not only 
with k but also with the energy-flux vector S = cE X H/A:z. In non-gyro- 
tropic crystals, where the tensor ej, is real and symmetrical, the direction of 
the ray (i.e. Vyr) does not coincide with that of F, but is parallel to the vector S 
(see, for example, [36, $ 77]). In gyrotropie crystals, i.c. those which possess 
natural optical activity, and in a magnetoactive medium (in particular, in 
an ionised gas in a magnetic ficld), the tensor e;; is Hermitian but not real, 
and the normal waves are in gencral clliptically polarised. Hence the direction 
of the vector S = cE X HW/4x varies with time, and its terminus describes 
a closed curve in half a period, i.e. in a time z/w. We shall not give expressions 
for the components of the vector S, since they are not needed, but it may 
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be mentioned that the components of the vector E arc given by the formulae 
of $ 11, while the magnetic field of a plane wave e!@!-*-") ig 


H = (ic/w)eurlE = ck X Elo = nk X EJ[|k|. 


In calculating the energy-flux vector S we must use real vectors E and H,i.e. 
take re E and re H. The corresponding formulae are given, for example, in [147]; 
the nature of the rotation of the vector is shown diagrammatically in Fig. 24.2. 
Since the vector S rotates, its instantaneous value has, of course, no par- 
ticular physical significance. It may be assumed, however, that the time- 


average vector S is in the direction of the energy flux; Fig. 24.2 shows that 





x 


Fra. 24.2. Poynting vector S, the time average vector S, and the group-velocity 
vector v,, (suffixes 1 and 2 refer to the extraordinary and ordinary waves 
respectively). 
this vector is along thc axis of the cone described by the vector S, and so 
the latter never coincides with S unless the conc degenerates to a sector or 

a line. 

In the case of a magnetoactive plasma the group-velocity vector vg, is parallel 
to S, as has been shown in [147]; this result holds good in an arbitrary non-ab- 
sorbing linear homogeneous medium (sec [142; 36, $ 77]). The calculation of vg, 
in a homogeneous medium is simpler than that of S. Thus there is no particular 
reason or need to use the vector S in a homogeneous medium, and so we have 
not discussed the matter in greater detail. There is, however, no objection 
to finding the direction of the ray by calculating S. Here the most convenient 
procedure is to calculate immediately what is called the complex energy-flux 
vector, which is equal to S. This method was used in [58] and will be discussed 
in that connection in § 34. 
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Propagation of pulses in an inhomogeneous medium 


In the approximation of geometrical optics, the propagation of pulses in 
an inhomogeneous medium is the same as in a homogeneous medium with 
varying properties (a quasihomogeneous medium). In other words, in any 
region of the medium the pulse is propagated with the group velocity vg, 
corresponding to a homogeneous medium with the same values of v, u and « 
as that region of the inhomogeneous medium. The ray path is a curve at 
every point of which the direction of the tangent is that of the vector vy. 

These results are clear from the significance of the approximation of geo- 
metrical opties, and may be formally demonstrated as follows. In an inhomo- 
geneous medium the expansion (24.1) with an arbitrary function g(k) is 
inadmissible, because in this case the plane waves do not satisfy the wave 
equation. However, if the approximation of geometrical optics is valid, we 
can, at least in a restricted region of space, expand the field E(r, t) in terms 
of solutions of the type (23.12). Neglecting the coefficients of the exponentials, 
which vary only slowly with the coordinates, we can write the field as 


E(v,t) — fow) ali co (e) t— fio) d 2 d k. (24.12) 


Now expanding c (k) in series, we obtain 


E (v, t) = exp l lo (ka(r)) t — j koed r|} x 





x fg% T ani [ansa an (24.13) 


where k,(r)is the wave vector of the carrier wave of the pulse. 
Hence it follows that the equation of motion of the pulse is 


T 
co: -tAk(r) - f k(r)-* d v = constant, 

ok 

and the velocity of the pulse is eg, = dr/dt = 0«/0k if the derivatives of k 
with respect to r are sufficiently small. The expansion used in (24.12) shows 
that the derivative is taken for k = ky(r). 

If the approximation of geometrical optics is inapplicable, the field E must. 
be expanded as an integral of cigenfunctions of the wave equation in the 
inhomogeneous ‘medium concerned; for a linear layer in the isotropic case, 
these are Bessel or Airy functions, as shown in $17. Such a treatment is 
necessary, for example, in order to determine the direction of the group 
velocity at the vertex of the ray path on reflection from a layer, but it has 
not yet been directly carricd out. In the ionosphere and the solar corona 
geometrical optics is invalid only in small regions, and so the discussion of 
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ray paths beyond the scope of this approximation is not of great importanco 
(sce also § 34). 

In the approximation of geometrical optics with normal incidence (the wave 
vector k parallel to the z-axis) the change in the wave phase over a path z is, 
by (23.12), 


qu Ny 3 (2) dz. (24.14) 


In the same approximation the group delay time along a ray path ds is [see 
(24.10)] 





z z 
zn Fi -f dz a dz 
me Uer. 1,2 Us 1,2 COS( Urr, k) | ‘ Vor, 1,22 
. l [o ,5(o,2)] 
Jada 5 
J - Lz 2= 99/90, (24.15) 


0 


where it is assumed that the mtegratiou along the ray takes place at tlic same 
altitude z as in (24.14). In particular, the point z may be the point at which 
the wave is reflected from the layer. Formula (24.15) differs from that in the 
isotropic case [see, for instance, (30.10)] only in that n is replaced by m, g. 
The differenee in the directions of vyr and the normal vector k/| k|, and that 
in the values of v,, and the group velocity in an isotropic medium, have no 
effect in (24.15) except to replace n by n, a; this is elear from (24.10). It must 
be emphasised, however, that this statement is valid only on the assumption 
that the properties of the medium are independent of the coordinates x and y 
(here sce § 35). We may also mention that the relation At,, = 0g/0« does 
not depend on the particular form of the function g, but is general, since the 
proof given in $21 is independent of the properties of the medium. The same 
is true of the spreading of signals, and so the results of $ 21 are entirely valid 
in the present case also. 


$25. REFLECTION OF WAVES FROM AN 
INHOMOGENEOUS LAYER 


Reflection from a layer. Angles « = 0 and « = łn 


The approximation of geometrical optics is inadequate even in the simplest 
case where one of the waves is reflected from tlic layer when it reaches the 
region of negative n?. In such cases, however, it is not usually necessary to 
investigate the general solution of equations (23.2). As has already been noted 
in $23, and as is clear from qualitative arguments, the solution of the problem 
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of reflection of one of the waves can be reduced, as a good approximation, 
to that of one sccond-order equation of the form 


d*g, 2/42? + (w/c?) n} 29 2 = 0, (25.1) 


where the function g, , is in some way related to E, and E,. The generalisation 
of the results thus obtained to the case where absorption is present offers 
no difficulty in principle. We shall therefore consider only a non-absorbing 
magnetoactive plasma. 

If x =0 or « =} 2 (longitudinal and transverse propagation), equations (23.2) 
separate rigorously into two independent second-order equations. For example, 
in longitudinal propagation we use new variables 


F, = E, iE. (25.2) 
Since, for « = 0 (see § 11), 


M, 2 =A = AFCH=1—/(1+ py), 
1,2 F i /( y ) | (25.3) 
Ky5— t, 
it is easy to see that in terms of the variables F, equations (23.2) become 
PF Ut ni = d? Fs. w? v 


Each of the equations (25.4) is of the form (25.1) with g, , = F4; in particular, 
if v is a linear function of z, i.e. 

v — az 4- b, (25.5) 
each equation (25.4) is equivalent to (25.1) for a linear layer, with all the con- 
sequences resulting from this (see 8 16). 

For transverse propagation (x = iz) we have 


j$j—-A-—1—vw(1—»v)y(1—w-—v), K,=0, 
"— ee = ; (25.6) 
fil — fij— B—1—v, C=0, K,=io, 
and equations (23.2) become 
dE, o, dE, œ? v(1— v) 
de tee ae urit -Iimo 
25.7) 
d*E 2 d? E o? ( 
4" 2H = + Sl — v) E, — 0, 





dz? c? 247 dz? 


i.e. the equations separate and have the form (25.1) with g, = E, and g, = E}. 
The second equation (25. 7), moreover, is the same as the equation for an 
isotropic plasma, since n; = n; = 1 — v. The equation for E, is non-linear 
in z cven if v = az, but for the validity of certain formulae it is sufficient 
that the function »?(z) may be replaced by a linear function in the region 
where geometrical optics is inapplicable. Taking the origin where nz = 0, 
we put 
v = l yu + az, (25.8) 
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where the + or — sign is chosen depending on which of the two points n? = 0 
is in the region considered. 
Then, if 
[az/(1 + Vu)| « 1, (25.9) 
we have 
n»? œ — 2az[(l + yu), (25.10) 


and the first equation (25.7) reduces to (25.1) with n? a linear function of z. 
The use of the condition (23.19) and of the expression (25.10) shows that geo- 
metrical optics is valid if 








1 
ltyu y 25.11 
21 >( = an]. (25.11) 


Thus, if the conditions (25.9) and (25.11) both hold, the function n2(z) 
in the first equation (25.7) may be taken to be linear throughout the region 
where the approximation of geometrical optics is invalid; from this we can 
deduce some important general formulae ($ 30). For the F layerofthe ionosphere 
we have a ~ 10-9 to 10-?cm^!, A, ~ 6 x 103 em, and when 1 + Ju ~1 the 
condition (25.9) signifies that z « 109 to 10? cm, while the condition (25.11) 
gives z > l0* cm, so that the two inequalities are entirely compatible. 


The approximate solution for an arbitrary angle « 


The separation of equations (23.2) into two independent second-order 
equations for « = 0 and « = 4z occurs because in these cases the polarisation 
of the wave is independent of z (i.e. K, , — constant). In general, however, 
K = K(z), equations (23.2) do not separate, and they can be reduced only 
to one fourth-order equation for E, or E,. Here it is convenient, therefore, 
to use an approximate solution (see [148]; the problem has been discussed 
somewhat differently in [149]). 

If we use the variables 


Fi =H, + KE, (25.12) 
where K = K, or K, according to the nature of the problem, equations (23.2) 
become, with K' = d K/dz, K” = @K/d2, 


PF 


+ 





Fr, K' dF, | w {A+B n sor =») 
d2 K dz c? | 2 2K 
(=) zl K' dF. 


X] R ' x u 


o {B-A | iC(K* 4-1) E 2 a 
o* UD s E ame 25.1 
=| 2 + —3K |r- | x) sp] 5e ced» 


+ 
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aR _ K' dF. w (A+B i C(K? — 1) 
ue uS 3 — 3K [7-4 
Lp notan. 
lx) - se] eae 
o? (B-A  iO(K?+1) 223] K" " 5 
e oe lr,- lU -5g T0 (25.14) 


Since by (11.3) and (11.26) 
A CUR di > B—A  iC(K^-1) 





gp EPI ag co page e 








- 


an estimate of the order of magnitude of the various terms in (25.13) and 
(25.14) makes it natural to seek a solution of the form 





F = FO+ FY, (25.15) 
where 
[FO c [FO] (25.16) 
and F® satisfy the equations 
@FO  K'dF9 œ c? iC(K? +1) 
Dl ol ce mo oom Ou o ET so o gy 
z? K d; d^" ix e K d «| 
: "mU (25.17) 
K' dFO qw? iC(K* —1) POO 
K dz c | S 


Thus we use essentially the method of perturbation theory. 

It is easy to see that in the approximation of geomctrical optics the solutions 
of (25.13)-(25.14) and (25.17) which correspond to the normal waves are the 
same as the results given in $23; in this approximation F, — 2E, — 2KE, 
and F. = 0. 

Using (25.15)-(25.17), we obtain from (25.13) and (25.14) the following 
equations for Fo: 


dEDO K'dFO o o? 7 C(K2 +1) 














oras (1) 1 7. - pO 
UO XEM QE Ce ea ees 
K" K'w K' qpoe 
= - (0 _ p0) E UE 
px) pcm 
K' dFO a i C(KR* — 1) 
Poe i (25.18) 
2 70) Z ^(0) 2 
M PEFS ES K' dF% = S 2 FO 








d2 ' K dz c 


K" K 
m (0) _ (0) 
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Eliminating F® and F® from (25.17) and (25.18) respeetively, we have, 
after some simple transformations 


d? po 2 K' dFO o 
Sa trae y 4i C a ^P0-9. — 519) 


LED) - 10) — x ge) rm 


9 K' dFO = (5 pu ro = 


L(F®)= 








(ey de ee 
R41 depo 
CECI ae (a020) 


If the condition (25.16) holds, the approximate solution is FD and is ob- 
tained from (25.17) or (25.19). 

It is now important to examine the behaviour of the functions K, , [see 
(11.26) and (11.27)] near the reflection points v, = 1 and oft) = 1 + yu. 
As far as the first-order terms in v — va and v — vit) we hive. 

i sin?« eosx 
Ju (1 + cosa) 
K,(v ~ 1) =i- yu sin*x/(1 — v) eos «, 


(=) ___tsin’x eosa (=). 
Vio vo. 


K (v ~ Ll yu) = 4 i cosa + —— (v — 1 F yu), 


dz ~ Yu(l + eos?o) \ dz (25.21) 
@K,\  isin*xcoso (=) ra 
( dz? ) = jJ» (1 + eos) \ dz? Js, 


i- 9sin?x eosa (3 + 3eos?a + costa) e: : 
w (1 + cos?a)? dz Jon 


Let us now consider the propagation of a wave of type 1 near the points 
vt) — 1 + Vu. In this ease we must put n? = n? and K = K, eey lire 
in (25.13)-(25.20); for a wave of type 2 we should have to put n? = n? and 
K = K,, but this case is of no interest, sinec for wave 2 near the points XP 
the approximation of geometrieal opties is valid by hypothesis. 

Putting in (25.19) 

FO = K,gO/y(1— K$), (25.22) 


we obtain for g® 


dg? qo , GKi—-2)Kg Kc d. 
* pice: NER, = =Q. 25.23 
dz? E | gU K2 (Kk? — 1} K (K? — 1) J+ e) 








This equation is of the form (25.1) but differs by the terms in K,. These terms 
are of the order of (dv/dz)? and (d*?v/dz3), i.e. are of the order of 10-7? to 10-™ 
in the ionosphere (where v ~az with a ~ 10-5 to 10-7). At the same time 
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w?/c2 ~ 10-9, and so the terms in K, are important only when n? < 10-5 
‘to 10-7, while the value corresponding to the first maximum of the field is 
dn | 22 Po dnè | 2o 
“Ge par) 7 las [2a 
[see (32.2), etc.]. Thus the effect of the terms in K, is merely to shift the zero 
of the coefficient of g by Az ~ 0-1 to 1 cm (as an estimate we take n? ~ az) 
and to change the phase by a negligible amount Ag ~ 10-9. 

Thus the solution of the equations of propagation near the reflection point 
reduces to equation (25.1); the fields themselves have an amplitude factor 
K,/V(1 — K?) [see (25.22)], the necessity of which is already seen in the approxi- 
mation of geometrical optics (23.11). 

This derivation is, of course, valid only if the condition (25.16) holds, i.e. 
if the quantities F are in fact an approximate solution of equations (25.13) 
and (25.14). 

The solution of equation (25.20) is 


FQ = ¥, f 


where F’, is the solution of the homogeneous equation, i.e. the expression (25.22). 
According to (25.17) 


n w 


2 
j~ 107? 











K? HEF à | 
ec | m * (K* — 1) dz [oe (25.24) 








: K' dro 
KO as 5a a Scu e 
o! TO(XR-I) dz (Pakao 
near the points vf) = 1 + u, C does not tend to zero, and K, tends neither 
to zero nor to infinity [see (25.21)]. In the present case, therefore, 


w? dv\ dF® dv\ 2m 
a Po~(S) ee (E) 27 po. 
f(z) < x dio cus S AdEL ds FY); (25.26) 
here, for simplicity, we omit the factors involving u and sin?«, which are usually 
of the order of unity. To prove (25.26) we use the facts that in the approxi- 
mation of geometrical optics 

FO œ? 


w dn 
eee ees nè F® AJ- seek FO 
dz + eol c dz ^ 





and in the region where nî ~ 0 the deviation from that approximation is 
of the order of the field itself, i.e. 


FO  q? c? À 
Gat FO ~ Sate ~ gh) rm or rojo, 


where n$(z ~ A,/2 2) is the value of n? for z —A,/2 s (see the results of § 32). 
Also dF? dz ~2 s n4 FO [Ay < 2 zx F/Ay, and by (25.17) w F® J2 ~ (dvjdz),. x 
x dF |dz, whence we have (25.26). T 
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Substituting in (25.24) the value of f(z) from (25.26), it is seen that 
FQ < (dv/dz)y,, z FO. (25.27) 


In the region under consideration near the point n? =0 wehave (dv/dz)z~az«]l. 
Thus the condition (25.16) is satisfied, and the solution F is a good approxi- 
mation, especially as in practice the < sign in (25.27) may be replaced by «. 
For a wave of type 2 near the reflection point v,, = 1 where n2 = 0 the 
above approximation is not valid. It follows from (11.3) and (25.21) that 
near this point C ~1 — v, K, ~1/(1 — v), in (25.25) FO ~[1/(1 — v)]d FO dz 
and in f(z) the principal term is ~F®/(1 — v)*. Hence the condition (25.16) 
is not satisfied, and the whole approximation is invalid. This is because, 
near the point v = 1, the polarisation of wave 2 varies rapidly (see Fig.11.9). 
The region v ~ 1 must therefore be considered separately. 
In this region we put 
v = l + az, (25.28) 


where jaz| « 1. (25.29) 
Then equations (23.2) become, to within terms of higher order [see (11.3)], 


dE, o az iazcosx |- 
ie {(2 a cas) P ^ yw (sin?a) By 9s | 


; (25.30) 
dE, œ? ([iazcosx , az |=9 | 
dz? e ls (sintx) ^" sia "J ^" 
Also nl = — az[sn*a, K, = — iļu (sin*«)/az cosa. (25.31) 
In the approximation of geometrical optics, if the condition 
1 az COS& 
| = |= 25.32 
K, Vu (sin?) ( ) 














holds, we have also |H,./E,.|=|K,|>>1; for v — 1, wave 2 is linearly 
polarised in a homogeneous medium [see (11.26) and Fig. 11.9]. This makes 
it reasonable to use the approximation 








E,— E +EP, E,= EY, (25.33) 
where 
LEQ <|EP |, LED] «EP? | (25.34) 
dx GE URL UN Mu +2 appo. (25.35) 
dz? gQ sina " dz 


For E®, we have the equations [see (25.30), (25.34) and (25.35)] 





PEP o ae give = Se = 
wo , (25.36 
i2 3 (3 ene | d = > Vu (sin? x) =f, (z) ( ) 
PEP  .w@ azeosx jy) o? ——— EQ = 0. (25.37) 


a — Soe ee — —— 
dae yw(sin?^a) ” c sin*« 
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The solution of equation (25.36) is 


z 
1 

EQ = Ef ay [he Ey dz! 
z 


where E, isthe solution of the homogeneous equation corresponding to (25.36). 
To estimate the magnitude of the expression (25.38) we may put E,, = ecole: 
using also the fact that, in the region considered near v = 1, nj « 1 and 
therefore E(? depends much less than E,, on z [see (25.35)], we have 
p  ?4c0osx 2 © \ po 
Eos (2 + 2-5) Bp. (25.39) 

When the condition (25.32) holds (and, strictly speaking, if it holds also 
for z ~/,), the second inequality (25.34) follows from (25.39). The first in- 
equality (25.34) follows from the equation (25.37). Thus the approximation 
used above is valid when the conditions (25.29) and (25.32) hold. In the 
case here considered, the condition for the validity of the approximation 
of geometrical opties is seen from (23.19) and (25.31) to be equivalent to 

Àj six 

let» (S a i 

For example, when a ~ 10-5 cm", 4/27 ~ 10? em and Yu ~sing ~ cosg ~l, 

the conditions (25.29) and (25.32) give z « 10% cm, while (25.40) gives 

z > 10*cm. Thus in this case the approximation is valid even in the region 

where geometrical optics is already valid. For small « the position is less 

favourable, but even when sina — x ~ 1/10 the conditions (25.32) and (25.40) 

give z « 10* em and z>2 x 10? cm. For smaller values of « the approxi- 

mation must be invalid owing to the “tripling” cffect due to the interaction 
of waves l and 2 in the region v « 1 (8 28). 

Equation (25.35) has the form (25.1) with g, = £}, i.e. the results obtained 
for an isotropic medium can be applied in toto to this solution. 

In the preceding discussion we not only have endeavoured to show that an 
equation of the type (25.1) can be used for a reflected wave in the region of 
the reflection points, but also have made this region a linear layer. This is 
because in the great majority of cases for thick layers we need only consider 
the exact solution of the wave equation for a linear layer (see $ 30). The linear 
approximation for the function Ti (2) near the reflection point is in practice 
inadmissible only near the critical frequencies, when the point 48; ,(z) = 0 
approaches the maximum of the layer. In that case the waves 1 and 2 may be 
regarded as independent under conditions which are evident from the foregoing. 
The propagation of each wave can therefore again be discussed on the basis 
of an equation of the form (25.1). 

The results derived in this section will be used in $35 in dealing with the 
reflection of radio waves from the ionosphere, taking into account the Earth's 
magnetic field. 


dz, (25.38) 








(25.40) 
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§ 26. THE LIMITING POLARISATION OF WAVES 
LEAVING A LAYER OF INHOMOGENEOUS 
MAGNETOACTIVE PLASMA 


Introduction. Some estimates 


The approximation of geometrical optics is inapplicable to the propagation 
of electromagnetic waves in an inhomogencous magnetoactive medium, in 
particular, at the boundary of the layer, where v = 4ze?N(z)/mo*? — 0. 
The reason for this has been explained in $ 23: it arises, essentially, from the 
“polarisation degeneracy" which occurs in a vacuum and in any isotropic 
medium, where all waves are normal waves, whatever their polarisation. 

Let us now ascertain the effect of the region of low density (i.e. the boundary 
of the layer) on the polarisation and phase of waves leaving the layer (e.g. 
waves returning to the Earth after reflection from the ionosphere). 

It is simplest to estimate the contribution to the phase of the wave and 
its polarisation coefficients K} , which results from propagation in the region 
of low density. To do this, we can consider [148] directly the equations (23.2), 
substituting for A, B, C the values (23.21) which pertain to the range v « 1. 
The approximate solution of the resulting equations can be found by taking 
as the zero-order approximation either the solution E(9), = constant x etezle 
or the more exact solution of geometrical optics. We shall not go through the 
caleulations, but merely give the result for the case where v — az; the same 
result is obtaincd if v — az" with m not too large. 

The corrections to the zero-order approximation (or, more precisely, the 
ratio of the first-order and zcro-order terms) are of order az and 27az*/A,. 
In the region where geometrical optics is valid, i.c. where the condition 

aeons Hund (Am =n, —n,—az) 





holds [see (23.23)]], the principal term is —27:a2?/A4,. In the upper layers 
of the ionosphere this ratio is much less than unity: with a ~ 10-6 to 10-7 cm"! 
and Aj/2z ~ 103 cm we have 22az7/A, — 1079? to 10719 x2?, and so with 
z~104cm we obtain 2az?/A, — 0-1 to 0-01 <1, and geometrical optics 
is still applicable, since 49/2 z:z ~ 0-1 « 1. Thus the corrections to the phase 
and to the amplitude ratio K, = Ey, s/E,,,» are much less than unity, and 
so the phase and, in particular, the polarisation of waves reflected from the 


f It may be recalled that the condition (23.23) has been derived in $ 23 on the assump- 
tion that factors such as u — 1, cos*a, sin?« are of the order of unity. Hence, as u—> 1 
(region of the gyration frequency) and as œ —> 0 or a>}, the estimates must be morc 
carefully made. Evidently gcometrical optics may continue to be valid at the boundary 
of the layer when « = 0 or $2, since the polarisation is independent of v in these cases, 
ie. K' = 0. From this we see that when «> 0 or «> 42 the incquality (23.23) is un- 


necessarily stringent. 
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ionosphere are given to a good approximation by using geometrical optics 
throughout the layer and neglecting the region where the condition (23.23) 
is violated and geometrical optics is inapplicable. We can therefore use formula 
(11.29) for the polarisation of waves reflected from the layer. 

This result is simply explained by the fact that, at the boundary of the layer 
(v— 0) in the upper-ionosphere conditions considered, the phase difference 
of the two waves and the change in their polarisation are so small as to be 
of no interest, whether or not they are accurately given by geometrical optics. 
For example, the phase difference at the boundary of the layer is of the order 
of 2z:a2?[A,, i.e. usually very small, as shown above. The phase itself for each 
wave is determined by the value of n, ,, which at the boundary of the layer 
is close to unity, so that the phase gj.» ~ cz/c = 272/2, in the first approxi- 
mation involves no error. 

The inapplicability of the approximation of geometrical optics at the 
boundary of the layer might become significant for 2/27 ~ 10? em with 
a z 10-5cm^!; see the above-mentioned estimates of the quantity 27:a2?/A,. 

Since v = 4zte? N[mo? = 3-18 x 10? N (z)/9?, the parameter a for 20/27 = c/c 
= 10?em is of the order of a ~3-18 x 109(1/w?) (AN dz), —3 x 10-*(d N /dz)o- 
In order to have a ~ 10-5 in this example we must take dN/dz ~ 3, whereas 
in the F layer we usually have d N/dz ~ 0-1 (the half-thickness of the layer 
Zm 7-100 km, and Nmax ~ 10°). At the boundary of the layer we should 
naturally expect a still smaller value of d N/dz. In the E layer the quantity 


2zaz2 3-18 x 1092, (=) 2 
À Dae dz |y. 


is usually greater than in the F layer, since the waves reflected from the 
F layer are longer. In the E layer, however, for the same reason, the condition 
Ag[2ztz « 1l for gcometrical optics to be valid is more stringent than in the 
F layer. The same applies even more strongly to the region of the ionosphere 
lying below the E layer. This region reflects long and very long waves, for 
which geometrical optics is inapplicable not only because of the "polarisation 
degeneracy" at the boundary of the layer but also because the indices 
[n(z) — ?x(z)],4 vary too greatly over distances of the order of a wavelength. 
Thus for long waves the problem of the limiting polarisation must be regarded 
as only one aspect of a more general problem. We shall not discuss here this 
problem of the reflection of long and very long waves from the ionosphere; 
discussions both with and without allowance for the effect of the Earth's 
magnetic ficld may be found in [22, 23, 121, 122, 150-157]. 


The approximate solution 


For not-too-long waves the limiting polarisation may evidently be calculated 
on the basis of the approximation of geometrical optics. More precisely, the 
solution may be sought in the form of “interacting” normal waves of the geo- 
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metrical-optics type. In estimating the importance of the boundary of the layer 
in the calculation of the coefficients K, „a and the phases o, » we have essentially 
proceeded in this way. The method ot perturbations used makes it possible 
to find immediately a eriterion for the deviation of K, ,3 and g, , from their 
geometrical-optics values to be small. In order to elucidate more fully the 
nature of the interaction of normal waves at the boundary of the layer it 
is necessary to solve the problem undcr conditions where this interaction is 
fairly large. 

The problem of the limiting polarisation of waves leaving a layer has been 
discussed by several authors (158-162, 148]. The calculations given below[160] 
are based on the use of certain “coupled wave equations", which have been 
widely applied to solve other problems also [149, 163]. These equations are 
identical with the fundamental equations (23.2), but are sometimes more 
eonvenient. However, such a statement about convenience is somewhat 
arbitrary and is often simply the result of habit. These equations should, 
nevertheless, be quoted, if only because they have been used by several authors. 

Instead of E, and E, we use new functions £,, and E,,, defined by 


By = Ez, Es, Ey= Ey + Epo, | 
Ey, = K, Es Ey, = Ky Bz», (26.1) 
E aay 2Yw(1— is — v) cose 
120) = 71 V inis = Wisinta + 4u(l —£6— vj costa] 


The lower sign corresponds to wave 1 and the upper sign to wave 2. The 
significance of this replacement is that for a homogeneous medium the ratios 
E,,/E,, and E,,/E,, are the same as for the extraordinary and ordinary waves; 
the coefficients K, , in (26.1) are the coefficients (11.25) which determine 
the polarisation of normal waves in à homogeneous medium. For this reason 
we have used the suffixes 1 and 2 in the notation for the new functions, although 
in the general case of an inhomogeneous medium they may be quite unrelated 
to the normal waves 1 and 2 in a homogeneous medium. 

For the functions E, ,, and E, ya or combinations of them we can derive 
a system of equations equivalent. to the original equations (23.2). Such equa- 
tions, in particular, are (25.13) and (25.14) for F} = E, + K, ,E,. In [149, 
160, 163], however, a further transformation is made by using the functions 


IT, = EAY( — Ki, IT, = Eza (1 — Kj, (26.2) 


where Z,, a are the functions defined by (26.1). From (23.2) we have the equi- 
valent equations for É: 

















d? IT, E [2 (ee das v g- 55 dV alk, 

iid ii os (26.3) 
d? IT. 2 : p d II, Í 
dd [nci Pita dta PEE | 
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where the functions (m — ix), are given by formula (11.5) and 











y_ l; d Ke-1_ i ak, 
C3'dz "K,+1  Ki-1 de 
l.d 1—o—is-F iyu (sin?a)/2cosa 
_i,¢@, desk iui od soe 26.4 
A' da ^ l—v—is—ifu(sinta \)/2 cosa |` Pe) 


It must be noted that the transformation (26.2) is inadmissible when K? = 1 
or K? = 1. Since we always have K,K, = 1 [see (11.27)], either of these 
conditions implies the other. Furthermore, Kj = K}=1 only when 
v = 4ne?N (z)mo? = l, s = vgl = Sy = Yu sin?«/2|cosa| [see (11.4)], so 
that the equations (26.3) are inapplicable only in this case 

If the external magnetic field H® may be regarded as uniform, we need 
differentiate only v and s with respect to z in (26.4), and 


yu (sin? «)/4cos a (F . ds 
(1 — v — i s)? + u? sin*a/Acos?x Es ) 


p-— (26.5) 


dz © dz 

It is noteworthy that the function ¥ is not zero, even in the complete 
absence of ionisation (v = 0), if ds/dz = (l/o)dv,g/dz + 0. This result is 
quite intelligible, since when v = 0 we have 


2Yw(1—is) cosx 


K= it ar —————u——À— 
a usin? F Y[u? sinta + 4u(1 — i s)? costa] ' 


(26.6) 


i.e. the polarisation coefficients depend on z through s(z) even when v = 0- 

Equations (26.3) are cxact, and in the absence of ionisation they give, 
of course, the obvious result that the polarisation is constant (i.e. the ratio 
E/E, = (Ej, + Ey2)/(Ez1 + Ez2) is constant), although the auxiliary quan- 
tities 7, ; depend on z. However, even this example of the passage to the limit 
of a non-ionised medium, and the above-mentioned requirement that Kis.- l, 
indicate that equations (26.3) can by no means be considered as invariably 
convenient in application. 

The problem of the limiting polarisation is solved from equations (26.3) 
on the assumption that geometrical opties is applicable at the boundary 
of the layer for the equations 





€) . 9 
z bog ("i)i 1, — 0. (26.7) 


The corresponding particular solutions are [see (16.11)] 


Ti o rr exp |i fm — i» dz], | 


Hire 


(26.8) 
T F exp |= i [m izada]. | 
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In the absence of absorption these expressions give a good approximation 
to the exact solutions of equations (26.7) if the conditions 
Ag ddnde] 


«l1 
2x — nj? 


hold [see (16.22)]; in the presence of absorption, the corresponding conditions 
may be written, in a somewhat symbolic form, 


Ay a(n — ix), o/dz 











2%  (n—ix) om 
Equations (26.3) may be written 
dll, o? ] 
dz? + y(n — tT = f), 
d? [T. w? 
i3 pu c (n "x t x)? II, = fa (z2), l (26.9) 


hk = PI, — I, d [dz — OW all Jd». 
Using as the solutions of the homogeneous equations (26.7) the expressions 
(26.8), we can now find the solutions of cquations (26.9) from the familiar 
formulae obtained by “variation of the parameters”: if I, and I,- are 


solutions of the homogeneous equation (26.7), a particular solution of the 
inhomogeneous equation (26.9) for J is 


IH, = —H,, | QT, fW) dz +I- f Uh, fW.) de, 
W, — I1, dI, |dz — IT, dl, fdz. 


(26.10) 


The solution for IT, is obtained simply by substituting the suffix 2 for 1. The 
Wronskians for the solutions (26.8) are W, = W, = —2iw/c. Moreover, in 
the problem of the limiting polarisation for a smooth layer we need consider 
only waves travelling in one direction (namely, out of the layer). Consequently, 
only the terms proportional to 77/9) , need be retained as JJ 2, in solutions 
of the type (26.10) with the functions (26.8). The result is 





TT 
E (0) 
ine fum 


P, 
= (0) 
H, = EU : f IT?" dz. | 


These expressions are still not solutions of the problem, since the functions f, g 
themselves depend on /7, ,. Nevertheless, they can be used when the inter- 
action between waves 1 and 2 is weak and so the functions f, , are small. 


(26.11) 
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This is most simply done by the method of successive approximations, also 
called the method of perturbation theory. As applied to the expressions (26.11), 
this method consists in substituting the solutions 77$}, for I7,,, in f, ,. 
This procedure has, in essencc, been used already at the beginning of this 
section in treating the original equations (23.2). A more complete solution 
is given in [160], but only for a particular model of the ionospheric layer. 
The calculations are quite laborious, though straightforward. We shall there- 
fore describe only their general form and the result. 
The solutions /7, , are sought in the form 


IT. = A, 2(2) TIY, +) 


Z 
A, = u,(2) exp [^ I (ng — n4) dz] ; 


Zi 


(26.12) 


A, = us (2) exp lis fo — n4) dz| ; 


Ze 


where the point z, is taken outside the layer, so that n,(zj) = n (Zo). In the 
presenee of absorption, », , should simply be replaced by (m — ix), . here 
and henceforward. 

The functions A, ,(z) in the case of weak interaction may be regarded as 
varying slowly in comparison with I7f9),. 

For the particular conditions prevailing at the boundary of the E layer 
of the ionosphere, estimates show that the factors such as W?/7{9 77 and 
TIS 11. dP jdz may be neglected in comparison with 2WII(9 d71 /dz and 
2WII(? dH |dz. This is evident directly, since the derivatives dJI{°), /dz 
contain the large factor w/c, which is not present in the neglected terms. 
Thus we obtain for the functions u, the equation 








du l œ? l.o d 
12: d [Piet m m- gj w,a—0. (26.13) 
If 
w? l.w d 
LET te (m= m) — -zig gz (T my) ; (26.14) 





equation (26.13) is almost the samc as when n, = ng. For an isotropic medium, 
however, the solution of the cquations is already known to be that the polari- 
sation of the wave remains unchanged (and so we shall omit the proof, which 
involves simply converting w, , to /7, , and then to the field E, ,). In the 
opposite limiting case 

w? l. o% 


d 
| Up « 4d (5 = n) = * V Se s. (na = n4) (26.15) 
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we ean neglect the term in V? in equation (26.13), and, using the fact that u , 
vary only slowly with z, find 


U2 = constant x exp [+ i f o. — ny dz] . 


v 


Henee we find, in particular, 4, , — constant and I, , = constant x I{, 

[see (26.12)], ie. the waves //,, and I, do not interaet. Thus the region 

of interaction in the determination of the limiting polarisation eorresponds 
to the eondition 

l npe uid w? ] 0 

c 


d | 
|a EX (n4 — ny? — Pe (n4 — m) : (26.16) 
Usually one of the terms on the right of this equation is small compared with 
the other. For example, with the model used in [160], for f > 1 Me/s (A, < 300m) 
we ean neglect the term (c/c) d (n4 — n4)/dz in eomparison with (w?/c?) (na — n,)?, 
while for f < 0-5 Mc/s (A, > 600 m) the seeond term is dominant. 


Results of the calculation 


Equation (26.13) has the form of a wave equation in an isotropie medium 
[see (16.3)] and it ean be analysed fully. This has been done in [160] for the 
ease where n, — n, = eonstant x e^*,'/ = eonstant and A, S 300m. The 
result of the ealeulations is that the limiting polarisation of a wave 1 or 2 
leaving the layer is 

[E und Ue, | 
Bzh 7 (F—g)— KPa(F +g)’ 
Fjy = —2-?r92rgirr (1 —r/P(Y1-- rm), r=i Pj. | 





(26.17) 


Here I(x) is the gamma function, and K()(z;) are the usual polarisation 
eoefficients [sec (11.25) or (26.1)], in which we must substitute the eleetron 
density at a level z, given by the condition 


V*(2) = (002/402) [ns (3) — 0 (2)]. (26.18) 


For the particular example [160] of the boundary of the E layer and 4, = 300m, 
we have in the region of interaction |V/| ~ 2 x 10-5 em-!, r ~ 2 x 107? 
and F/g ~ — 0-973; for shorter waves, |¥| is still less and | F/g| is still eloser 
to unity. If F/g = —1, then 


(E/E), 2 = Kie x K®, (zp). (26.19) 





Thus in this example the limiting polarisation for waves shorter than 300 m 
is praetically the same as in the approximation of geometrieal optics for 
a medium whose parameters eorrespond to the point z, given by the eondition 
(26.18). This point is eomplex, since we eannot in gencral neglcet absorption 
at the boundary of the layer, and in practice n, — », must everywhere be 
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replaced by (n — ix), — (n — ix),. However, for sufficiently short waves 
(here, Ay < 300 m) we again have a simplification, and the coordinate z, 
may be regarded as real. It is also found that the point z, corresponds to 
very small values of the parameters v and s. This is reasonable, since at the 
boundary of the layer v « 1 and s « 1l. We have finally an almost trivial 
result: for K,, = KẸ} we must take the limiting value 


i 2 yu (cosa) 
usin?a F (u? sinta + 4u cos*«) 


which follows from (11.25), (26.1) and (26.6) when v = s = 0. 

In other words, in the particular conditions which have been analysed 
fully in [160] the approximation of geometrical optics is in fact applicable even 
to caleulate the polarisation at the boundary of the layer. The same conclusion 
could have bcen reached on the basis of the estimates made at the beginning 
of this section. We have nevertheless indicated the procedure for a more 
detailed treatment, on account of the methodological aspect and the possibility 
of discussing other examples in which the interaction is more important. 
However. in the ionosphere, in the region of interaction (26.18), we apparently 
always have v = 4ze? N[mo? « 1,8 = v,gío < 1, and the value of the limiting 
polarisation is determined only by the Earth's magnetic field, i.e. by the 
values of u and æ. Hence it is clear that an experimental determination of 
the limiting polarisation cannot provide any further information regarding 
the ionosphere (the field H® in the lower ionosphere is, of course, sufficiently 
accurately known). 

In the solar corona, on the other hand, the magnetic field is not accurately 
known, and the measurement of the limiting polarisation might be very useful. 
Here, however, we encounter another difficulty because we have no information 
on the nature of the polarisation or the type of the wave before it reaches 
the “‘cdge”’ of the corona, or more precisely the region of interaction. Never- 
theless, it is not impossible that other considerations may sometimes allow 
us to regard a wave leaving the corona as purely ordinary or purely extra- 
ordinary. From a measurement of the polarisation of such à wave we could 
derive valuable information regarding the magnetic field in the corona at 
the “level of interaction ". 


Ky. = — (26.20) 





$27. THE BEHAVIOUR OF THE WAVE FIELD AND THE 
COEFFICIENTS OF REFLECTION AND TRANSMISSION 
WHEN THE REFRACTIVE INDEX HAS SINGULARITIES 


Introduction. Singularities (poles) of the refractive index 


One of the characteristic features of an inhomogeneous magnetoactive 
plasma is the possibility that the refractive indices ñ} , may become infinite 
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while the electron density N(z) remains finite. For, as already mentioned, 
with a given value of u = w?,/w? <1 we have fii > oo when v-v» 
= 4ne°N,,/mw* = (1 — u)/(1 — u cos?a); if u costa > 1, then fi2 — oo when 
v > Pree = 4ze*N.s mo? = (u — 1)/(u cos?x — 1). The form ol the curves 
of f 2(2) near the poles is seen from Figs. 11.3, 11.6, 11.8 and 11.10. In parti- 
eular, #} may have a pole in the simple case of transverse propagation («x = 4), 
when the wave equation for wave 1 has the form [see (25.7)] 


d? E,ldz? + (w/c?) f E, — 0, 
7G = 1 — v(l — v)/(1 — u — v). 


Hence we see from the above general expression for v,,, that for x = liz 


(27.1) 


Yo —l— w w% =a + wy, (27.2) 


where co is the frequency at which ñ? -> oo for given « and wg. The two 
expressions given are, of course, identical, since v = cx//oà, and u = otf. 
When « = 0 and u +1 the functions f, = f£ have no poles; as « — 0, 
Vœ = (1 — u)/(1 — u cos?x) — 1, but the straight line v = 1 thus obtained 
corresponds to a plasma wave ($ 12). Ifa + 0 anda + 1zt, the wave equations 
(23.2) do not strictly separate into two sccond-order equations, but for a 
sufficiently extended layer this separation can usually still be carried out 
to a good approximation (see § 25). One exception is the region of low densities 
(v — 0) discussed in $26. The problem of the poles of the functions fi, is 
here of little interest, since v, 4, > 0 only as u — 1. Moreover, at the boundary 
of the layer, collisions are usually important and the pole lies far from the 
real axis (see below). Another exceptional case where we must go beyond 
the second-order equation occurs when « — 0. This corresponds to the “‘tripling”’ 
of signals discussed in $28. At present we need only consider an equation 
of the type (16.3): 

d? F[dz? + (c/c?) &g (o, z) P = 0, (27.3) 
where F is some function related to the wave field E; see, for instance, (25.22), 
(25.23), and (25.4). 

In à magnetoactive plasma with æ = 42 we have &g = (n — ix)? or, in 
the absence of collisions, £g = 42; for other values of x we can still usually 
put &g = (n — ix)? ,, as shown in $25. Equation (27.3) with a function &g 
which has a pole is of interest also for an isotropic plasma when a wave having 
the vector E in the plane of incidence is obliquely incident on the layer. In 
this case we have [see (19.22) and d 23)] 


d*g'[dz2 | 3 (de'[dzy 
eae (ye (0) Bia o T wo zx i 7 |. | (27.4) 
E, = F sin0 (z) exp[+ i (w/c) H (0) sin0,]. | 


In the absence of collisions this function &g = £g has a polc at the point 
where ¢ = 0. For example, for a linear layer &' = — az — is with ¢’(0) = 1 
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we have 
3c? a? 
4o? (az-- is 


In an isotropic plasma with normal incidence 


(27.5) 


ee = — az — is — sin? hy — 


&g = E = 1 — 4ze?N (z)mo[o — ive (z)] 
and so &' has no pole if the density N is finite and z is real. For other media 
the permittivity «' in the absence of absorption has a pole even in the isotropic 
case [see, for example, (22.18)]. 

Thus, in order to solve some problems of wave propagation, we must 
examine equation (27.3) with a function e,g(z) which has a pole. The pole 
evidently lies on the real axis, and so is of interest here, only when &g = &g, 
ie. when the function egg is real. 

If collisions in the plasma are taken into account, however, the pole of esr 
corresponds to complex values of z [see (27.5)]. For a magnetoactive plasma 
in the presence of collisions, (n — ix) > co whenT 

VU, 209 = 477 €? N (z)/ mo» 
= (1 — i s)[(1 — i s}? — u]/[(1 — i s} — wcos*a], (27.6) 


where, in the most general case of a plane-parallel medium, u = wy (z)/w? 
and s = veg (2)/w. 

Since, when collisions are taken into account, all quantities are finite on 
the real z-axis, it may seem that this problem has no essential singular- 
ities. This is not so, however. When the function e; (z) bas a first-order pole, 
a wave passing near the singularity is found to be attenuated even when 
8 = veglc — 0. Moreover, for small s the wave field in the region oflarge values 
of |&g| behaves in a very curious manner, as we have scen in § 20. Thus the 
problem of wave propagation when there is a “resonance region", i.e. a pole 
of the function &g, in fact merits separate analysis. Various aspects of this 
problem are discussed in [22, $ 79; 130-132, 167—169]. 


The rigorous solution for a layer with cig = g/(z + is)? 
For certain functions g.g (z) which have a pole, equation (27.3) has a rigorous 
solution expressible in terms of known functions. For instance, if 
ela = giz + is, (27.7) 
the general solution of cquation (27.3) has already been given at the end 
of § 17, and is 
F = O,(2 + is) + Cy(2 tis)", | 


nasta ae j  — " 


T Sce the general expression (11.6) for (n — ix), 2. Formula (27.6) can also be obtained 
directly by using the fact that the value (n — ix)} 2 = œ corresponds to the vanishing 
of the denominators in the expressions for A, B and C in the initial equations (11.3). 
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If the constant g is real and w2g/c? > 1, the exponents r, , are complex and 
we have waves travelling in opposite directions. These arc independent, and 
so there is no reflection at or near the point z = 0. The function F for z = 0 
is finite and tends to zero as s— 0. For an isotropic medium and normal 
incidence, F in (27.3) may be taken to be the field E itself, with ex equal 
to the complex permittivity e' of the medium. For such a medium with g > 0 
we see that the presence of a second-order pole of e' leads to no singularity 
of the wave field. The situation is different if g < 0 in (27.8) and one of the 
roots r,, is negative. The function F then has a singularity at z = 0 when 
S — 0; if r, > O and r, < 0, the singularity of course exists only when C, + 0. 
The peaking of the field components E, and Æ, for oblique incidence of a wave 
on an isotropic layer (see § 20) is an instance of this case. For in § 20 the func- 
tion &,g had the form (27.5), i.e. was similar to (27.7) when z — 0 and s > 0: 
&g = —3 ea? 4w (az + is)? . From this we have, when s>0, 7, = —}, 
r, = 3/2 and F = C,/z? + C,23; also |E,| = |F sin6| = |F sin 0,/Ve' (z)| 
= |F sin6,//(—az — is)| [see (19.21)]. Thus, as s— 0, E, = constant/z; 
the constant C, = 0, on account of the fact that the field must vanish as z — oo. 
This result for E, agrees with that obtained in § 20 [sec (20.19)], but the con- 
stant can, of course, be determined only by examining the solution throughout 
the region (as was done in § 20). 


The rigorous solution for a layer with &g = g?/(z + is). 
The physical interpretation 
When the permittivity &' = (a + bz)" with m + — 2, equation (27.3) has 
a solution in terms of Bessel functions [117, 118]. In particular, if 
e = g?[(z + is), (27.9) 
the general solution of equation (27.3) is [125, 167] 


1 ud 
E = (z + is)? (C,H [2g(2 + i] + C,H [2g(z + is], (27.10) 
where H® and H®) are Hankel functions, and we have already put een = e' 
and F = E,, = E, ic. we arc considering wave propagation normal to the 
layer in an isotropic medium. 

We shall choose the sign of yz such that /z >0 for z > 0 and yz = 1y|z| 
for z < 0 (i.e. 0 < arg(z + is) < x). Then the requirement that the field 
is finite as z — — oo necessarily means that C, = 0 in (27.10). For |¢| > 1 
we have the familiar results 

HW (2) ~ W(2/n é) yetS-37/4) HEE) ~ V(2/m C) etC 3710, 

Thus for z < 0 only the damped solution remains, as is always tho case 
in the region where e < 0 (Fig. 27.1). For large positivez, when 2g | (z + isi |>>1, 
we obtain 


E ~ CY (1/29) (2 + isjtexp|i (ot^ 2o (e+ isi— ial). (27.10) 
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ie. we have a wave travelling from the region of z = oo to the origin z = 0. 
There is here no reflected wave; for z > — co the field is zero, and the wave is 


e(z) 


e 
Incident wave 





Fre. 27.1. A layer with e(z) = g?/z. 


therefore completely absorbed near the origin z = 0, where for s = 0 the permit- 
tivity e'(z) has a pole. 
1 
When 2g|(z + $s)?| « 1 we have 


i 4. : 
E—O,( 4 is)? HO [2g (z + i52)] eit & (Ci C mg) e*t, — (27.10b) 


which is finite. 

If s +0 the absence of reflection is not particularly surprising: the wave 
travels to the region z ~ 0 and is absorbed there.[ The absorption in 
the region of small z is in fact especially large, being equal to o£? 
with o = — (o/47zt)im é' = g?wcs[Az (2? + s?) [see (27.9)], and the real field 
E = (C,/ng) sinwt [see (27.10b)]. If s > 0, however, there is again no reflection, 
because the absorption does not vanish in the limit: for small s the total 
losses are 


[oman Ee [ 2 - £2— | 2T 
4z z2 + gt 


1 
= 44 0E - (Cio) sin? wt, 


T Near a pole of the refractive index n, the derivative dn/dz is large, and so it might 
appear at first sight that geometrical optics becomes invalid and reflection must occur. 
In fact, however, the condition 

Ao |dn/dz| 
27 nm ! 


[see (16.22)] is satisfied near the pole even better than far from it. This is, of course, due 
to the fact that the wavelength 4 = A,/n — 0 as n> æ. 
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ie. the absorption is independent of s and so naturally does not vanish as 
s—0.t 

The question still remains of what happens if we put s = 0 ab initio. There 
can then be no absorption of cnergy, and it is difficult to understand what 
becomes of the energy of the incident wave. The answer is that when s — 0 
it is not physically justifiable to treat wave propagation as a steady process: 
in such a process, when s — 0, an infinite amount of energy must accumulate 
in the neighbourhood of the pole, the influx of energy per unit time being 
finite. Thus we must consider a transition process in which the energy of the 
incident wave continually accumulates near the pole, and the absence of 
absorption again involves no paradox. 

In physical problems the transition to the case where absorption is absent 
may usually be conveniently regarded as a passage to the limit obtained 
when the absorption tends to zero, and we shall interpret in this sense the 
statement that collisions are absent. The presence of non-zero absorption 
in the limit is a consequence of a certain resonance and is quite clear from the 
above discussion (see also below). 


A layer with £g = g? + g3/(z + 1s) 
In [167] a solution is given of the problem of wave transmission and re- 


flection in a layer with 
&g = gi + 93/(2 + ds), (27.11) 


where as $— 0 we have both the pole zo — 0 and the zero z = —g3/g? 
(Fig. 27.2). 

The solution of equation (27.3) with this form of the permittivity eeg = e' 
can be expressed in terms of a certain kind of hypergcometric functions, 
sometimes known as Whittaker functions [128]. Investigation shows that, 
when the wave is incident on thc pole from the left, i.e. from the zero of e(z) 
(as shown by the continuous arrows in Fig. 27.2), the moduli of the amplitude 
coefficients of reflection |R,{ and transmission |D,| arc (for s— 0) 


| fg] = 1 — exp(— T € gs/c g1); 


27.12 
| Do| = exp(— x w g2/2c gi). ( ) 


+ This result corresponds to the well-known fact that the total energy absorbed by 
a damped harmonic oscillator under the action of a force with a continuous spectrum 
(i.e. the area of the resonance curve) is independent of the damping decrement when the 
damping is weak. The condition for the absorption to be small enters into thc above 
derivation when the limits of integration are taken as +œ and the field E is replaced 
by the constant H(z = 0). This procedure is permissible, since 

$0 
J PT dz = [tan 1 (z/s) i> z when 8-0. 
»«0 
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Near the pole a relative amount of energy |A,|*? = 1 — | RiP — |D,? 20 


is thus absorbed. If the distance between the zero z, = —g3/gj and the pole 
= 0 is large, so that z:cg2/cg, = 27? 93/209; > 1, then | j| = 1, |Dy] — 0 
id | Ao] = 0. This is evidently correct, since between the zero aud the pole 





Fic. 27.2. A layer with e(z) = gf + g3/z. 


the function e(z) < 0 and the wave is damped. Hence the absorption, which 
occurs only at the pole when s— 0, cannot be appreciable unless the pole 
and the zero are close together. When g, > 0, the pole and the zero disappear, 
and |R| — 0, |D| ^ 1, | Ag| ^ 0. Finally, (27.12) shows that the fraction 
of absorbed energy is 


lA, |] = 1 — | Ro]? — (Di? — ec*(1— e7’), where ô= m egzleg,. — (27.13) 


This is à maximum when ó, — In 2 — 0:6931, in which case one quarter of 
the incident energy is absorbed in the resonance region. 

Now let the wave be incident from the right, i.e. from the pole (as shown 
by the broken arrows in Fig. 27.2). Then 


|Ro| — 0, | Doo | = exp(— x w g3/2¢9,) = [Dy]; 
[As]? = 1 —|Do|? > 0. 


As g,->0 the function (27.11) becomes (27.9), and so in this limiting case 
we have | D| = 0 as well as |R| = 0, i.e. all the energy is absorbed in the 
region of the pole. The transmission cocfficicnt is, of course, very small even 
if g, + 0 but the distance between the pole and the zero of e(z) is Sar CeNety 
large. On the other hand, when the pole is very close to the zero (xwg?/2cg,<1), 
the wave is “unable to be absorbed” near the pole and passes freely through 
this region (|D,.|>1). It may also be noted that the result |D,,| = |Do| 
derived above is no accident, but is common to all such problems for an iso- 
tropic medium; this follows from the reciprocity theorem.T 


(27.14) 








T Ina magnetoactive medium the reciprocity theorem in its usual form is not in general 
valid. In $29 we shall discuss a generalised reciprocity theorem which holds in such a 
medium. 
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The pole of the function (n — ix); , in a magnetoactive plasma 


Finally, let us consider the problem of principal interest to us, namely 
the effect of the pole of the function (n — ix)? , on the propagation of waves 
in a magnetoactive plasma. As already mentioned, if we exclude from con- 
sideration the region of small angles «œ, the pattern of wave propagation in 
the presence of the pole can be ascertained from the example of transverse 
propagation [168, 169]. The corresponding equation (27.1) for a linear layer 
v = az with no absorption is 


d? E. u(l— u) 
ae vepe 


where 9 = w/ca = 2z[Aya and Ẹ =v + u — 1 (Ẹ = 0 at vio — 1 — u, where 
ñ? -> oo; see Fig. 27.3). A comparison of (27.11) and (27.15), and of Figs. 27.2 
and 27.3, shows that the functions e;g in these two cases are very similar if 





)z. =0, (27.15) 


o -0 — o ——— 
x (+) 24- 
o ue MT Vio v ue 
i 
[ 


Fro. 27.3. The function #,2(v) fora = 1. 


we may ignore the second (right-hand) zero v{) of the function fj. This is 
permissible if the distance between this zero vf) = 1+ Vu and the pole 
vœ = l — is sufficiently large compared with the wavelength 4,/22; for 
a linear layer v = az, this distance is dz = /u(1 — Vu)/a = wy(w — wp)/aw?. 

Let us therefore begin by neglecting the zero of‘), and thereby assuming 
that the wave can pass into the region of large v in Fig. 27.3. (The same result 
can be achieved if the layer is not linear and the maximum density Nmax 
in it is less than the corresponding point of) = 4z e? N/m? = 1 + yu.) 
Then we can use, as a certain approximation, the results (27.12)-(27.14) for the 
layer (27.11), replacing gj by u(1 — u)/a?, g? by Vw(1 + Yu)/a? and z by €, 
so that the pole v, œ of n? and its left-hand zero of) = 1 — Ju = to +1 u, 
ER = — Vul — Vu) eoineide with the pole and zero of (27.11). The result is 


|R| - 1— e^, pres | Doo] = 67%, | 
[Rol =0, =m w uš (l — u)/cay[l + yu], 
IA = 1 URP Dol? e^ e, 

| Aso? =1- e’, 


(27.16) 


10 PEW 
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The energy absorbed in the region of the pole when the wave is incident 
from the left (i.e. from small v) again, of course, reaches its maximum value 


off when 6, = In 2. 


The moduli of the coefficients of reflection and transmission for sufficiently 
extended layers, and usually to à good approximation for the more general 
case, can be obtained by the method of phase integrals. Some comments 
on this method will be given in $ 28. Here we shall simply mention the result 
[169] as applied to equation (27.15). 

If reflection from the second zero v‘‘) is neglected, the expressions for 
|R| and | D| are given by (27.16), with 


à,— —4ipfbmndt, e=a/ca, (27.17) 
n, = y[2u — + u (1 — u)/C], 


where the integral is taken in the complex plane of ¢ along a contour which 
passes twice round each of the singularities (C) = — Vu(1 — Vu) and &,, = 0 


Complex plane 





Fro. 27.4. Contour of integration in (27.17). The contour must be traversed 
twice, although the fact that the surface has two sheets is not shown in the 
diagram. 


(Fig. 27.4).T By distorting the contour into a segment of the real axis between 





(C) and ¢,,, we can also write (substituting č = — l/u(1 — yu)t?) 
boo 
6, = — 2ip f nal 
t 
i 1 
— 4u3lt o(1 — Vu) (1 + vor f lla - e nmn e) di. (27.18) 
TF yu ; 5 
0 


If ô > 1, the coefficient | Rọ| = 1 — e-^ is very close to unity, and so the 
case where Ó, S 1 is of interest. When o = w/ca > 1, i.e. for a thick layer, 


T The necessity of passing twice round 2$ and foo arises from the fact that n4(0) 
is analytic only on a surface of two sheets. This is not shown in Fig. 27.4. 


Propagation in an Inhomogeneous Magnetoactive Plasma 291 


this can occur only if u = c/o? « 1. Then (27.18) becomes 
1 


o 3 3 
ôo = sat [ya — 4) dt=3-5(w/ca) ut, wl, (27.19) 
0 
since 
1 
1 ,/3 1 7 
1— #)dt=—T(—| r — mus 4 

fu jdt i) rG) n) oe. 

0 
where T(x) is the gamma function. From (27.16), on the other hand, we have 

8 


ôo = n (c[ca)u* for u « 1. 


The result (27.19) is apparently the more exact, despite the approximations 
used in deriving formulae (27.18) and (27.19) when the points (6) = —yu(1 ~u) 
and œ» move together. This may be deduced as follows. Formula (27.16) 
for a layer of the type (27.11) has been obtained by an exact solution of the 
wave equation, but the application of the general expression (27.18) 


to the layer (27.11) gives the same formula (27.16). Thus it seems that the 
method of phase integrals in practice leads to exact formulae for | R| and | D| 
in the problems under consideration and in similar problems. 

A second conclusion which may be drawn is that the replacement of the 
layer (27.15) by the corresponding layer of the type (27.11) leads (at least 
for u « 1) to almost the same expression for ô, the coefficient 3-5 in (27.19) 
being replaced by x = 3-14 in (27.16) for u « 1. 

When reflection from the second zero vH — 1 + Vu = CQ + 1 — u, 

C = Yu(l + yu), is taken into account, the method of phase integrals 
given 
R, = e2[1 — e^ (1 — e7255)], 
| Ry |? = 1 — 467% (1 — e?) sin? S, 
ae 


S—o f nd (27.20) 
to 


1 
= 20w (1+ Ju)(1— vo z e + zs ear, 


where 6, is again defined by (27.18). 
If the distance between the pole £,, = 0 and the zeros ((2? is large, we of 
course obtain from (27.20) the correct result R, = e^, This is also obtaincd 





10* 
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when u — 0 and the medium becomes isotropic, with total reflection from the 
layer with e = 1 — v. The result is not completely trivial, since the method 
of phase integrals cannot in general be regarded as applicable when the singular 
points are close together. 

When u « 1 [see (27.19)] we have 


S = 16) = 1-75 (w/ca) us, 


27.21 
| Rol? = 1 — 4e7^ (1 — e7^) sin? 3 ôo. l ) 


The reflection coefficient | R|? as a function of 6, in this approximation is 
shown in Fig. 27.5. The minimum value of |R,|* is about 65 per cent, i.e. 
a maximum of 35 per cent of the incident energy is lost in the resonance 


Inf 
HO 
0-8 
0-6 
0-4 
o2 


Oo 


r/2 T 2- 3r & 


Fro. 27.5. Reflection coefficient |E,|? as a function of the parameter ó,. 


region. When reflection from the second zero is neglected, as above, not more 
than 25 per cent of the incident energy is absorbed. This relates to the limiting 
ease s> 0. When s+ 0 the calculation can still be carried out, and in the 
method of phase integrals with s « 1 the total absorption is simply the sum 
of the resonance absorption calculated previously and the absorption under- 
gone by the wave on the way to the reflection point ((? and back. 

For angles « + $x but such that the interaction between the normal waves 
is negligible, the problem of the reflection and transmission of waves when 
a resonance region is present varics with « only as regards the form of the 
functions nj (v, u, s, x) in the wave equation of the type (27.1). Here the method 
of phase integrals leads to the results (27.17), (27.20) with n,(v, w,« = im) 
replaced by n4 s(v, u, x), 


The mechanism of resonance. The *peaking" of the field 
in a magnetoactive plasma 


The absorption of energy near a pole of the function &4 has here been called 
“resonance absorption" essential only by analogy with the resonance 
absorption of a harmonic oscillator. In reality, for actual media we have 
more than an analogy; it is the same phenomenon considered in different 
conditions. This is particularly easily seen for the case of an isotropic medium 
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consisting of an assembly of harmonic oscillators of eigenfrequency w;, when 
E — e —i* 4no[o = 1+ 4zne?N[m(o$ — w? + iwvg) [see (22.18)]. If the 
frequency w of the incident radiation is varied, the energy oH? absorbed by 
the oscillators is given, as a function of «, by the resonance curve 
constant x E?/[(w — c)? + (4%eq)?] (it is assumed that w — c; « cy). Now 
let the frequency w be constant but the eigenfrequency œw; vary as a function 
of the coordinate z. It is then clear that the result will be the same as in the 
previous case, except that the resonance curve will "spread" over the co- 
ordinate z instead of the frequency w. For oscillators this statement of the 
problem is somewhat artificial, but it corresponds exactly to the state of 
affairs in an inhomogeneous magnetoactive plasma. The eigenfrequency is 
here represented by the frequency wy = V[4zxe?N (z)/m], and in complete 
accordance with this we find plasma waves exactly at the points v, 2% where 
fit a —> oo ($12). 

When we go to the isotropic case, v; 2% — l and the plasma wave exists 
only when v = l. For normal incidence on an isotropic layer the plasma 
wave is not excited, however, and so the resonance effect occurs in an isotropic 
medium only for oblique incidence of a wave with E, + 0 (see § 20). 

In a magnetic field, the plasma wave in the neighbourhood of the point v, 2.5 
can be excited even at normal incidence if x + 0, because [see (11.28)] 


yu (v sine) u v COS& sin & 
Bs + — — 
u — (l — v) — u v cos?°« 


B= — E oy — unease " 
and consequently Z, + 0 in most cases even for normal incidence ; an exception 
is formed by both normal waves for x = 0 and by the ordinary wave for 
& = àz. In particular, for the extraordinary wave with « = iz we have 
E, -- 0, E, = 0 and i 
i Vu (v) 

E. me u—(1—is)1—is—v) Ez, (27.22) 
where we have taken account of absorption [see (10.20)]. 

Thus it is evident from physical considerations that the “peaking” of the 
wave field, which occurs in an isotropic plasma near thc point e = 0 (i.c. 
for v œ 1) for oblique incidence of a wave with E, + 0, must occur in a magncto- 
active plasma near the points where ñi, -> oo (ie. for v œ V, 2%) for both 

normal and oblique incidence. Moreover, it is cvident that, other conditions 
being equal, the “peaking” becomes greater as the point ñf p-> oo approaches 
the reflection point. For normal incidence of wave 1 we have at the reflection 
point 4? = 0 and vi} = 1 — Vu. For oblique incidence the reflection point 
given by the condition n, , = sin 0, lies below its position for normal incidence, 
and so the “peaking” of the ficld is less marked.T In the ionosphere and the 


t When «+42 and «+0 this statement needs some refincment, as the reflection 
pointe for the ray and the wave normal do not coincide ($ 29). 
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corona, i.e. for thick layers, the points v, 44, and v, 9 or vs, = l are close together 
only for small values of u. When u — 0, however, the effect disappears for 
normal incidence, since E, — 0. For oblique incidence with u — 0, the effect 
of course beeomes the same as for an isotropic plasma. Thus the picture is 
fairly clear from the physical point of vicw. 

The derivation of quantitative results in the general case, where a magnetic 
field is present, is a problem as yet unsolved. For normal incidence and « = iz 
the problem of the “peaking” of the field near the point v,,, = 1 — u can 
be treated for a linear layer by solving equation (27.15). In the immediate 
neighbourhood of the pole this equation is equivalent to the wave equation 
for the layer (27.9), ie. we can put 2u —€+u(1 —w)/E ~ «(1 — wu). 
From (27.10) we see that the ficld Z, is finite at the pole itself, and then (27.22) 
shows that at the pole 


E, = C[[u +v — 1 + 2s(1 + u)] = C/[az' + is(1 + u)], (27.23) 


where absorption is assumed small (s? « 1) and we put u +v — l = az' 
(for s = 0, az’ = C). 

This result [168] corresponds exactly to formula (20.19) for an isotropic 
plasma. The constant C in (27.23) tends to zero as u — 0, as is immediately 
evident from (27.22), which shows that E, — 0 when w — 0. Further, it 
follows from the corresponding calculation for an isotropic plasma [see (20.14)], 
and from more general arguments, that the constant C must be given by the 
factor 


Coo 


C —exp| — — f madti | = e7% (27.24) 
oe 


which characterises the damping of the wave on the path from the reflection 
point ¢{) to the pole £4, = 0. 


The Earth’s ionosphere 


For the layers of the ionosphere, where v,g 2 10? and the magnetic field 
H® ~ 0-5 oersted, the “peaking” of the field is negligible. The reason is 
that the quantity u = w/w? cannot be regarded as very small, since the 
frequency w cannot excecd the critical frequency Wer of the layer (otherwise 
the function #{ would have no pole). For the F layer 2zf, = c, x 108 
(Ace Z 20 to 30 m), and for og ~8 x 109 (H ~ 0-5 oersted) we have u 2 10-2. 
For u « 1, equations (27.19) and (27.24) give 


C ~exp(—1-TBaui/ea). (27.25) 


Hence for œw = 105, a — 107? and wy~8 x 109 we obtain C ~ e-10, In an 
isotropic plasma the “peaking” of the field might be greater only because by 
reducing the angle of incidence 0,, which is equivalent to reducing u, we could 
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bring the reflection point n (z) = sin, nearer to the pole of the function elg 
at n(z,) = 0. 

Thus for the Earth’s ionospherc, at least when ionisation is normal, the 
peaking of the field near the points ñ, -> oo is of no importance. In the 
solar corona, where the frequencies w are greater and the field H may be 
very weak, the effcct is perhaps sometimes more significant. 


The allowance for spatial dispersion 


The component Æ, of the wave field and the field energy at the point £j ,— oo 
become finite not only when collisions are taken into account [ie. when 
s +0 in formula (27.23)] but also when allowance is made for spatial dis- 
persion. Here the situation is essentially the same as in an isotropic plasma 
(§ 20). The only difference is that, when a magnetic field is present, plasma 
waves appear not as an isolated branch but as a direct continuation of the 
branches of the wave for which 4j? — oo. For this reason it is physically evident 
that, when spatial dispersion is taken into account, the wave travelling to 
the pole simply becomes a plasma wave ($12), and the plasma waves are 
damped even when collisions are absent. However, if even a small number 
of collisions occur, all the absorbed energy is ultimately converted into heat. 


$28. THE "TRIPLING" OF REFLECTED SIGNALS BY THE 
INTERACTION OF NORMAL WAVES FOR SMALL « 


The range of small angles « between the magnetic field and the wave vector. 
Deseription of the phenomenon 


When the angle « between the direction of the external magnetic ficld H(9 
and the wave vector k is small (for normal incidence, which is considered 
here, the vector k is in the z-direction), there is an interaction between the 
ordinary and extraordinary waves near the point vg) = 4zre?N (z)/mo? = 1. 
The nature of wave propagation for small « has already been described (8811, 
12, 23, 25). Here, therefore, we shall only give a bricf recapitulation of the 
important points, using the example of radio signals reflected from an in- 
homogeneous layer (the ionosphere, for instance). 

In longitudinal propagation (x — 0) the radio signals arc reflected from the 
points XD = l + lv; if the angle « is sufficiently large, reflection occurs 
from the points v() = 1 — Vu and vg, = l (sce Fig. 28.1a, where the case 
u < lis taken and the frequencies are assumed to be below critical). Accordingly 
the relative delay of the two signals in longitudinal propagation is considerably 
greater than when œ + 0. Formally, in terms of the n, ,(v) curves, there is 
no continuous transition from the case « + 0 to « = 0, i.c. reflection of the 
ordinary signal must jump from vzo to vf}. Physically, it is clear that the 
transition must be continuous, and the observed phenomena will be as follows. 
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For v <1, wave 1 (the extraordinary wave) is always propagated up to 
the point :(2 only, and undergoes total reflection there. If the angle « is 
sufficiently large, the ordinary wave 2 is totally reflected at vz = 1. When 
the angle « decreases, however, geometrical optics becomes inapplicable to 
both types of wave in the region v œ l; we cannot use the curves of n, s(v), 
and there is only partial reflection of wave 2 from the region v & 1. The wave 
is partly transmitted as a wave of type 1, which can be propagated for v > v4. 
The possibility of this change is seen from Fig. 28.1a, which shows that as 
œ —> 0 the curves of n, and n, come very close together, so that in the transition 
region waves l and 2 have almost the same properties. (These regions are 





(o) 


(b) 


Fic. 28.1. The functions 77. for small angles « (diagrammatic). The broken 
lines are fora = 0. 
(a)u<1 (bv»1 


encircled in the diagram.) This applies not only to the phase velocity, which 
is determined by the refractive index n, a, but also to the state of polarisation, 
since by Fig. 11.12 for small « the polarisations of wave 2 for v < 1 and of 
wave l for v z 1 are almost the same. 

The wave of type 1 propagated upwards (for v > 1) is totally reflected at 
the point v(? = 1 + Yu and returns downwards (we assume that the layer 
extends for a sufficient distance in the direction of values of v exceeding vt). 
The wave 1 travelling downwards in the region v ~ 1 is partly transmitted and 
changed into a wave of type 2, and partly absorbed in the resonance region. 
The wave 1 travelling downwards will not be reflected in this region, as we 
see from the solution of the equations and the entirely similar absence of 
reflection in the kindred examples discussed in § 27. 
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Consequently, in radar probing of the ionosphere, not two but three re- 
fleeted signals will be observed .This is the “tripling” effect.t As will be shown 
below, when absorption (other than resonanec absorption) is negleeted the 
amplitudes of the seeond and third signals |#,| and |#,| are together equal 
to that of the ineident wave | Z,|. The corresponding pattern is shown dia- 
grammatieally in Fig. 28.2, where | E, | is the amplitude of the first refleeted 
signal (reflcetion from the point of) = 1 — Vu), whieh is taken to be equal 
to the amplitude | E,| of the incident ordinary wave.tT 


Q small 


[E] 1/5 





D fs t3 t 
Fic. 28.2. The “tripling” of refleeted signals for u < 1 and various angles « 
(diagrammatie). 


If u > 1, there is only one signal when « = 0, whieh is reflected from the 
point vf} = 1 + Vu (see Fig. 28.1b). When a is sufficiently large there are 
two signals of equal strength (absorption is negleeted, and the amplitude 
of the ineident waves of types 1 and 2 is assumed to be the same). As the angle a 
deereases there are, as we shall see at the end of this scetion, several reflected 


f In [22, § 79] the ‘‘multiplieation” of signals was also discussed for u < 1, sinee 
it was assumed that wave 1 travelling downwards ean be refleeted from the region v ~ l. 
tf By amplitude we here mean, strietly, the modulus of the amplitude. The abseissa 
in Fig. 28.2 is the time taken for the signal to reaeh the ground, and for the first refleeted 
signal this time is arbitrarily given the same value in every ease. The diagram shows the 


: s; 2 
particular case where t, — t = t, — t, and for a small angle «œ the amplitudes are | £, | = 3 
1 
and |Z,| = 3: 


10a PEW 
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signals and the strength of all except one decreases with « and tends to zero 
as x — 0. When « = 0, one of the waves passes freely through the layer, and 
when « is small this wave still penetrates to some extent. This effect is very 
important as regards the possibility of the passage of long waves through 
the ionosphere, when we must have u = c/o? > 1l, and the frequency o 
is much less than the critical frequency wer = V(47re? N max/m) for the ordinary 
wave. 

The “tripling” and “penetration” of radio waves in a layer of magneto- 
active plasma are of great interest not only in the Earth’s ionosphere but also 
in those of other plancts and in the solar corona. This effect has been the sub- 
ject of much investigation [145, 22, 70, 124, 148, 164, 170-174]; experimental 
data are given in [164, 175-177], and the significance of oblique incidence 
is discussed in [177-183]. 

In the case of “tripling”, as already mentioned, geometrical optics is not 
applicable to either of the two waves in the region v « 1, and approximate 
solutions of the type considered in § 25 cannot be valid, as we see from the 
condition (23.19). Thus to calculate the reflection coefficient | E | it is necessary 
to use equations (23.2). No general solution of these can be obtained (more 
precisely, it would have to be very complex), and so we must have recourse 
to approximate methods. 


Solution by the perturbation method for very small « 


Let us begin with the case where the amplitude coefficient of reflection R 
is very small, as it is for small angles æ (see [22, § 79]): 


|R| « 1. (28.1) 


As the zero-order approximation we take the solution F of the equations 
for longitudinal propagation when « — 0: 


d? FO/d2 + (w/e) (n. — ix, FO — 0, 


(n — tx)? =1 —v/(1— is ẸFỌ yu). ne) 
If absorption is absent, s = veg/w = 0. In the present case, however, we cannot 
immediately neglect absorption when using this method, but must take it 
into account until the final expression for |R| is reached.f If the angle x is 
sufficiently small, i.e. if 

« « 1, (28.3) 


+ This necessity is due to the fact that when s = 0 a divergent integral appears in the 
expressions (28.11) and (28.13) below. The inclusion of absorption (which afterwards is. 
allowed to tend to zero) is equivalent to specifying the path along which we must pass 
round the singularity in effecting the integration. In [148] this was overlooked, and an 
error was committed (in particular, a factor 2 was missing from the expression for R) 
which was corrected in [22, § 79]. 
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the condition (28.1) must be satisfied and it is natural to seek a solution of 
equations (23.2) in the form 


F} =E, +i, = FQ + FY, (28.4) 
where 
| FO « [FO]. (28.5) 
It ean be shown from (23.2) that F® satisfy the equations 
PFD a v 
uL IE ne i h py nI gua 
dz, RE c ( E Ta 
«* o 





B [(1 — i 8} — u] (l — i s — v)— x? uv 
d?FO o o? 
esc. epum (0) (0) 

ie og a Vel v is) FQ += Lu FO ; (28.6) 
here, using (28.3), we have put in A eosa = 1 — 1o? and eos?a = 1 — &?, 
i.e. we have expanded in series as far as terms of order «?. 

To make the problem specifie, let us assume that an inhomogeneous medium 
oecupies some range of values of v near the point v = 1, sueh that 


=l+az, ~% SZS Z az% <% l, (28.7) 





x fu 


while for |z] > z; the medium is homogeneous with no absorption and a re- 
fractive index 
ni = ni(v = 1) = ni(v = 1) = 1 — 1/1 + Yu). (28.8) 


In the zero-order approximation we shall suppose, in aeeordanee with the 
nature of the problem eonsidered for u < 1, that a wave of type 2 (—) is 
propagated upwards in the medium, so that 

FQ = exp(—i@ ngz/c). (28.9) 


The wave F® is of the type which in a homogencous medium is reflected 
from the point v2 = 1 + Vu. A wave which has been refleeted from this point 
is of no interest hers especially as the waves of the "minus" type propagated 
in different direetions near v = 1 are independent. Equation (28.9) also does 
not take aeeount of absorption, which we assume to be small and which we 
inelude in the equation for po only beeause we eannot there negleet even 
small absorption. Substituting (28.9) in (28.6) and negleeting terms of the order 
of s in eomparison with unity, and in partieular putting on the left-hand side 


ED D 
l—is+ yu — l+yu ” 
we have for the wave P? 
A E eU Uu 
EE -.. 281 yuy[az +28 + atul — u)] 
m o CEpUS tem uer. (28.10) 


~ &z--is--o*u/(l—w)' 
10a“ 
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The general solution of this equation, in the region —2z, x z S zy where it 
is valid, is (if s is independent of z) 

F9 = C, exp(— on, zc) + C, exp(t e» m, zc) + 
Q exp(—? w ns zc) l | {—a zo + o? u/(1 — u)}* + 5 
MT n | A —3á2——|-4 

2i n, alc (az + o? u/(1 — u) + 8 


2 = m me 
eee AR re a a ut u) 


+ 
+ z tan”! 


E 


SS E exp(— 27 o m, z[c) ds (28.11) 


= 21 c Nafe az+ou/(l—u)+is 


De-i £n 


NS 


(v=) OR 


NS 


eie net Re* eno 






*Zg 






Fre. 28.3. Reflection from a layer of homogeneous plasma with x « 1. 


The coefficients C, and C, must be determined from the boundary conditions, 
using the facts that for z > z) we must have only the transmitted wave and 
for z < — 2, the incident and refleeted waves (Fig. 28.3), i.e. 
£ > 2p: F_ = D exp(— i w n zje), 
z<— z: F_= exp(—i w n, z/c) + Rexp(i w n zje). 
For z = xz, the field F. = F® + F® and its first derivative must be 
continuous, so that 


(28.12) 


Zo 
Q IE 
—————— | —————————- d 

24 w Nafe az+is 
-2o . (28.13) 


0, = 
C, — 0, 


D=1-— 9 tan"! (azo/s) , 


W Ny ac J 
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where the term o?u/(1 — u) has been neglected throughout, as is permissible 
ifo?u/(l — u) & azo. When azj/s — oo, i.e. when the absorption s is.sufficiently 
small and the thickness z, of the inhomogeneous layer is not too small, 
tan-!(az)/s) > 42, and we have 


2 
deduce lox n Li ROME 
2w n, a/c 4cn,a(1+ yu} 


8 
T c us o? 


=s 1 ee m mmm 2 
URS + Yu? dNJs), ien 


here we have used the results that 


nj(v = 1) = YulQ. + Yu) 
a (428 28) (nam 
Amo? dz], VN de. 


QoA288N _, G aN 
^ mo N dz 


and 





since near v = 1 


) z=] +az. 
v=1 


For a sufficiently thick layer (—2, Zo), when 2wn,.z,/¢> 1 and Q2,» 8 
(while at the same time, by the hypothesis (28.7), a2, < 1), the amplitude 
coefficient of reflection R tends to an upper limit given by 


8 
7t c Us o? 


Il -20 - D = 4 ata da 


(28.15) 


since, as 8—-» 0, 


dz=>— 2ni. 


oo 
exp(— 24 w ng z[c) 
f z+is/a 

- 0 
In practice we can always suppose that || ~|R|,,;; for example, when 
Zo ~ 105 cm and A, = 2nac/w ~6 x 10? cm, we have 2wn,z/¢e ~ 10 to 100, 
and for a ~ 105 to 10? the condition (28.7) is satisfied but it may be shown 
that | £|y — |R| ~ | R]y + 2omns,z,/c < | R|y. Hence we shall use only the 

quantity |R|y in what follows, and omit the suffix M. 

Even when s— 0 the total absorption in the layer is finite: the energy 
absorbed in the layer is proportional to | 4]? = 1 — (|D]* + | £2) œ |R], 
since by hypothesis | R| « 1. This result, derived in [22, § 79], is similar to that 
discussed in § 27, and is, of course, of the samc resonance type; in equation 
(28.10) the right-hand side has a first-order pole. However, in the present 
case of interaction of waves at small angles « the situation is somewhat morc 
complex, and will be further discussed below. 


302 Propagation of Electromagnetic Waves in Plasmas 


The amplitude coefficient of transmission D determines directly the field 
strength E, of the signal (the third when u < 1) reflected from the point 
vo) — 1 4 Yu: f 

7t o Ut y? 

2c(1-- yu (N-1dN/dz) -1 

1-64 x 10720 o? už x 

= l] — -C ; 28.16 

+ yN ae 
here we have used the fact that the coefficients | D| for the passage of the wave 
in either direction are the same, as may be seen by a calculation similar to 
the above, or from the more general result discussed previously. The amplitude 
of the incident signal is taken to be unity. As an example, for u = 4 and 
w = 2wg = 1-76 x 10’ sec? we have 


E,—|Di?2&1—|R|&1— 


17e 


Diul-c suo TS (28.162) 
PEN- VN: 

The amplitude of the signal reflected from the point vg) = 1 is 
E, = |R| =1— E, (28.17) 


This is the second signal for u < 1 and the first for u > 1. Thus absorption 
essentially changes the distribution of intensity among the signals as com- 
pared with that which would occur if absorption were completely (and un- 
justifiably) neglected; in the latter case E; = 1 — |R|? if E, = |R}. 
For a parabolic layer N = Nypax(1 — 22/23), we have at the point 
v = 4ze?N[mo? = 1 
1 dN | Ane (dN 247 6€ Nmax 
(F T) |^ mo? (T), m o* zi, 


2 Wer, o M w? ) 2 fêr, o y P 
= : 1— -——-l/l-— : 28.18 
Zm w? Wer, 0 Zm P ( er, 0 l ) 
Here wero = 2 nfor, o = V(4zxe? Nmax/m) is the critical circular frequency for 


the ordinary wave, and we have used the fact that reflection of the ordinary 
wave with frequency w at the point v =1 occurs when 


|z(v = 1)|= mV (1 = Pf. o). 
According to (28.18) the formula (28.16) for a parabolic layer becomes 
y= [Dea 1— h Gall oF 
2(1 + Yu)?” Y — fife, o) 
For f = 2-8 x 108(w = 1-76 x 107,4, œ 104 em), fy = 1-4 x 10°, fog = 3f = 


= 84 x 108 and zm = 10’ = 100 km, corresponding to u = 1, N (v = 1) = 105 
and (d N/dz),., e 0-17, we have 


1 — |D[? = |R| ~ 1022. (28.20) 


:|z(v = 1)| 











(28.19) 
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The condition (28.1) shows that formula (28.20) is valid if x? « 10-2, i.e. if 
« < 2 to 3 degrees. In order of magnitude |R| ~1 when x ~ 5°, and so in 
this example the “tripling” appears at anglesa ~ 5°. For values of dN/dz ~ 1, 
however, which may very well appear sporadically, this region may reach 
10 to 20 degrecs, and thus be easily accessible to observation (see also below). 
Here it should be noted that, as is clear from the qualitative pattern of the 
“tripling” effect (see, in particular, Fig.28.1a), the region in which wave 
2 passes into wave l is, roughly speaking, that between the points vp) =1 
and 244 = l — wsin?«/(l — wcos?x). The width of this region is Av 
= Usg — Yo = U sin*x/(l — ucos’x), or Az =Av/a = wsin?«[/a(1 — wcos?«). 
When u —1 and « is even as large as 20° we have Az ~ 0-03/a 
= 0-03 N (v = 1) + (d N/dz)„=1, or, for a parabolic layer (28.18), 


T 0-032, f? 
2 fer, o V. — Plfes, o) 
(for Zm ~ 100 km and //f,., = $). Hence it is clear that the variation of 


(d.NJdz),.., over a distance of only a few hundred metres leads to a consider- 
able change in the transmission coefficient D. 


Az ~10!= 100m 


The variational method: second limiting case 
In another more interesting limiting case, where 
| D? « 1, (28.21) 


the problem with u < I can be solved by taking as the zero-order approxi- 
mation a standing wave of type 2, which is completely reflected near the 
point vg, = 1. The explicit form of the corresponding zcro-order solution 
can be obtained immediately from the results of $ 25 and the solutions for 
the isotropic case ($8 30-32). To find the cocfficient | D|? a variational method 
of the Ritz type is used [145; 22, § 79]. 

Here we shall consider this problem only very briefly. The equations (23.2) 
can be derived from the variational principle, i.c. the condition for the first 
variation of the integral IJ to be zero, where 


l= Tii 
zy 


T If the magnetic latitude of the place of observation is 0 (i.e. the angle between the 
Earth's magnetic axis and the vertical is zx — 0), then, assuming the Earth's magnetic 
field to be that of a dipole at its centre, we have the following relation between thc angle « 
(between the vector JJ and the vertical) and the angle 0: 


2sinO cosa 


cosa y (8sin?0+ 1) ` sind = — a ora 


An angle « = 5° corresponds to a geomagnetic latitude 0 = 80°, and « = 20° to 0 = 54^. 
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and L is the “Lagrangian”: 
L=—}(E, E + E, E) + WEZ (w/e?) (A E, + $C Ej) + 
+4 Ex (oc) (—$C E, + B Ej) + complex conjugate. (28.22) 


In this expression for L, the prime denotes differentiation with respect to z 
and the asterisk denotes the complex conjugate; the coefficients A, B, C are, 
of course, the same as in (23.2). When the function (28.22) is varied, the 
variations ôE, y and à EZ, must all be regarded as independent. For example, 
the variation of L with respect to Ef is 


ô L= — E} ô El* + (of) (A E, + i C Ej)  E$ 
— (E! + (o?]) (A E, + i C E)) ô Ef — d (E, ô Ež)/dz. (28.23) 


The necessary condition for an extremum of the integral J is that the variation 
ôI should vanish. When Z? is varied, we have 


ÒI = f (Ez + (9|?) (AE, + i C Ej) ô Ež dz — [E,0 EZ]. 
a 


Since the variation 6H is arbitrary the condition 07 = 0 leads to the equation 
Ej + (o*[c) (A E, + iC Ey) = 0, ie. the first equation (23.2). Similarly, by 
taking the variation of L with respect to Ej, we obtain the second equation 
(23.2). In addition, however, the variations at the limits must also vanish, 
ie. the quantities 

(E;, yia = E, y (29) me Ez, y (%) 


must be zero, as we see from the expression for 6J. Thus, if these quantities 
do vanish, equations (23.2) are sufficient to give 


éI= fatas=o, 


2 


where the function Z is given by the expression (28.22). 

From the above discussion and the principle of the direct methods of the 
calculus of variations (see, for example, [184]), it is clear that the selection 
of functions which cause the integral J to approach the extremum is also a 
means of finding an approximate solution of equations (23.2). 

We shall seek a solution of these equations, with the condition (28.21), 
in the form 

Ez, y = Es yo D Es y1; (28.24) 


where E, y2 is a standing wave of type 2, i.e. the solution which is obtained 
by neglecting the penetration of the wave far into the region v > l, and 
E, y, is a wave of type 1 propagated in the region v > v,,,. The unknown 
quantity in (28.24) is the parameter D, which represents a transmission 
coefficient. 
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Substituting (28.24) in (28.22) and choosing the parameter D in such a way 
that the integral J = f L dz is an extremum, we obtain, as shown above, an 
approximate valuc for the transmission coefficient. Since it is clear from 
physical considerations that thc initial function (28.24) exhibits the main 
features of the true solution of the problem when the condition (28.21) holds, 
we must suppose that the resulting approximation is a good one. This could 
be rigorously demonstrated only by taking, as in Ritz's method, a trial func- 
tion like (28.24) but with two unknown parameters, and so on. 

In this method of solution it is essential that the variation of the integral I 
at the limits z, and z, should be zero for any change in the parameter D; for 
itis clear that only in this case are the equations (23.2) necessary conditions 
for the integral J to be an extremum. At the lower limit z, , which may be taken 
as the beginning of the layer, the Earth's surface, etc., we have E, yı = 0 
and so the variation is certainly zero. At the upper limit with v ~1 + Vu 
we may suppose that E, yı ~exp| — i (w/e) f Ny dz] and E, y2 = 0. The varia- 
tion of J at the upper limit isô Z = — {E,0 E} + E,*0E, + E,OEF + E,*6E,}, 
and is easily seen to be proportional to i(w/c) n, (2,) (6.D* — ôD). Thus, if 
this variation is to be zero, the parameter D must be real, ie. the phase of 
the transmitted wave cannot be calculated. This assumption is convenient, 
and we shall make it. 

The integral 7, with (28.24) substituted, is an extremum if dI/dD = 0, 
ie. if 


Zeg 
D — — | (Ejt Ej; + Ey, By + Be Ers + Eri B+ 
4 
+ Ey, ER + EyfE gy + E; EF, + Ef Ey dz + 
2; 
+2 f (Ej, B+ Ej, EA + Ez, Ef + Ey} E + 
zi 


+ Ey, Ex, + Ey Ey) dz. (28.25) 


The value of D given by (28.25) is real, so that the above assumption that D 
is real is not inconsistent with our procedure. 

For the functions E, y1,2 in (28.24) and (28.25) it would be most correct 
to take the approximate solutions of equations (23.2) discussed in § 25 [for 
wave 2, for instance, we have equations (25.35)-(25.37)]. In this casc, however, 
the solution E, y1,2 for a linear layer is expressed in terms of Bessel functions 
and makes the subsequent treatment fairly complicated. In (28.25) the most 
important point is not v = 1, where the approximation of geometrical optics 
is invalid, but one corresponding to a complex value of v (sec below). It is 
therefore reasonable to make a further approximation by deriving E, 41,2 
from the solutions of geometrical optics (23.13). The wave of type 2 reflected 
from the point v = 1 is of no interest in this approximation, and as the field 
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E, ya we may take simply a wave of type 2 travelling upwards. In addition, 
it must be remembered that, in the presence of absorption, the intensity of 
the wave of type 1 produced by that of type 2 has to increase with z (or v) 
in the region here considered. Thus we have 


exp[— i (ojo) f (n — i xa) d2] 
0 


| eee CE LN UNO 
AT Ws = #94) E ROE aun 


N 


exp[— i (a/c) n (n, + $24) dz] 
ò 
where ni2, %13 and K,. are given by formulae (11.5) and (11.25), and the 
lower limit of the integrals (z = 0) corresponds to the reflection point v4, = 1. 
The choice of this lower limit is the most convenient and does not affect the 
final result: the substitution of a different limit would simply give an additional 
phase factor, and this cannot affect |D |2. 

The only feature of (28.26) which needs special explanation is the appear- 
ance of n, + ix, (instead of n, — ix, as we might expect) in the expression 
for Z,,. The reason for this is that we have taken the wave E, to be travelling 
upwards, but with an amplitude which increases away from the point z = 0. 
This choice, already mentioned above, is dictated by the physical nature of 
the problem. As the absorption increases, the transmission coefficient does not 
decrease, but increases, because the curves of n? and «i move still closer to- 
gether (for » = Ver these curves touch at v = 1). This effect of absorption is 
taken into account by replacing n — ix, by nı + ix. There is no objection 
to this in the method under consideration, since the approximate solutions 
of the type (28.24) are to some extent arbitrary, and the best functions are 
those which lead to values of the integral J closest to its exact extremum 
value. 

Without pausing to consider other arguments in favour of choosing the 
functions (28.26), we may note that the values of the transmission coefficient D 
obtained from them coincide with the values calculated by an entirely different 
method (see below). 

Substituting (28.26) in (28.25), we derive an expression for D in which 
the integrand in the numerator involves rapidly oscillating factors. The 
calculation of an accurate value of D from (28.25) is therefore difficult, but it 
is very easy to find D apart from the coefficient of the exponential. The reason 
is that the numerator of (28.25) is re J, where 


J= fie e r@ledz, p(z) = fibh — ixe) — (m — i %)]dz, 
a 0 


with f(z) a slowly varying function of z. The integral J is of such a form that 
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it may be computed by the saddle-point mcthod, continuing the integrand 
into the complex domain. At the saddle point the derivative of the function g 
in the exponent, i.e. the derivative 


d : : : 
az | Us = ix) = (my m ig dz, 
0 


must be zero. Hence it follows that at the saddle point v, we have 


(no = t X3)s, = (n, — i zide, . (28.27) 
Using the expression (11.5) for n, — ix,,, we find 
v+ =l — is iyu (sin?x)/2|cosæ| = 1 — is + isr; (28.28) 


here Ser = Ve/w = Vu (sin?&)/2 |cosx| is the critical parameter used in § 11 
[see (11.41)]. For s = s,, and v = l we have na — ix, = n, — ix and K, = K}, 
i.e. there is a point at which the medium becomes isotropic (in other words, 
for s = Ser the saddle point v lies on the real axis and can be reached by the 
wave). 

When absorption is taken into account, the points vzg, (+) and væ at which 
(n — $x),5 become zero or infinite are 


vo =1—is, 
Wt) = 1l—ist pu, 
(1 —is) u sin? æ 
^ (1—is?—ucost« ' 


(28.29) 
Uo —1— its 
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UO:l-is- [à vgl-is — vl-l-is «fa 
Le) 20 tO 
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Uz. 7l-is - is, 
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Fic. 28.4. The complex plane of v. 


Here it is important to note that the point v, œ at which the function (n, — £2) 
becomes infinite lies in the lower half-plane of the complex variable v (sce 
Fig. 28.4). Hence, by transforming the path of integration in the integral J, 
we can make this path pass through the saddle point v,, = 1 — $5 + 18,, 
which, for s < Ser (i.e. for 


y = Vege < Ver = OH Sin? x/2cosa, (28.30) 


where we now write cosa in place of | cos |), lies in the upper half-plane; but 
we cannot make the path pass through the saddle point v,- = 1 — $8 — ts, 
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which lies in the lower half-plane. Thus the saddle point which determines 
the value of the integral J ist 


Vee = v = l + i (Sq. — 8) 


=14é 22 (1- : 
o Vor 


=i (ero 7). | 


2 cosa w 








(28.31) 


The use of the saddle-point method involves the replacement of integration 
along the real v-axis (we assume that v = 1 + az, so that the complex planes 
of v and z are equivalent) by integration along a contour shown diagrammati- 
eally by the broken line in Fig. 28.4. The value of J, and therefore of D, is 
given, apart from the coefficient of the exponential, by the real part of the 
integrand at the saddle point, so that 


IDP ~|J|?~exp ~2—re To 
0 


| 


2, 
= exp 2° im | [(ng — i xa) — (n — i %,)] dz |= e729, (28.32) 
0 


where 2, is the value of z at the point v,. 
We have now merely to calculate the quantity 


20— 2 im | [m — iu) — (s — ing) d2 
0 


* 


v, 
w. v 
2— mee es ue , I ER. 
7-im f [m= i24) (m= 092] — 
1 


I 


2w. , T. : i 
Seimi f [(n — 224) — (ng — i xa) dw 
ca 

0 


1 
EOE iy f (n, — $24) ~ (1; — om )]GE, (28.33) 
0 





ca 


T It may be noted that, if absorption is neglected as in [145], i.e. if x, = X4 = 0, then 
the point vc, lies on the real axis, and the problem of deciding between the points v, +. 
becomes more difficult. The correct result was obtained in [145] by taking the point v,. , 
but the function nf — nf was used instead of n, — n,. The procedure given here of in- 
cluding damping is more convenient, and the result is (28.31). 
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where 
v=l+az=l+iw, §=w/w,, dv[dz—a, 
pun 4s e? (=) a 1 | 
T mo (de oar VN dz, 
pee, iin (28.34) 
mm 1+ i (- d Jatin, 
w Vor 
Vo = WH Sin? &/2cosæ = w Ju sin*«/2cosa. 
Thus 9 = 2 vall — v/v) B 
— e(4n em o?) (d.N dz), , 
_ @ Yu B(1 — v[v4) sin? 
— e(N-!d N[dz),.1cosx 
_ mw? Yu B(1 — v/v.) sin? 
"47? ¢(d N/dz)y-1 cosa 
y sin?x 
mx -20 f (à mu aco eri 28.35 
eee (2 x) (GN ]dz),- 1 cosx RUDI 
where 1 , : 
Bare f [(n, — i) — (my — i xa)] dé 
6 
1 
1 : : 
= re Um- im) = (m ixan, 
1 — v/ve 
vior 
=l+iw, =wjw, 
Ver v 8 ) 
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ii o ( Ver ne ( Ser 
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WE +S 
Sor i 
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(nima [/1- 2(1 — i s) (1 — v — îi 8) — u sin? œ + 
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here the upper sign of the root corresponds to wave 2 and the lower sign 


to wave l. 
In the absence of absorption, when v = »g = 0, we obtain 


2 vo. Bo 


20 = 209 = Td N dz), 
= w Vu By sin? « 
— e(N^"1d N[dz),- | cose ' 
1 
B = By = xe f (m — m) dn, (28.37) 
0 


Ei Ya) + bP tanta] _ 

^ -- la a cau soe | 
ee Va — 1P) + d n? tanta | 

1— (1 — n?) ilu cose |" 


Since for 7 = 0 the difference nı — n4 = 1, and for y = 1, », — ng = 0, it is 
easy to see that f, < 1. For small angles « (28.37) shows that n, — ng, and there- 
fore f,, are independent of « and are determined only by Vu = «glo. 
The valuc of f, may be found by numerical integration. As an example, 
for u — 1 and small « (so that cosx œ 1), By ~ 0-6. However, if we as- 
sume that the curves n,(v) and m,(v) are close together, so that we can put 
ny + n, —2n, (v —1, « = 0) = 2y/u/(1-- yu), the integral fy may be 
calculated [124], giving 


3 i 
4 2 
sa - neato sa, 
: ga " (28.38) 
NE 


that is, By = nui (1 4- Yu} cos «/2(1 + Vu cosa)? and, as stated above, for 
u = 1 and cosa = 1 we have f, = 0-6. The derivation given here of the 
formula for |.D|? can be expected to lead to the correct result only when the 
angle « is not too small, and only to within some coefficient of the exponential. 
It is found, however, that for all angles we have with fairly high accuracy 

DP etes, (28.39) 


where 26, is given by (28.37) and (28.38). This follows from the fact that, 
for small ó, (i.e. small x), formula (28.39) gives |.D|? = 1 — 26), which coincides 
with the result obtained from (28.14). For, according to (28.14) and (28.38), 


3 
zt (w/c a) ut o? 


[DP wo] = 1-26, 


8 
ALE quis (28.40) 
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since when « < 1 we can put in (28.38) cosa = 1 and sin? = o? (and, more- 
over, formula (28.38) itsclf has been derived on the assumption that 
^, + n; = 2n,, which, we know, is valid for small «). In other words, the 
cocfficient of the exponential in (28.39) is determined (its value being unity) 
from considerations of the passage to the limit of small x, when the value 
of | D|* is calculated in an independent manner. 

When « is small, (28.16) shows that the modulus of the amplitude coef- 
ficient of reflection of the ordinary wave from the interaction region is 
|R| =1 — |D —2ó,. By analogy with the relation between (28.40) 
and (28.39) we can deduce that in the more general case 


[Rj - 1— |DI£ 2 1 — e-25, (28.41) 
The method of phase integrals 


Formulae (28.41) and (28.39) are confirmed by a calculation using the method 
of phase integrals [124, 173]. 

This method is based on a representation of the solution of one or more 
differential equations as the general solution in the approximation of geometri- 
cal optics. For example, for the equation 


dE o, 
ig tug 0E-0 





the solution is taken as 


z z 
E = e71 lae i fye i) + C,exp (i2 fies.) (28.42) 


If it were possible to determine correctly the coefficients C, and C, in this 
solution, it could be regarded as simply an asymptotic approximation to the 
exact solution of the problem. A knowledge of the asymptotic form is sufficient 
to calculate the reflection and transmission cocfficients for a layer. To find C, 
and C, without solving the equation itself, we may use the fact that the solution 
E (2) must be an analytic function if e'(z) is one. 

This leads to some conditions on C, and C,, since the expression (28.42) 
is a combination of many-valued functions; Ve' has a branch point at e' = 0, 
and we assume that e' has zeros and consider the problem of reflection from a 
layer, for example. The solution (28.42) can be an approximation to the exact 
solution only ifthe coefficients C, and C, take different values in different regions 
of the complex z-plane. At the boundaries between these regions the values 
of C, and C, change discontinuously (sometimes referred to as Stokes's pheno- 
menon). The boundaries themselves (Stokes's lincs) arc determined by the 
requirement that the functions exp| + i (w/c) f ye dz] should have real values 
on them. 

After a complete circuit round a branch point the solution must be un- 
changed, and this gives us the ratio of the cocfficients C, and C, on the real 
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z-axis. This is the basis of the method of phase integrals. The practical appli- 
cation of this method and the calculations involved are described in [124, 
185-187]; see also [169, 170, 172]. In [124] this method is used to solve, as an 
example, the well-known problem of the reflection and transmission of waves 
by a parabolic layer. 

The method of phase integrals is so called because there appear in the 
calculations, on account of the passage round the zeros of the function e’ or 
other special points, integral expressions for the phase i (w/c) f/e'dz [see, 
for example, (27.17), etc.]. It is difficult to give a general assessment of the 


_— Comptes f- 
plane 
(s0) 





ie 4 rez 


ODER 
- 


Fia. 28.5. Contour of integration in (28.43). 


accuracy of the method. Certainly the correct (rigorous) results for |R| and 
|D| can in general be obtained by using this method not only for thick layers 
but also for thin ones [124]. In the problem of reflection from an isotropic 
layer with a maximum [in the absence of any points to be avoided except the 
two zeros of e' (z, w)] this is to be expected. In problems where several points 
have to be avoided the position is less clear, since Stokes's phenomenon occurs 
at a series of intersecting straight lines and in practice it is impossible to take 
account of all of these [124, 174]. 

In the problem of “tripling” of signals (with u < 1) the Stokes's lines start 
from the saddle points v, , [see (28.28)], and the equations for these lines may 
be written 


C 

es (e: f $l — ix) — msc PRI) mtm m —0,1,2,...; 
Se 

here ¢ =v —1-F$s — az + is (the layer being supposed linear in the 

interaction region), and the saddle points v,, correspond to s} = +is,, in 

the complex ¢-plane (see Fig. 28.5, in which the Stokes’s lines are shown by 

broken lines). 
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General results for u = w7,/w? <1 


If an ordinary wave is incident on the interaction region from the left (i.e. 
from negative values of z and £, or from smaller values of v), a reflected ordi- 
nary wave of amplitude E, and a transmitted extraordinary wave of ampli- 
tude D, are formed, with 


|R| = 1 — e?5, |D,| — e, | 
B 
w 74 — Ng _| [mm (28.43) 
ae R z 2f 2 4b, 
á 


0 lea 4 








where absorption is neglected. The integration in the first integral is along a 
closed contour L which encloses both the singular points ¢,, = +iSser of the 
function n, — ng; the integration in the second integral is between the points A 
and B along a half-loop enclosing the point + ŝi Ser (see Fig. 28.5). It is important 
to note that the broken line joining the points + iser in Fig. 28.5 passes betwcen 
the pole of n, at iœ = (1 — w)/(1 — u cos?) — 1 and the zero of n; at Czo = 0. 
No account is taken of these two points in the calculation, which is approxi- 
mate for that reason. 

By changing the path of integration in (28.43) to a line joining the points 
+ ise, (this is justified by the absence of singularities in the result), we can see 
that the value of 26, is determined by the cxpression (28.38), and so for- 
mulae (28.43) agrce with (28.39) and (28.41). For the reflection coefficient | R,| 
this is a new result when 6, is not small, since essentially no derivation of 
formula (28.41) has becn given above. A more important point is that thc 
analysis by the method of phase integrals demonstrates the existence of a 
further wave, namely an extraordinary wave reflected from the interaction 
region downwards, i.e. towards the pole of the function n,. Of course, the pre- 
sence of such a wave would be expected on general grounds; if the cxistence 
of any wave is possible without violating the boundary conditions of the 
problem, it must appear except in special cascs. But in addition its amplitude 
R, is given by the method of phase integrals [124]: 


|R,{ = ec^ y(1 — e-?9). (28.44) 


Evidently 
| R, |? F | Re |? + |D,|? =l, (28.45) 


i.e. in the absence of collisions (s = 0) thcre is no absorption. This conclusion 
is entirely reasonable, since in the above calculation the polc of n, was unimpor- 
tant and no account was taken of it. The resonance absorption, which occurs 
even when s — 0, can take place only in the ncighbourhood of a pole. Never- 
theless, the above deduction that there is a wave 1 travelling downwards does 
not contradict the result of the calculation by perturbation theory for angles 
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« <1 (see above). The reason is that the wave 1 travelling towards the pole 
is not reflected, but completely absorbed (§ 27). Thus the energy 


|R |? = 1 — |B, |? — |.D,|? = e-25(1— e- 2%) (28.46) 


is finally converted into heat. (The maximum value of |R,|? is +, when 
20, = ln 2.) This conclusion remains valid even when spatial dispersion is 
taken into account and the wave considered becomes, for v < v4, , a “plasma 
wave" (812), which is then absorbed. When 26, <1 the absorbed energy 
|R,|? is equal to the absorbed energy |A|? = 1 — |D|* — |R|? = 26, cal- 
eulated by the perturbation method. Moreover, the interpretation of the energy 
| A |? as that absorbed in the resonance region when « « 1 is correct in itself, 
since in the perturbation method we consider only waves propagated with 
« = 0 and the perturbation due to the presence of the pole. The extraordinary 
wave travelling downwards is entirely concentrated near the pole, and need 
not be discussed, when spatial dispersion is neglected and « > 0. 

Here we may give the result of à caleulation [169] for an extraordinary 
wave incident on the interaction region from the right, i.e. from the zero 
oft) = 1 + yu (see Fig. 28.12). This wavesplitsinto two: an ordinary wave trans- 
mitted to the region of small v with amplitude D;, and an extraordinary wave 
travelling to the pole of n? with amplitude Dj. No reflected wave 1 occurs, in 
agreement with the discussion in $ 27 and above. That is, the wave 1 coming 
from the right (from above in the case of the ionosphere) partly penetrates 
downwards and partly goes to the region of the pole and is absorbed there. 
Quantitatively we have 


|D;| = e-^, 

[Di] = (1 — e- 2%), 

" E (28.46a) 
LS 


[DP +|DP=1, j 
where ô is defined as in (28.43). 

Comparing formulae (28.43) and (28.46a), we see that |D5| = |D,|, i.e. 
the transmission coefficient of the interaction region is the same in both direc- 
tions. (This result is not obvious, because the usual reciprocity theorem is not 
valid for a magnetoactive medium.) Hence it follows that the amplitude of 
the third reflected signal transmitted through the interaction region upwards 
and downwards is | D,| | D;| = | D,|? = e-?%, i.c. is given by formula (28.39). 
The absence of reflection of the wave 1 travelling downwards leads to the 
appearance of just three reflected signals, whereas in the presence of multiple 
reflection from the interaction region there would be more than threc. 

As regards certain possible applications (e.g. to the generation of radio 
waves in the solar corona) a third statement of the problem is of interest. 
Let an extraordinary wave travelling from the pole of nį be incident on the 
interaction region. This wave may, for example, be produced in the region of 
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the pole by a beam of particles. Then, after the interaction, an extraordinary 
wave with |D] | = (l — e-?^) enters the region of larger values of v, while 
for the reflected extraordinary wave | RI | = eù, In addition an ordinary wave 
with |D; | = e-*y(1 — e-?^) is propagated downwards (towards smaller 
values of v). 


Formulae for 6,. Allowance for collisions 


The formulae given above for | D| and |R| have been derived by neglecting 
collisions, and are therefore valid if 


S = Veq/@ K Sor = Ver/W = Wy sin? &/2w cos x; (28.47) 
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Fro. 28.6. Critical collision frequency r, as a function of geomagnetic latitude 0. 
The right-hand scale shows i altitudes for which a rough estimate gives v, = 
yr for fg = 1-44 Mojs. 


we here ignore absorption outside the interaction region, which may bo im- 
portant even if v is small. For the F layer, which was under consideration 
when formula (28.39) was derived in [145], the condition (28.47) is usually 
satisfied. This is clear from Fig. 28.6, where ve is given as a function of the 
geomagnetie latitude 0. On the right are shown the altitudes for which 
Veg ^4 Vor. We see that, at heights above 200 km, veg is comparable with v.r 
only for geomagnctic latitudes 0 > 85°. For example, when ve = 10%, vor = Yor 
for angles « œ 0-8? and 0 « 88.47. 
Formulae (28.38) for 26, may oe be ccn 


js m oud (1 + Ju)? sin*« 
779  get*c(L4- facosagr (à dz). i 





1-65 x 1071? «à "m + yu)? sin? x (28.48) 


= EOD OTE Oe Maar |) ESI, 
? 


(1+ yu cosy? (dN/dz), . 


since N = mo?[4zt€? when v = 1. 
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For u =}, w = 2wg = 1-76 x 107 sec? (4, = 107 m), putting cosa ~ 1, we 
have 26, ~ 17 sin?« + (dN/dz),.,; the corresponding value of |D|]? = p 
is shown in Fig. 28.7. From this diagram or directly from formula (28.48) it is 
clear that in the favourable instance considered (|.D |? decreasing with increasing 
w) we have |D|? «0-1 for sin?a + (£N [dz),., ~ 0:125; if (4N]dz),—, ~ 0-1 
this corresponds to « w 6°, i.e. geomagnetic latitude 9 = 80°. As œ increases, 
the field |B| = | D|? of the third signal diminishes rapidly. 








Ip 











o O4 O2 03 


sin? a 


Fra. 28.7. Transmission coefficient |D |? as a function of sin? « + (AN dz), i 
for u = 1and w = 1-76 x 10° (4; = 107 m). 
Continuous curve: | D? = e72% 
Broken curve: | D]? = 1 — 26, 


For more detailed estimates it is convenient to write formulae (28.38) and 
(28.39) for the particular case of a parabolic layer (28.18). In this case 


|D? = e24, | 


20,— T? (Zn/Aq) w^ (1 + Vu)” (f?/fer,o) sin? a — Jer Po *m Pifex.o 
o 2(1 + y/u cosa)? V(1 — f/fr,o) cy(1 — f/feso) ` | 


For u = 4, cosa ~ 1 and A, = 107 m(wp = 8:82 x 10°sec™?) we have 


28, mw 5X 10 2. (ffer o) sino 10° (7? /fér,0) sin? « 
à VO — P/fer, 0) Va — Pifo) ' 


where in the second expression we have taken z„ ~ 100 km. From (28.50) it 
is clear that for a parabolic layer with (e.g.) f = 4f«,, the coefficient 
20, ~ 10? sin?o, and 20, ~ 1 fora — 0-1 ~ 6°, in agreement with the estimate 
made above. Thus for a parabolic F layer, and in fact for any regular layer of 
the same size, the “tripling” of the signals at normal incidence can be syste- 
matically observed only at high latitudes (0 Z 75 to 80°). At medium lati- 
tudes, where ~ ~ 20? (sin? ~ 0-1), the “tripling” of the signals in the F layer 


(28.49) 





(28.50) 
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can be observed only sporadically, when (d N/dz),_, ~ 1 instead of its usual 
value ~ 0-1. The value of (dN /dz),., need be anomalously large only in a layer 
a few hundred metres or a few kilometres thick (see above). Hence the sporadic 
effect may well occur at medium latitudes (« ~ 20°). 

In most cases, however, the appearance of three or more signals reflected 
from the F layer, observed at medium and low latitudes, is apparently explained 
by the sporadic occurrence of various types of layer [23]. There is also observed 
{177, 178] a peculiar “tripling” of the signals for oblique incidence when 
scattering inhomogeneities are present at the level of reflection (§ 29). Experi- 
mentally, the “tripling” effect can be distinguished from reflections from spora- 
dic layers by (in particular) polarisation measurements: in “tripling” the 
signals E, and E, in Fig. 28.2 must be ordinary, and Z, extraordinary. At 
higher latitudes the “tripling” effect should be observed more and more 
frequently, and this is confirmed by experiment [164, 176]. 

In the F layer, as already mentioned, the effect of absorption is usually 
unimportant. The situation is different in the E layer [164], since the amplitude 
of the third signal Z4 = |D|? increases as the collision frequency veg = v 
approaches the critical frequency ve. As we see from Fig. 28.6, at geomagnetic 
latitudes exceeding 55 to 60? but not very high we in fact have y ~ ver in the 
E layer, and the ''tripling" effect may be very marked. The increase of | DJ? 
with v is determined not only by the factor 1 — v/v, in (28.35) but also by the 
fact that B — 0 when v[v,, — 1; this is clear from (28.36), since (», — 424) — 
— (ng — ixa) > 0 when 7 > 1. It is shown in [164] that for « ~ 13? we have 


B ~ BoV(1 — v/o). (28.51) 


T If the gradients of N could be so large that the density N in the region v ~ 1 varicd 
appreciably over distances of at most the order of Aj/27:, the appearance of the extra- 
ordinary wave in the region v > 1 would be “‘trivial”’, as it would then follow from Fresnel’s 
formulae for the coefficients of reflection and transmission of waves at a sharp boundary 
between two anisotropic (here magnetoactive) media. However, it is not possible for 
such steep gradients of N (i.e. d N/dz —10?, since A49/2 x ~ 10? and N ~ 105 to 109), which 
would be necded to make Fresnel’s formulae at all applicable, to exist for any considerable 
time in the ionosphere. For in the F layer the electron free path is | = v/ve ~ 107/10? 
= 10!>/,/2 xt ~ 108, and therefore a steep gradient of the above value, even if formed 
(which there is no reason to suppose), would be smoothed out in a time less than the free 
time t = 1/v,4, — 10-3 sec. For clectrons in the E layer v, — 105, [—102, t = 1/4, — 1078 and 
the time for the boundary to diffuse over a distance 4/2 x ~ 101 is again of the order 
of At = 100 2/6D = 50 ijv = 50r ~ 107?sec; here D = {lv is the electron diffusion 
coefficient. If the boundary is removed by diffusion of ions, the corresponding cstimatc 
gives At ~ 0-1 sec. 

This comment on the significance of diffusion amounts to the result that even a rela- 
tively slight gradient d N/dz ~ 1 in a layer of thickness ~1 km cannot be observed over 
a long period of time. For the usual still smaller values of (d N/dz),_,, as already stated, 
the “tripling” effcct in the F layer cannot be obscrved at medium latitudes. (This refers 
&o normal ionosphere probing without allowance for scattering by inhomogeneities ($ 29).) 
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The expressions (28.35), (28.37), (28.49) and (28.51) give for the parabolic 
layer (28.18) 

| DP a= e-?9, | 
Ver Zm Po(1 — VIve)? fIfèr,o y» \3i/2 (28.52) 
Patah Seele (a t aa, | 

ya. — P/fez.0) r 

where it is assumed that » < ve. If v > ve, then | D|? = 1 (in the present 
approximation | D|* — 1 as v — va and |D|? = 1 for v > va). Here it must 
not be forgotten that we are ignoring the damping of the wave due to absorp- 
tion in the region v < 1. Fig. 28.8 shows | D|? as a function of v/ve given by 
formula (28.52) for the specific conditions of observation used in [164]. When 


26 z 


Ve 





YS Yor 


Frc. 28.8. Transmission coefficient |D|? as a function of v/v, for u — 1 and 
w = 1:76 x 107” (2, = 107 m). The curve is calculated for a parabolic layer 
(2 = 30 km) and », = wy sin*«/2 cos « = 2:3 x 10°; the critical frequency for 
wave 2 is fe,2 = foo = 4 Mc/s, f = 3-47 Mc/s, fy = w_/20 = 1-44 Mejs, and 


a = 13° 
the calculation is carried out by the method of phase integration, we again 
obtain (28.52), with [70] 
p 


pje (tinh m ing «| 





ca 2 
A' 


= dN 
(XN T E 


the integral being taken along a loop round the point + 18, (Fig. 28.9). When 
s = »/m = 0, this formula becomes (28.43). By changing the contour to the 
broken line joining the point +is,, to the axis of rez, we obtain formulae 
(28.35) and (28.36) and, in the particular case, (28.52). It is clear, however, 
from (28.53) and Fig. 28.9 that, for s > s (ie. v > Yer), Ô = O in this approxi- 


(28.53) 
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mation, sinee the contour of integration does not enelose the point is,,. When 
8 > Se we therefore have quasilongitudinal propagation with refleetion from 
the point «(P = 1 + Vu. 

We have essentially assumed in the foregoing that y» = eonstant. If y depends 
appreeiably on z but less so than N, the formulae all remain valid, but » must 
be taken to be the effective collision frequeney at the point v = 1. 

It may also be noted that in the interaction region the seattering of radio 
waves by inhomogeneities in the ionosphere must be especially great, since 
when v—>I and «+0 the values of dn, ,/dv, and therefore of dm, ,/d.N, 
must be particularly large. In eonsequenec, even relatively small changes 
in N bring about considerable changes in the indices m, ,. 





_-7 Complex £- 
plane 
(s*O) 


Fia. 28.9. Contour of integration in (28.53). 


The results for u = c/o? 71 


We have diseussed the “tripling” effeet for normal ineidence and mainly 
for the case u = w4/w? < 1 only. The ease of oblique ineidenee will be eon- 
sidered in § 29; here we shall briefly treat the ease where u > 1. In the Earth's 
ionosphere at medium and high latitudes this eorresponds to waves with 
A> 214 m. For very small angles x, where the perturbation method is appli- 
eable, the result for the ordinary wave with u > 1 has already been obtained 
above [see (28.14), (28.16)]. The ealeulation by this method is valid for the 
ordinary wave with any value of u because the zero-order approximation (28.9) 
is the same for u < 1 and u > 1, and the first approximation is derived with- 
out any assumption as to the magnitude of u. A similar caleulation ean be made 
for the extraordinary wave with u > 1, assuming that only the extraordinary 
wave exists in the zero-order approximation, i.c. FO = e7*emzle, ni = 1+ 
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+ v/(Ju — 1). Then the reflection coefficient |R,|? and the transmission 
coefficient |.D,|? aret 
|R? = 404», |D,*—1— 20,5, 
zc ut a? Tw OF (28.54) 
2,» = 3; eju — 8E ` Beall — ofon 
For comparison, we may repeat the result of the corresponding calculation 
for the ordinary wave [see (28.14)-(28.16)]: 
a = (dv[dz),.., 
| R, |? = 4651, [Daf =1-—26),, (28.55) 
T W U4 x? T w o? 


(Previously ô. was denoted by 6, simply; cf. (28.38) with « < 1.) 
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(d) (e) 
Fro. 28.10. Various cases of interaction of waves with u,=u cos?a> 1. 
The diagrams show the squared moduli of the wave amplitudes, with the ampli- 
tude of the incident wave (shown by the thick arrow) taken as unity. Reflection 
from the point vf} is neglected. 


T The suffixes 1 and 2 in formulae (28.54) and (28.55) relate to the unperturbed wave 
with œ = 0, and are therefore different from those used in (28.43), etc. 
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For uzr, = u cos?x > 1 there arc five principal cases of interaction of waves, 
while for u < l there are three. The values of | D|* and |R|? for uz > 1, 
obtained by the method of phase integrals in [174], are shown in Fig. 28.10. 
Instead of (28.54) and (28.55), expressions involving exp (— 20, $), 
1 — exp ( — 20, , ,), etc., are obtained. In this respect the situation is similar 
to that for u < 1. For convenience of comparison, the results previously 
discussed for frequencies w > wy (ie. for u < 1) are shown in Fig. 28.11. 

Strictly speaking, the expressions for ó, , , for arbitrary angles « are different 
from those given in (28.54) and (28.55), which pertain to small «, but in practice 
the interaction is important only for small «, and the formulae shown in 








(c) 
Fra. 28.11. Various cases of interaction of waves with w « 1. 'The notation and 
conditions are the same as in Fig. 28.10. 


Figs. 28.10 and 28.11 may be used, with the values of 0, ; given by (28.54) 
and (28.55). The allowance for thermal motion docs not greatly affect ó, , ;, 


+ The range where u> 1, uw, = wcos*a <1 requires special consideration, but has 
not yet received it. In practice the interaction occurs only for small œ, so that usually 
u,>lifu>tl. 


11 PEW 
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provided that 6} = x Tmc? « 1. The absorption of waves does not have an 
important effect on the results if oq < Yer = cg SiN? a/2 cosa in the inter- 
action region. 

A very important property of this interaction of waves is that it does 
not of itself lead to the formation of reflected waves (see Fig. 28.10c,d and 
Fig. 28.11b). The occurrence of reflection is therefore always due to the fact 
that some wave reaches a zero of 73. 

In all the cases shown in Figs. 28.10 and 28.11, reflection from the zero 
vw) = ] + l/« is ignored. It is clear from Fig. 28.10a,b that when an ordinary 
signal is sent upwards an extraordinary signal also returns, and vice versa. 
Thus when uz > 1 and « is small, so that the interaction is important, four 
reflected signals should appear when the ionosphere is probed by an un- 
polarised signal, in the absence of reflection from the point v‘) = 1 + Yu. 
If there is reflection from this point, however, the incident ordinary signal 
gives two ordinary and two extraordinary reflected signals. The same is true 
for an incident extraordinary signal, since the extraordinary signal returning 
after reflection from the point v() = 1 + yw is converted into one extra- 
ordinary and one ordinary signal on passing through the interaction region; 
see Fig. 28.10c. As a result, an unpolarised signal incident on the ionosphere 
may give as many as eight reflected signals. In the range u > 1, however, 
the "multiplication" of reflected signals is of less interest than the possibility 
that the extraordinary wave may pass through the whole layer at normal 
incidence, even if x +0 and the frequency is below the critical frequency 
corresponding to the point v(2. This effect occurs to some extent for oblique 
incidence also, and is even intensified in certain conditions (§ 29). 


$29. WAVES OBLIQUELY INCIDENT ON A LAYER. 
THE RECIPROCITY THEOREM 


Introduction 


In solving the problem of oblique incidence of waves on a layer of magneto- 
active plasma, we start from the general wave equation (2.5) for an arbitrary 
medium: 


w? 4n, 
cur] cul — 5 (n — i2 j) = o; (29.1) 
for à plane layer of magnetoactive plasma, this cquation becomes 


AE;— 





3 x: o, 
gg div E ^ el, 2) E, = 0 (29.2) 
t 


[see (23.1)]. The tensor ej, is defined by the formulae of $10. 
Equation (29.2) has an important particular solution of the type 
E (v) = F(z) e-**," = F(z)e-io»vie, (29.3) 
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corresponding to waves with normals in the yz-plane. (The magnetic field HO 
in a plane-parallel medium is uniform or depends only on z, but it may have 
any direction. Thus by choosing a solution of the form (29.3) we do not assume 
that the field H® lies in the yz-plane, and the coordinate system used is 
consequently different from that shown in Fig. 10.1.) 

Substituting (29.3) in (29.2), we obtain 


d? F,]dz? + (0/2) (ete — pP) Fy + ey Fy + ez F — 0, | 
BP de + (ojo) pa PF [dz + (?]e) [eps P + eps Fy + eps Fel — 0, | (29.4) 
i(ojo) pdF/dz + (o? Jets Pe + elyPy + (ele — p°) F;] — 0, 


where we have assumed that p = ck,/w = constant. The correctness of this 
important point may be seen by at first supposing that p — p(z). Then we 
obtain equations for F,,,,, which are satisfied for all y only if p is constant 
(cf. the analogous calculations in $ 19 for an isotropic medium). For normal 
incidence of waves on the layer, p — 0 and equations (29.4) simplify in an ob- 
vious way, becoming two second-order equations already discussed [see (23.2) 
etc.]. Equations (29.4) also become two second-order equations at the magnetic 
pole (where the external field H is in the z-direction) and when the waves 
are propagated at the equator in the plane of the magnetic meridian [where 
the field H) is in the y-direction and we have waves of the type (29.3)] (166].T 
However, even in these particular cases, still less in the general case, equations 
(29.4) have not only not been solved rigorously for any one model of the layer, 
but have not even been used for an approximate allowance for the interaction 
of normal waves obliquely incident. Consequently, the analysis of the solution 
for oblique incidence on a layer of magnetoactive plasma has been carried 
out only in the approximation of geometrical optics. Nevertheless, the nature 
of the interaction of waves which leads to their penetration through the layer 
and also to the peculiar ‘‘tripling”’ of signals at oblique incidence (an cffect 
which differs considerably from that occurring at normal incidence) is quali- 
tatively clear, and it is these aspects which we shall discuss. In conclusion we 
shall also prove a generalised reciprocity theorem valid in a magnetoactive 
medium and of possible usefulness in solving various spccific problems. 


The approximation of geometrical optics 


The solution in the approximation of gcomctrical optics is obtained in a 
general form for an arbitrary medium. To do this, we must seek a solution 
of the basic equation (29.1) in the form 


c c ^ 
E(r) = Eo (r) +— EO (r) + — E®) (v) t-f eio? (le (29.5) 
w w“ 
Another special case, for reasons of symmetry, is that of wave propagation at the 
pecial f f is that of i h 


equator in a plane perpendicular to that of the magnetic meridian. 
11* 
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and similar series for D and j. Substituting these series in (29.1) and equating 
to zero the terms in each power of w/c, we have 
grad Y x (grad ¥ x E) + DO — i. (4zt/o) j'? — 0, 
grad x (grad x; EY) + D? — i. (4o) j 
= —i curl (grad Y x E) — i grad V x curl EO, (29.6) 
grad x (grad Y x E®) + DO — i. (42/w)j” 
= —ieurl(grad Y x E?) — igrad V x curl E? + 
+ curl curl E , etc. 
Putting D; — 4 - (4z/o)j; = &y (r) £, and comparing the first equation (29.6) 
with equations (11.2)-(11.5), we see that 
(grad Pr, = [n(r) — ix(r)] 2; (29.7) 
here (n — ix)? 4 is given for a magnetoactive plasma by the expressions (11.5), 
which can now depend on the coordinates (that is, v, v, s and « in (11.5) may 
be functions of r). It is important to note that the angle « in (11.5) is that 
between the external field H® and grad V/, ie. the direction of the normal 
to the wave. The right-hand side of equation (29.7) therefore depends on 
(grad V^), ,, although this is not explicitly shown in (29.7). 
The expression (29.7) is derived from the conditions for the existence of 
a non-trivial solution to the first equation (29.6). The condition for the second 
of these equations to be resolvable then gives an equation for the field E(9, 
and so on. 
The solution (29.3) in the approximation of geometrical opties is obtained 
by substituting in equations (29.4) the series 


F(z) = | F(z) + Z FO (2) 4- -..| ezio le, (29.8) 


The result may be written in the following form, where z, y, z correspond to 
1, 2,3 respectively and summation over repeated suffixes is understood: 
a; F® =0, a; FP -—ig, ete., 

01; = Exe, — P? — (dyjdz)?, ajs = — Ag, = Ezy = — Eyo» 

13 = — 31 = Ezz = — Exe, 

azs = &yy — (dy/d2)?, a33 = 8z: — p? 

Mag = £y; + payldz, azg = Ezy + p dyjdz 

= — &ej; + pdyldz, (29.9) 





aF *y d Fo 
dz dz Ps B mu 
ga = —pdFds. 
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The condition for the equations for F to have a solution, i.e. the vanishing 
of the determinant A = |a;;,|, must be (and, of course, is) identical with (29.7), 
which for the solution (29.3) and (29.8) takes the form 


(dp/dz)? + p? = (n — ixi s. (29.10) 


The vector grad ¥ = (0, p, dp/dz) is in the direction of the normal to the 
wave front; we neglect the derivatives of Ff? , which are small in the approxi- 
mation of geometrical optics. The quantities Y (r) and y(z) appear in (29.5) 
and (29.8) respectively. 

It is therefore reasonable to put 


(0 P192)? = (dyp/dz)? = gẹ = (n — i x)? 4 cos?0(z), 
(0J0yy = p? = (c ke» = (n — i x)? a sin?0 (2), 
where 0 is the angle between grad ¥ and the z-axis, and n and x depend 


on p and q = dyp/dz. 
Since p is constant, this gives the law of refraction: 


[n a(z, 0) — $24, 2(z, 0)] sin0 (z) = sin0,; (29.12) 


(29.11) 


by hypothesis we have at the boundary of the layer the angle of incidence 
0 —60,, m,2 = land, = O. 

In (29.12) we have shown also the argument 0 of 14, z and x 3, since (n — 42), 9 
depends on the angle « between the field H and the normal to the wave, 
which is in the direction of grad Y". The angle « varies with 0, and so the indices 
74,9 and 2, a in (29.11) and (29.12) also vary with 0. The paths described by 
the wave normal and also by the rays (ie. by the wave packets) in an in- 
homogeneous magnetoactive medium are therefore in general very complex. 
Much work has been done on the determination of these paths under various 
conditions [58, 147, 156. 158, 177-183, 188—190]. 


The field in the first approximation of geometrical optics 


Before discussing the nature of the paths of the wave normals and rays, 
let us determine the form of the functions dy/dz = q(z) and F (z) in (29.8), 
i.e. the field in the first approximation of geometrical optics. 

To find dy/dz — q it is evidently necessary to make explicit the right-hand 
side of equation (29.10) as a function of q. This means that in the expression 
(11.5) for (n — ix)? 4, where « is the angle between H9 and grad V/, we must 
put 

costa = (H(9 p + HO gy jpg p (p? + g?). (29.13) 
Of course, the same result can be obtained directly from the condition for 
the first equation (29.9) to have a non-trivial solution. 

Thus we obtain from (29.10) the following quartie equation for q: 


yd^ + Pp + Yp + Ong + & = 0, (29.14) 
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where the coefficients depend on v = 4ze?N[mo?, u = chÍo?, 8 = Verlo, 
p and the direction of the ficld H( in space. 

In the coordinate system uscd in the present section, with the wave vector 
k = (w/c)(0, p,q) in the yz-plane and the vector H® = (H®, HO», H{) 
directed arbitrarily, we have [189] 


&,y = (1 — i s)[(1 — i8)? —u] —v[(1 — $5)? — uj], 
Bp = 2p v Y(uy u;), 
Yp = —2(1 — is) (ll — 25) — i8) — v] (1 — is — v) — 

— (1 — p?) u} + v[p? uy — (1 — p°) us — u], (29.15) 
Ôp = — 2 (1 — P?) p v Y (ty Uz)» 
e» =[(1 — 22) (1 — i s) — v]{[(l — 22) (1 — 25) — v] (1 — is — v) — 

= (1 — p’) u} — (1 — p°) pP uyv, J 

where 
Yuy =e H®mcw, yw, - e HP mco, 


u = olo? = e [HOY [m? cà o? = Uy + Uy + uz- 


It may be noted that, in a coordinate system with the vector H9 lying in 
the yz-plane and the wave vector k = (w/c)(p,, ps, q), with p, = sin, cos o, 
Pa = sinbo singo, q = cosÓ,, the coefficients in equation (29.14) are [183] 


Xp —(1—$s)[(13—is)?— u] —v[(1 — i s} — ur], 
Bp = 2p v (uz ur), 
Yp = —2(1 — i s){[(1 — p*) (1 — i s) — v] (l — i s — v) — 
—(1 — p?) u} + v[p$ ur — (1 — pP) uz, — ul, (29.152) 
à = —2(1 — p°) pa v V (ur ug), 
Ep = [(1 — p*)(1 — i 8) — vo] {[(1 — pP) (1 — is) — v] (1 — is — v) — 
—(1— p’) u} —(0) — p) piwpv, 


where p? = pi + pg = sin?0, = 1 — q?(z = 0), 1 — p? = cos?0, = q*(z = 0), 
UL = UCOS*y, Up = u sin?y, and y is the angle between H9 and the z-axis; 
for normal incidence y — «, the angle between H) and the normal to the 
wave (i.e. the z-axis; cf. § 11, etc.). For wave propagation in the plane of the 
magnetic meridian we have in (29.15a) p, = 0, p, = p = sin0,. The change 
from (29.152) to (29.15) is made by replacing p, by p, uz, by u, and wp by uy. 

In à homogeneous medium, q is independent of the coordinates, and the 
axcs may always be chosen so that p = 0 and q? = (n — tx)?; cf. (29.11) 
with cosÜ = cos0, = 1. Equation (29.14) becomes a quadratic in g?, and its 
solution is (11.5). 
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The ratios of the components FO), F(? and F® are found from any two 

of the equations a,;F = 0 [see (29.9)]: 

FO ER T3 _ 042093 — 033043 — 

"xy um. ee ae KE 

Fy T 32 0331033 — 031023 (29.16) 

FO € Tss _ 041055 + diz = | 

FY) Ta o 0:0:15— 0116053 
Here T4; are the cofactors of the elements a,; in the determinant 4 = |a;,|. 
(By definition 4 = [as] = Tiii + Tiaia + T 43% 35 i.e. Tii = (— 1y**M,, 
where M;, is the minor of the element a;;,.) The quantities K and B in (29.16) 
evidently depend on p and q, and are therefore different for waves 1 and 2, 
where q takes values q, and qz. Finally, the dependence of F(? on z is given 
by the conditions for equation (29.9) to be soluble for Ff?. The result is [183] 


F9 — eonstant/ [g (K? — 1) + pB], (29.17) 


and the field E in the first approximation of geometrieal opties is 
E,—-KE, E= BE}, | 


constant . w 4 
By Face pH a S (Py +S 22s | oe 
q = dy/dz = (n — i x) eos, 


where we have made explicit the + signs of the phase which were previously 
coneealed in p and q. 


Graphs of the functions g, (v) 


An idea of the nature of wave propagation for oblique incidence in the 
absence of absorption in the approximation of geometrical opties is most 





Fra. 29.1. The functions q; (v) for normal incidence (u = $, « = 45°). 
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easily obtained by means of graphs showing q = ncos0 as a function of v= 
4xe? N[mo? (see, for example, [158, 189, 183]). For oblique incidence these 
graphs correspond to those of ni,a(v) for normal incidence. In the latter 
case the two types of graph are essentially equivalent, since in the absence 
of absorption q,a = n, for a wave travelling upwards (cos 0 = 1) and Q1, = 
— n,2 for a wave travelling downwards (cos = — 1). Thus for normalincidence 
the graphs of q(v) are simply those of »(v) and their reflection in the v-axis 
(Fig. 29.1). Symmetrical curves are also obtained, in particular, at the pole 
(where the vector H% is in the z-direction; Fig. 29.2) and at the equator for 
wave propagation in the plane of the magnetic meridian (where the vector 
HO is in the y-direction; Fig. 29.3).If the magnetic field H9 is in an arbitrary 
direction, or even lies in the yz-plane (propagation in the plane of the magnetic 
meridian), however, the curves of q (v) are in general unsymmetrical (Figs. 29.4 
q = 
ncos 2 





Fia. 29.2. The functions q,,.(v) for Fia. 29.3. The functions q, .(v) for 

propagation at the pole (vertical ma- propagation at the equator in the 

gnetic field H®). The valucs uscd plane of the magnetic meridian 
are 0, =20°, u —1. (0, = 42°, u = 3). 


and 29.5).t In the general case the curves of q, ,(v) go to infinity at the point 
Ui aoo = (l — u) + (1 — u cos?y), where y is the angle between the field HO 
and the z-axis. This result is quite natural, since the quantity q = n cos0 


T In all these curves and in those given below, n,, = l and qı, = + cos, at the 
boundary of the layer (6, being the angle of incidence of the wave on the layer). Absorption 
is everywhere neglected. It may be noted that symmetrical curves of q(v) occur when the 
coefficients B, and 6, in equation (29.14) are zero. Hence the curves of q (v) are symmetrical 
not only in the particular instances mentioned in the text but wherever u, = 0 or u, = 0 
[see (29.15)]. The case u, = 0 corresponds to propagation at the magnetic equator. 
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becomes infinite as n > oo, when the law of refraction (29.12) gives sin@ = 
(1/n) sin0, > 0. If sin = 0, the normal to the wave is in the z-direction, 
and the angle y is equal to the angle « between the normal and the ficld ©, 
used in previous sections. The above expression for v,» is for this reason 
identical with that obtained previously [see (11.18) and (11.22)]. The zeros of 
qi, 2(v) are the roots of a certain cubic equation [189]. It is important to note 
that, when the angle of incidence 0, and the direction of the ficld 1 change, 
the zeros of q}, (v) vary only within certain limits, frequently quite narrow. 
This is scen from Fig. 29.6, where the vertical hatching corresponds to the 
zeros of q, and the horizontal hatching to those of g,. (For any given value 





Fic. 29.4. The functions 9g, .(v) for Fra. 29.5. Diagrammatic form of the func- 
propagation in the plane of the mag- tions q,,2(v) foru < 1 (only one branch of 
netic meridian when the vector 4I? the curve of q, (v) is shown). 
is at an angle x = 45? to the vertical 
(z-axis). 
(a) 95 = 10, v — 1 
(b) 8, = 0°, u =4 
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of sinb, the zeros of q4, for any direction of HO lie in the hatched regions, 
i.e. in a certain range of values of v.) The curves T' which are boundaries of the 
hatched regions give the zeros of g}, a for propagation in a plane perpendicular 
to that of the magnetic meridian; in this case g= 0 for v= cos? 0, and for v— 
1[l--eos?0, + V(sin*0, + 4u sin?0,) which gives the curves of T'(v). For 
propagation in a meridian plane at the magnetic equator, g) 2= 0 for v=1 and 





Fia. 29.6. Ranges of variation of the zeros of q, ,»(v). 
(a) u=} (b) =4 


for v= (l +u) cos?0,, which gives the curves L in Fig. 29.6a. In Fig. 29.6b, 
i.e. for u > 1, the boundary curves L do not always correspond to propagation 
in à meridian plane at the equator. 


The paths of the wave normals and rays 


The asymmetry of the curves of q(v) corresponds to the fact that the in- 
cident wave (q > 0) and the reflected wave (q < 0) have different directions 
of the wave normal at the same level v. In other words, the path described 


b lonospheric 
e loyer 





Fra. 29.7. Paths described by the wave normal in the case represented in 
Fig. 29.5, to which the points a, b, d, e correspond. 
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by the wave normal (for which dz/dy = cot0 = q(0)/p) is very complex. 
As an example, Fig. 29.7 gives the paths of the normal for the case shown 
in Fig. 29.5. The peculiar loop at the top of the path is due to the fact that, 
for the extraordinary wave, after the value g = 0 (where the normal is hori- 
zontal) is reached, a further decrease in q to negative values at first corresponds 
to an increase in v. For the ordinary wave, the maximum value of v is reached 
with q > 0, and q becomes zero only at the point e (corresponding to e in 
Fig. 29.5). 

The curious form of the curves in Fig. 29.7 and in similar diagrams (cf. 
[188, 189, 147]) does not in general signify the presence of any physical pecu- 
liarities in the region of reflection. This conclusion follows, first of all, from 
the fact that the curves of q(v) shownin Figs. 29.1-29.5 have no singularities 
(in the range of v corresponding to the loop in Fig. 29.7). Secondly, it is not 
the paths of the normals but the paths of the rays (wave packets or signals) 
which are of direct physical significance. The latter have no “loops” and 
behave smoothly except in special cases. 

The ray path is determined by the equations 

dz[vs, o = d. [ogs, y = dZ]Ug,, z» (29.19) 


where vg, = dw/dk is the group-velocity vector (see $ 24). Whereas the normal 
to the wave always lies in the plane of incidence (the yz-plane in the above 
discussion), the group-velocity vector has, in general, a component in the 
z-direction. Thus the signal describes a three-dimensional curve of the kind 
shown in Fig. 29.8. The projections of the ray paths on the coordinate planes 





Fio. 29.8. Path of ray in plane layer of magnetoactive plasma (angle of inci- 
dence 0, = 5°, ordinary wave, angle between y-axis and horizontal component of 
magnetic field gy = 27°). 
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Fra. 29.9. Projections of ray paths on coordinate planes for various angles py 
and 0, = 5° (ordinary wave). 
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Fro. 29.10. Projections of ray paths for various angles 0, and pg = 27° 
(ordinary wave). 
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are shown in Figs. 20.9 and 29.10; Fig. 29.11 gives the paths of the wave 
normal for the same angle (0, = 5°) as in Figs. 29.7 and 29.8. In Figs. 29.7 
to 29.10, which pertain to the ordinary wave [147], the layer is assumed linear, 
and gg is the angle between the y-axis and the projection of the magnetic 
field on the xy-plane. A number of ray paths, values of the group velocity 
of radio waves in the ionosphere, and other relevant data are given in [58, 
147, 156, 158, 178-182, 190]; we shall also discuss further in § 35 the ray paths 
for normal incidence. The calculation of the paths of whistlers is a cognate 
subject [53, 54]; in this case u >> l and we can generally use formula (11.24) 
for fi2. 

Let us now consider some properties of the ray paths. It is clear from sym- 
metry that, for wave propagation in the plane of the magnetic meridian, 
the ray path lies in that plane. The vertex of the ray path (the point of 
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AM. 
Fic. 29.11. Paths of wave normal for 0, = 5° and various values of gy 
(ordinary wave). 
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Fro. 29.12. Relation between projections of ray paths on the plane of incidence 
and projections of wave normals in the case corresponding to F'igs. 20.5 and 29.7. 
The arrows on the ray paths give the directions of the normals. 
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reflection of the ray) in this (and in every) case corresponds, not to the point 
q = 0 (where the wave normal is horizontal), but to the point where the group- 
velocity vector vg, is horizontal, i.e. 


Ugr, z = 0c[0k, = B, Ugr, z^ t Bg Ugr, yt + Bs Ugr, z = 0. (29.20) 


Here v4, zyz are the components of vj, in a coordinate system where the vector 
H9 is in the 2’-direction [see (24.8)], and f, , 2, B4 are the cosines of the angles 
between the axes z', y', 2' and the axes z, y, z used here (the z-axis being along 
the normal to the inhomogeneous layer or, as we assume, vertical). From (24.8) 
we see that the condition v,,, = 0 gives y'0(ny)/0y = B,0n/dy, or 

gu EXC UN (29.21) 
ye uy 
where y' — cosÓ is the cosine of the angle between the normal to the wave 
and the normal to the layer (the z-axis), y is the cosine of the angle between 
the normal to the wave and the field H(9, and p, is the cosine of the angle 
between the z-axis and H9 (i.e. the z’-axis). For normal incidence y = ly =f; 





/ 
y 0) l 


Fro. 29.13. Refractive index n, for ordinary wave as a function of the angle 0 
and the parameter v (H = 0-5 oersted, œ = 25°, 4, = 80 m). 


= cosa, and we have the familiar reflection condition n = 0. In an isotropic 
medium, where H = 0 and 0n/Oy = 0, the expression before (29.21) gives 
the obvious reflection condition y'n = n cos0 = 0; hence, for oblique in- 
cidence, cosÜ — 0 and, using the law of refraction, we find the familiar con- 
dition »sinÜ = n = sin6,. Figs. 29.4 and 29.5 suggest that the ray is re- 
flected at the points where the curves turn downwards and the maxiinum 
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value of v is reached. These evidently correspond to the condition 
dq/dv = oo. (29.22) 


This assumption is confirmed by calculation [189]; in other words, the con- 
ditions (29.21) and (29.22) are equivalent. Of course, in those particular cases 
where the curves of g,,(v) are symmetrical, the vertex of the ray path is 
at qı, = 0. The interrelation between the normal paths and the projections 
of the ray paths on the plane of incidence is seen from Fig. 29.12. 


Some special cases 


The graphs given above of the functions q, .(v) and of the paths of the rays 
and wave normals correspond to typical conditions. There are also certain 
cases where the situation is more complex. These complications are due, 
where the layers have smooth monotonic variations, to the peculiar behaviour 
of the refractive indices »,,, in a magnetoactive plasma for v ~ 1 and small 
angles ~ between the normal to the wave and the field H9, 

For oblique incidence the situation may be elucidated by means of graphs 
of q, ; (v) and also by constructing the wavc-vector surface. To do this, we draw 
from some centre a radius vector of length 7, , at an angle 0 to the vertical 
(the z-axis), for a fixed direction of H(? and fixed values of the parameters v 
and u. The cross-section of the resulting surface n, ,(0, H, v, u) in the plane 
of incidence is some plane curve. Fig. 29.13 shows such curves for an ordinary 
wave propagated in the plane of the magnetic meridian, for various values 
of v (see [180]; the z-axis is upwards, ng = 1 for v = 1, Ay = 2zc[o = 80 m, 
H) = 0-5 oersted, and y = 25°, i.e. the magnetic dip is I = 1x — y = 65°).f 

The whole of the surface of 1, for a given v is obtained from the corresponding 
curve in Fig. 29.13 by rotating it about the field H; this is legitimate, of 
course, only when the plane of the diagram, i.e. the plane of incidence, coincides 
with the magnetic meridian plane. A noteworthy feature of Fig. 29.13 is 
that, as v — 1, the curves of n,(0) tend to a straight line. At the ends of this 
line (the points a) ng = V[1 — 1/(1 + Yu)] = V[Vu/( + yu)], corresponding 
to the value of n, for v = 1 and « = 0 [sec (11.9)]. 

It is easily seen from the graphs of ñi , in $ 11 for u < 1 that, for values 
of v close to v = 1, the curves n = constant in fact cluster round the line aa 
in Fig. 29.13. The values of n (v, 0) which satisfy the law of refraction (29.12) 
correspond to the points of intersection of the curves n(v, 0) in Fig. 29.13 
with the vertical broken line at a distancc sin 0, from the centre of thc figure. 
At the points of intersection of the curve of n, with the vertical linc wc have 
n, SinÜ = siny. Thus at these points of intersection the direction of the wave 
normal coincides with that of the radius vector, and that of the ray coincides 


T In the northern hemisphere the Earth's magnetic field is directed downwards, as 
shown by the arrow in Fig. 29.13. For normal incidence this means that cosa < 0 in the 
formulae of the previous sections, and in some cases we must take |coso |. 
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with the normal to the curve 7,(v, 0). In Fig. 29.13 the direction of the rays 
is shown by the broken arrows. If the plane of incidence does not coincide 
with that of the magnetie meridian, the broken arrows correspond to the 
projections of the ray directions. 

Fig. 29.13 exhibits one interesting feature. For small angles 0,, when 
sin 0, < V[Vu/(1 + Vu)] sing, the vertical intersects the line aa. At the point 
of intersection the ordinary ray is evidently perpendicular to the line aa, and 
therefore to the direction of the magnetic field, and the direction of the ray is re- 
versed on crossing the line aa. Thus for 0, < 0, , the reflection of the ordinary 
rays takes place at v = 1, i.e. always at the same height, and the angle 0, , is 
determined by 





ing — Vu : =}/ wH . 
sin Oer, a b sing = [2 sing, (29.23) 


x being the angle between the field H and the z-axis. 
For 0, < Oer, the ray path has a curious “beak” at the point of reflection, 
as shown in Fig. 29.14b. This diagram gives the paths of rays reflected from 


v=l----- ao aa ee ee ee 





North Transmitter South 


(b) 
Fic. 29.14. Paths of rays reflected from a linear layer (ordinary wave, 2 = 80 m). 
(a) isotropic layer 
(b) H® = 0-5 oersted, y = 25? (the magnetic field is in the plane of incidence) 
The broken line shows the reflected ray at the critical angle of incidence 0,, re 


Propagation in an Inhomogeneous Magnetoactive Plasma 337 


a linear layer with H = 0-5 oersted, y = 25°, 4, = 80 m; Fig. 29.14a gives 
paths for the same layer but with H = 0. For angles of incidence 0, > Ocer,2 
the reflection is qualitatively similar to that which occurs in the isotropic 
case. This discussion relates to wave propagation in the plane of the magnetic 
meridian, when the rays remain in that plane. For propagation outside the plane 
of the magnetic meridian it is easy to see that the rays cannot have “‘beaks” 
at the point of the reflection, since the line aa is nowhere reached. In this 
case the plane of incidence in Fig. 29.13, if the vector H® is taken to lie 
in the plane of the diagram, does not coincide with the plane of the diagram, 
and so the wave normal also does not lie in that plane. Physically, of course, 
there can be no essential difference between the “beak” and a ray path 
near the point of reflection for propagation in a plane very close to the meridian 
plane. The smoothing-out of the difference is due not only to the closeness 
of the paths in these cases but also to the fact that geometrical optics, and 
consequently the whole of the ray treatment, are inapplicable near the point 
of reflection. Nevertheless, the ray paths makc it possible to obtain some idea 
of wave propagation in the reflection region also, since for a smoothly varying 
layer the region where geometrical optics is valid is usually very wide and 
excludes only a very narrow range near the ‘reflection point" itsclf. 


Penetration of waves and the “tripling” of signals for oblique incidence 


The critical angle of incidence 04, [sce (29.23)] is the angle for which, 
at the reflection point (v = 1), the wave normal for the ordinary wave is parallel 
to the magnetic ficld H(?. In accordance with thc previous discussion, the 
normal grad V/ can be parallel to ZI? only for propagation in a meridian 
plane, since the normal always lies in the plane of incidence. From the con- 
sideration of wave propagation at normal incidence we know that, if the 
direction of the wave normal approaches that of thc ficld, the point of re- 
flection “jumps” from v = 1 to v = 1 + Yu; this is the “tripling” effect 
for the case u = c/o? < 1 (§ 28). Thus it is clear that at the critical angle 
of incidence 0,,, the ray is not reflected at the level v = 1 but proceeds 
further. However, after reflection at some higher level the ray cannot turn 
back in regular propagation, since it takes another path, the wave normal 
does not become parallel to H® for v = 1, and the wave energy is absorbed 
in the resonance region. In order to sec more clearly the nature of propagation 
near the critical angle of incidence, when geometrical optics is invalid, it 
is convenient to return to the curves of q,a (v). 

Fig. 29.15 shows such curves [183] for the case u = tand y = 22°, when 
Ocr.g = 125°. It is evident from Fig. 29.15b that for 0) = Oer,a the ordinary 
branch 2 becomes the second extraordinary branch 1 at the point v = 1; 
subsequently this wave is reflected and enters the region of large q below the 
point v), and is absorbed at v1... At angles 0, close to Oc, the ordinary wave 
need hot according to the graphs of q,,.(v), become extraordinary, but it 
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is physically clear that such a transition will in fact occur in a certain range 
of angles near Oer,2. In this region geometrical optics is invalid for both waves 
near v = 1; they interact and the penetration effect occurs. This effect is 
essentially the same as in normal incidence (§ 28). No quantitative theory 
has yet been given for the case of oblique incidence. 

A curious feature is that, in probing of the ionosphere, the ordinary wave 
which has penetrated through the region v ~ l can still be observed. The 
reason is that hitherto we have always considered the regular phenomena 
occurring for smoothly varying layers. In reality, the ionosphere contains 
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(b) 
Fia. 29.15. The functions q, (v) for propagation in a meridian plane with 
u= Land x = 220, 
(a) 8) = 10° (b) 6, = 4,5 = 12° 30' (c) 6, = 15° 


inhomogeneities which lead to scattering of the waves. For this reason the 
wave after penetration is partly returned along the same path by scattering 
near the reflection point (i.c. where dq/dv = œ on the right-hand q, curve 
in Fig. 29.15, and in practice near the point v(*)), and so comes back to Earth. 
The signal which has made this journey arrives after the signals 1 and 2 
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reflected at lower levels, so that we have a “tripling” of signals for oblique 
incidence. This effeet was mentioned in § 28. It is related to the effect for normal 
ineidenee, but differs fundamentally in that it is observed only when wave 
seattering takes plaee. Moreover, this effeet is of course observed only when 
the transmitter sends out waves at angles 0) œ 0,,.,, and when the refleeted 
waves are received in that direetion. Such an effect has been observed [177, 
178] in the refleetion of radio waves from the F layer with y = 18°, 
w = 2z x 465 x 109, wy = 2m x 1-55 x 108 (Le. Yu = 0:334), Oor, = 8°7°. 
The amplitude of the third signal has a quasi-Gaussian form as a funetion 
of 0 — 0,, and experimentally [178] the squared amplitude (the power) 
was found to be halved at 0, — 04,2 = 0:42°. 

Thus, whatever its subsequent fate, for 0) œ 0,,, the ordinary signal 
passes through a “hole” in the layer at the level v = 42e?N/mm? = 1. 
Besides the two possibilities mentioned above, namely absorption of the signal 
near vy, and partial seattering of it (ineluding seattering into the opposite 
direetion), the signal may pass right through the layer; this oeeurs if the 
electron density does not reach the value N ~ m(w? + oc g)/4z:€? needed 
for reflection of the extraordinary signal from the region near the point v(? 
(Fig. 29.15a). In other words, the signal passes through the layer if the eritieal 
frequency for third reflection f,,, = fer,z is less than the carrier frequency f 
of the signal (see also $ 35). 


Penetration of waves with u = w%/w? > 1 

The penetration of waves can also oecur when u > 1, i.e. for waves of length 
greater than Ag = 27c/wy. As in the case u < 1 discussed above, penetration 
is possible if the direction of the wave normal in the region v « 1 is suffieiently 
close to that of the magnctie field H. These direetions are parallel if the plane 
of incidenee is that of the magnetic meridian and 


q/p = n eosÜ[sin0, = coth = coty, 


i.c. the angle 0 between the wave normal and the z-axis is equal to the angle 
X between the field H and the z-axis. As shown above, and as is elcar from 
graphs of the functions 7? ,(v) for u > 1 (sce, for example, Fig. 28.1b), the 
interaction of waves with y > 0 oeeurs when v œ 1. For v = 1 and y = 0 we 
have 


n? (v=1) =p? +g? = 1 — 1/(1 + Yu) = Yu(yu 1). 
Thus the eritieal angle Oer is given by 
Q4 s(v = 1) cosy/sin Oer = eoty 
or 





u ez w : 
sin Oer, 1 2 = y "i 7 ing = bl sin y, (29.24) 
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where the + sign refers to the ordinary wave 2 and the — sign to the extra- 
ordinary wave 1. For the ordinary wave Oe, < x and for the extraordinary 
wave berı > y. When u < 1 and the values of si? , are positive (as we assume), 
the critical angle exists only for the ordinary wave. Formula (29.24) is then 
identical with (29.23) obtained by a geometrical construction. For 
u = oe? > 1, the critical angle again always exists for the ordinary wave. 
For the extraordinary wave there is interaction and the critical angle exists 
only if [Ju/(Vu — 1)] sin?y < 1, i.c. if 


Vu = 1/cos?y. (29.25) 


For very low frequencies /u— oo and 0,,-» y, ie. the interaction occurs 
when the propagation is along the lines of force of the magnetic field. This 
is the case in whistlers [53, 54]. 

For angles of incidence 0, close to 0,,, ,, the curves of q}, ,(v) for u> 1 
have various features similar to those shown in Fig. 29.15 for the region u < 1. 
We shall not pause to discuss this problem in detail; the investigation of it 
is as yet far from complete [180, 189]. 'The possibility of passage of the wave 
through the layer is particularly important as regards applications. For normal 
incidence and uz, = u cos?« > 1, this problem has been considered at the end 
of § 28. The significant property of oblique incidence is that the penetration 
effect may be greatly increased and may be appreciable even when the angle y 
between the field and the vertical is not small, i.c. not only at high latitudes. 
The physical situation is simply that, because of refraction in the layer, the 
wave normal may approach the direction of the field H(? in the interaction 
region v æ l. This is what occurs for angles of incidence close to (,, , ,. 

It is thus evident from Fig. 28.10b that for 0) ~ 0,,., the extraordinary 
wave (for v < 1l, that is) will pass through the whole layer, however thick. 
The ordinary wave with 0, œ 0,, , can pass through the region v œ 1 and be 
propagated further as an extraordinary wave.] This wave passes through 
the layer only if it does not reach the point vf) = 1 + Vu, i.e. if the maximum 
electron density in the layer is Nmax < m(w? + ocog)/4ze?.]1 


Proof of the reciprocity theorem 


The solution of the problem of wave propagation and reflection in layers 
of magnetoactive plasma usually involves the use of graphical or numerical 
methods, even when geometrical optics is applicable. The picture is still more 
complicated if allowance must be made for the interaction of waves, their 
intensity must be calculated, etc. Here it is particularly useful to know the 


T More preciscly, as stated in $11, the wave reflected from the point vf) = 1 + yu 
is called extraordinary for v > 1 if « + 0 and ordinary if « = 0. 

tt For oblique incidence the extraordinary wave is reflected somewhat lower than 
the region where v = vij; this is not taken into account here, since for Oor,2 «1 the 
difference from the case of normal incidence is not large. 
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general properties of solutions of the ficld cquations. An example of such 
general properties is the well-known reciprocity theorem in electrodynamics 
(see, for example, [22, 89; 36, § 69; 143, $ 77]). In its usual form, the reci- 
procity theorem is not generally valid when a magnetoactive mcdium is present, 
and for this very reason a light valve or radio valve may be constructed 
so as to transmit radiation in only one direction [192]. However, a gencralised 
reciprocity theorem is valid even in a magnetoactive medium; moreover, 
in some particular cases the usual reciprocity theorem or its consequences 
may be used even when such a medium is prescnt. 

For convenience we shall give the proof of the reciprocity theorem ab initio. 
To do so, let us consider two field sources 1 and 2, in which the external 
current densities are respectively j} (r) and j(2(v). The resulting fields EC, 
H9 and E(2, H® satisfy the equations 


curl II = i w Dc + 4r je, | (29.26) 
curl ED = — i c BY/c, 

curl = i o Do + 4nj2c, | (29.27) 
eur] B®) = — ico BOc; ; 


here all quantities are assumed to vary as ®t, and in the presence of ab- 
sorption D signifies D — i+ 4zj/w, where D is the electric induction (electric 
displacement) and j the conduction current density. So far the medium is 
entirely arbitrary, and we have therefore used the magnetic induction B. 

Multiplying equations (29.26) respectively by E(? and H, and (29.27) 
by — E? and — H(), adding and using the formula 

div (A X B) = B: curl A — A- curl B, 
we find 
div (EO x II? — B® x HY) = (4zuc) (3) - EO — j3- EM) + 
+ (i w/c) ( )(D. E — po pO + m . BE) — no. no) i 


When this expression is integrated over the volume, the first term becomes 
a surface integral and is zero (the field is assumed to decrease suitably at 
infinity, and it is easy to see that surfaces of discontinuity also make no 
contribution to the integral). Hence the reciprocity theorem in its usual form 


f ig BO (x) dr = f IRO) E? (dr (29.28) 
is valid if 
f (Do . E? — EV. p® i u. B® — po. no) dr —0. (29.29) 
For layers at rest, neglecting spatial dispersion and assuming a linear layer, 
we have Dy — i- Azjife) = & E, and B, = uj, H,, where the complex tensors 
ej, and pj, may depend on w and on the coordinates. The expression (29.29) 
takes the form 


f (eis — ees) EP EP + (ui — Med) HP HP] 4v = 0, (29.30) 
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where summation over repeated suffixes is understood, and we have used 
the identity eL, E(9 EP = ej, EP EP, ete. Hence it is evident that the reci- 
proeity theorem (29.28) is valid for media with symmetrical tensors Eix and ug. 
For media with unsymmetrieal tensors the reciprocity theorem (29.28) is in 
general not valid, as is elear from the possibility already mentioned of eon- 
structing a valve whieh transmits waves in only one direction. 


The generalisation to the case of a magnetoactive medium 


The generalisation of the reciprocity theorem to the case of a magneto- 
active medium (with the tensor ej; unsymmetrical; Mix = Hôr, and in a 
plasma p is almost unity) is obtained if we use the faet that the generalised 
principle of the symmetry of the kinetic coefficients gives the general relation 


ej, (H) = ej ,(— H9); (29.31) 


see (10.13) and [36, § 82]. For a magnetoaetive plasma, the relation (29.31) 
follows from the expressions (10.12) for the tensor ¢;,. From (29.31) and the 
eondition (29.30) we derive the generalised reciprocity theorem: 


JIRO E96, 1) dr = f jQ(r)- Br, — HW) dr. — (29.32) 


Here the field E® (r, — H) is that due to the source 1 when the magnetie 
field constant in time (external relative to the fields considered) is — H9 (r), 
ie. everywhere has the opposite sign to that which oeeurs when the field 
E (r, H) from source 2 is being found. If the medium is not magnetoactive, 
the tensor ¢;, and the fields E® and E(? do not depend on H®), which of 
eourse leads to a symmetrieal tensor £;, and the old form (29.28) of the theorem. 
The relation (29.32), whieh is more general, is naturally weaker than the usual 
reciprocity theorem (29.28), since it relates the fields E™ and E(? under 
different conditions, namely for opposite directions of the field H(?. Never- 
theless, the theorem (29.32) is useful, and shows, for example, that the reei- 
proeity theorem is valid in its original form if by symmetry or from the nature 
of the problem we have 


E(O (v, — n) = E (r, If) or E (r, — H) = EG (v, H), 
The diseussion in [193, 194] amounts to seeking such eases. 
For sourees whieh are eleetrie and magnetie point dipoles we must put 


in (29.32) 
jo? =i w POP + ¢ curl MG?) 


with PO? — pO?) 6(r — x, 2) and MED = mD S(r — 41,0), Ô being the delta 
funetion. Then 
p? . EO(, HO) — m”. 1®(1, HO) 
= p®. Eo(2, = HO) — mO. (2, — n). (29.33) 
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In transforming the term in m we have used the equation curl E = —iwB/c; 
the permeability u is taken as unity and, for example, E®)(1, H) is the field 
of the electric dipole p® and the magnetic dipole m(? at the position of the 
dipoles p™ and m™, the external field being HO. 


Media with an unsymmetrical tensor y;, and with spatial dispersion 


For media with an unsymmetrical tensor u;+ it follows from the generalised 
principle of symmetry of the kinetic coefficients that u;, (B()) = uj; (— B9), 
where BO is the magnetic induction, here regarded as “external” (independent) 
with respect to the fields of frequency w under consideration. This result 
is evident from [36, § 88], since the mean macroscopic magnetic field is B 
and can be replaced by JH only in a non-magnetic medium. 

Hence it follows that the theorem (29.32) is valid also for a medium with 
an unsymmetrical tensor 4, if H® is replaced by B®, which we may do from 
the start. For ferrites, however, when the tensor p; must be used, the sign 
of B® is usually reversed by changing the sign of the external field H©, 
and the expression (29.32) may be used immcdiately. 

When spatial dispersion is taken into account, the vectors D and E (we 
shall assume for simplicity that B — H)are related by an integral or differential 
relation instead of the algebraic relation D; = ej, E,. The principle of sym- 
metry of the kinetic coefficients shows (see [36, § 83]) that in the absence of 
an external magnetic field H(? the equation (29.29) holds, and so the reci- 
procity theorem is valid in its ordinary form. The same conclusion is reached 
if spatial dispersion is taken into account by using a relation of the type [1] 


Dj = ei Ey + yii 0Ey[02 + Oii Ey 02, (29.34) 


The symmetry properties of the tensorsy;; andÓ;, tu (yigi = — Yri irim = Oxitm) 
then enable us to derive (29.29) by integrating by parts. This derivation is 
equivalent to the preceding one, since the symmetry properties of the tensors 
yiri and ĝizım themselves follow from the principle of symmetry of the kinetic 
coefficients. 

Naturally-active media are those where the term in y;,; in (29.34) must be 
taken into account. In such media, therefore, the ordinary reciprocity theorem 
is valid when H) = 0, and consequently, as is well known, they cannot be 
used to construct an optical valve. 

When spatial dispersion (thermal motion) is taken into account in a magneto- 
active medium, the generalised reciprocity theorem (29.32) is valid, i.c. spatial 
dispersion itself causes no effect here also. 

As an example of the application of the reciprocity theorcm in a magneto- 
active medium, we may mention the following result [194]. In reflection of 
waves from an ionospheric layer in the plane of the magnetic meridian (i.e. 
with the magnetic field in the plane of incidence) the reciprocity theorem 
in its usual form (i.c. not replacing H® by — H) is valid for aerials emitting 
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and receiving a field E lying in the plane of incidence. The same happens if 
both aerials emit and receive a ficld E perpendicular to the plane of incidence. 
For two aerials, of which one receives a field E in the plane of incidence and the 
other emits a ficld E in a perpendicular direction (or vice versa), the ordinary 
reciprocity theorem is again valid, but only for the moduli of the field (i.e. 
neglecting the phasc). 

In §§ 27 and 28 we have also seen that in some cases, in accordance with 
the usual reciprocity theorem, the moduli of the coefficients for transmission 
of waves in opposite directions are equal even in a magnetoactive plasma. 
As already noted, it is clear from the theorem (29.32) that, to demonstrate the 
complete validity of the ordinary reciprocity theorem in any particular 
problem for a magnetoactive medium, it is sufficient to show that the electric 
field of the wave is unchanged when H9? is replaced by — H(?. This is in fact 
true in those cases where the usual reciprocity theorem is valid in a magneto- 
active plasma. 


CHAPTER VI 


REFLECTION OF RADIO WAVES FROM 
IONOSPHERIC LAYERS 


§30. INTRODUCTION. REFLECTION FROM AN 
ARBITRARY SMOOTH LAYER 


Propagation of radio waves in the ionosphere 


THE Earth’s ionosphere was historically the first region which gave rise 
to the study of problems of the theory of electromagnctic wave propagation 
in an inhomogeneous plasma. It is therefore understandable that in the fore- 
going sections the ionospheric laycrs have frequently provided examples of 
applications. Below we shall discuss a number of important topics eoncerning 
reflection of waves from an inhomogeneous medium, again mainly in terms 
of applications to the ionosphere. It must be emphasised, however, that most 
of the results have a more general significance. Moreover, the whole subject 
is closely related to what has been treated previously, and to place it in a 
separate chapter is largely an arbitrary procedure. 

There has been an exceedingly large amount of work on the propagation 
and reflection of radio waves in the ionosphere and on kindred problems. 
There are numerous special features concerning the propagation of waves of 
various lengths, at various times and at various latitudes, together with a 
variety of ionospheric disturbances, sporadic phenomena, and so on. The 
majority of these interesting topics arc ignorcd in what follows, and we shall 
be mainly concerned with a single problem, the propagation and reflection 
of radio waves by a smooth layer of plasma. Discussions of the remaining 
subjects may be found, in particular, in [20, 22, 23, 190, 191]. A thorough 
bibliography of work published up to 1947 is given in [195], and the history 
of ionosphere studies in the Soviet Union is dealt with in [22, 197]. Here 
partieular attention should be drawn to work on the propagation of waves 
with allowance for random inhomogencitics. 

In recent years it has become entirely clear that, both in the Earth’s iono- 
sphere and in the solar corona, some inhomogeneitics are present and give 
rise to various effccts. Of these we may mention the fluctuations in amplitude 
and phase of radio waves reflected from the ionosphere, and those in amplitude 
and direction of the cosmic radio waves caused by passing through the iono- 
sphere. The scattering of radio waves from the Crab Nebula when they pass 
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through the solar corona is a cognate topic. The scattering and refraction of 
cosmic radio waves propagated in a statistically inhomogeneous interstellar 
and interplanetary medium may also be significant. 

The propagation of waves of various types, with allowance for statistical 
inhomogeneities, is at present a large and to some extent independent depart- 
ment of research, being of interest in connection with radio physics, radio 
communications, acoustics, radio astronomy and optical astronomy. This 
field will not be touched on here. The reader is referred, in the first instance, 
to the original and review articles on the subject [23, 156, 198-214, 269]. 


Parameters of the ionosphere ; 


Until quite recently the principal method, and in practice the only reliable 
method, of determining the electron density in the ionosphere was by radar 
probing from the Earth's surface. This has now been supplemented by the 

1000 





Fic. 30.1. Electron density N in the ionosphere (medium latitudes, noon, years 
of maximum solar activity; the values given are averages suitably defined). 


methods of radio astronomy (examining the cosmic radio waves), the obser- 
vation of radar reflections from the Moon, and measurements by means of 
rockets and artificial satellites. The averaged dependence of the electron den- 
sity N on height above the Earth’s surface thus obtained is shown in Fig. 30.1, 
where the data pertain to medium latitudes at noon in years of maximum 
solar activity; sec [23], whence Figs. 30.1-30.3 are taken. The density of 
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molecules (meaning all neutral particles) is shown in Fig. 30.2, while Fig. 30.3 
gives the temperature in the upper parts of the atmosphere. 
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In these diagrams the properties of the ionosphere are shown only in broad 
outline. In reality, the distribution of ionisation varies appreeiably, depending 
on a number of factors (latitude, time of year, time of day, ete.). As an exam- 
ple, we may mention the appearance of an F, layer in the lower part of the 
F layer in summer, the appearanee of a sporadie E layer, etc. 

The aetual layers of the ionosphere, even apart from loeal variations of 
eleetron density, have no simple geometrical form. Admittedly the lower part 
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of the F layer, for example, can very often be represented to a good approxi- 
mation by a parabolic layer: 

N= N mall — 2 ftm)» ] 

e — n? — 1 — 4r eN (z)/m o* 
= 1— (falf) (1 — fen); 
o —2zf, 
la = V(e? Nanax/7 m) ~9 x 10? VN max 
N max = 1:24 x 104 f, (Mc/s). 


(30.1) 


At the boundary of the layer, however, the deviations from the parabolic 
form are considerable, and there is no reason to suppose that the layer is 
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Fic. 30.3. Temperature in the upper layers of the atmosphere (the temperature 
values lie in the hatched area). 


strictly parabolic; in particular, the “simple layer” often used in ionosphere 
calculations [20, 22, 23] is not parabolic. 


Reflection of waves from an arbitrary layer 


It is therefore very important to note that the propagation and reflection 
of radio waves can be treated for an ionospheric layer which is (to a con- 
siderable extent) arbitrary, viz. any smooth and sufficiently thick layer with 
one maximum, of the type shown in Fig. 30.4. 
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The reason is that, far from the reflection point for waves of a given fre- 
quency w (the point A in Fig. 30.4a)f we can use the approximation of geo- 
metrical optics, which is valid (on certain assumptions) for any form of e' (z). 
In the neighbourhood of the reflection point A, the layer may usually be re- 
garded as linear or, if the point A is near the maximum, as parabolic. In the 
former case, when absorption is absent, there is total reflection of the waves 
from the layer, the behaviour of which for values of z much exceeding z(e = 0) 
is unimportant. In the second case, which occurs at frequencies near the critical 
value, there may be penetration of waves through the layer. 'The solutions for 
both linear and parabolic layers are known ($ 17), and so, by joining these 
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Fic. 30.4. Arbitrary smooth layer with one maximum. 


solutions to that given by geometrical optics, we have the solution for an 
arbitrary layer. The condition for this solution to be valid (when the layer is 
regarded as linear near A) is that the deviation from linearity near A is small, 
i.e. 

[|d?e']dz? |, Az < |de'[dz |o; (30.2) 
here the derivatives are taken at the point z(e = 0), and Az is the distance 
from the point A at which the difference between the exact solution and that 
given by geometrical optics is sufficiently small. 

It will be clear from what follows that the above proccdure has a wide range 
of applicability, and the more interesting case is thc first, where the layer 
may be regarded as linear ncar A. The replacement of the layer by a parabolic 
one is necessary only in the immediate ncighbourhood of the eritical frequency. 
This case is of very slight practical importance, and will be discussed in § 33. 

In the study of various irregular phenomena it is also desirable to consider 
the transmission and reflection of radio waves by thin layers, where the 
approximation of geometrical optics is in gencral invalid. The reflection and 
transmission of waves by layers of arbitrary thickness, including thin layers, 
have already been treated in § 18. 


+ The reflection point is somewhat arbitrarily taken to be in every case the point 
where e(w) = 0, i.e. the point z(e = 0). 
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We shall therefore regard the laycr as linear near the reflection point. The 
solution for this case is given by formulae (17.2), (17.4), (17.5), (17.6), ete. 

If absorption is absent, and the distance 4z from the point z(e = 0) is 
sufficiently large to satisfy the inequality [cf. (17.7)] 


c i 22 i 
=zle = 0)— SEERE E ERES 30.3 
EN ^» (aih face we) 
then the field E for a lincar layer is [cf. (17.6), (17.2)] 
2.3 l 
Les p cos (sd — 17) 


yx 
1 
me ) 4 

de 


c? 
dz i, 


E = 


de 
dz 








(30.4) 
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The only change from the formulae of $17 is that there e = l — z/z 
= 1 — |de/dz|,z, but here € = |de/dz|o[z(e = 0) — z], and therefore in the 
formulae of $17 we must put z, = (|de/dz|))-1 = —[(de/dz),] ^ and z, — z 
= Az = z(e = 0) — 2. 

The condition (30.3) signifies that € >> 1, and it is for this reason that we 
can use for the field E the asymptotic representation of the Bessel functions 
as in (30.4), which corresponds to the approximation of geometrical optics. 
This is clear, in particular, from the fact that the condition (30.3) is essentially 
the condition (16.22) for geometrical optics to be valid: 





Ag |dn/dz | 
Zan b 
since 
Ag|dnjdz| ^ Ag|de/dz| _ Ao 
mn Anci — Anm(|dejdz (Az) 
The expression (30.4) may be written 
z(e=0) 
3A 
Beetle i ecc COH = f Ve()da— n . (30.5) 
w 6 Z 
eo e nn 4 
Ve (razas) (ee 


Comparing (30.5) with the gencral expression (16.12) for the field in the 
approximation of gcometrical optics (in our case x = 0, n = Ve and we must 
take the solution corresponding to a standing wave), we see that the expressions 
are the same. Hence, if the layer is not linear further away from the reflection 
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point, but the approximation of geometrical optics is valid, the only difference 
is that in (30.5) the function e(z) must be taken to be not linear but that cor- 
responding to the layer under consideration. Thus the expression (30.5) is the 
desired solution for an arbitrary layer. 

If at the boundary of the layer (z = 0) the amplitude of the incident wave 
is unity, its phase is zero and e = 1, then the field at z = 0 has the form 
E — E, + E. — 1 4 e?, where, by (30.5), 


2(8(@) = 0) 


2 
g(o) = f n(w,z) dz- n. (30.6) 
0 
In this case the quantity A in (30.5) is [cf. also (17.9)] 


2y 1 z(e=0) 1 

7 o 6 .0 . 
A -^ Gus) exp[- 1 f n(z)dz+ sin). (30.7) 
0 


The field near the point z(e — 0) is given by formulae (17.14) and (17.5), 
where the constant A is equal to (30.7); in this case the field at the boundary 
of the layer is, as already stated, 


BE=1+e'? for z=0. (30.8) 


The solution derived here for an arbitrary layer is valid under the following 
conditions; firstly, geometrical optics must be valid for the whole layer where 
Az satisfies the inequality (30.3); secondly, the inequality (30.2) must hold 
for values of Az which still satisfy (30.3) (i.e. the layer must be approximately 
linear in the reflection region). 

The expression (30.4) is valid to within terms of order 5/72. ih (8ee, for 


instance, [126]), and so its accuracy is better than 1 per cent for Ü = 5. Accord- 
ing to (30.3) and (30.4), the value ¢ = 5 corresponds to 
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When A, = 2ztc[o — 60 m and |de/dz|, — 1077, we have Az —2 x 104 = 200m. 
If Az = Az, the condition (30.2) becomes 
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This condition must hold if the neighbourhood of the reflection point is to be 
regarded as linear. 
Formula (30.6), which shows the phase shift betwecn the reflected and 


incident waves, is of particular importance, since, if the phase is known, the 
group delay time At,, = p' (wp) may also be found. 
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The expression (30.6), apart from the term — lx, is obtained from 
geometrical optics by assuming that the latter is valid up to the reflection 
point z(e = 0). In other words, if we augment geometrical optics by the 
condition for reflection at the point z(e = 0), formula (30.6) without the term 
—41x is obtained. However, this “supplementing” of geometrical optics 
by the reflection condition can, of course, be made a rigorous procedure only 
on the basis of the preceding treatment. The phase — 47 is much less than 
the principal term (2e/c) { n(z) dz; this follows from the fact that the appli- 
cability of geometrical optics to the greater part of the layer [far from the point 
z(e = 0)] presupposes that the thickness of the layer is much greater than 


Ay = 2xC/o. 
The group delay time is, by (21.12) and (30.6), 
2 z(e(@) — 0) 2 uu nio 
NI Ls A. f ANWR 
At,, = 9' (0) = 4 f n(œw,z)dz+ 2 22 dz 
0 
z(e(0) 20) 
=2 e oem (30.10) 
Vg (09, z) 


here vg, (w, z) is the group velocity (21.17), and the suffix zero to w is omitted, 
since only one frequency is involved, namely the carrier frequency w of the 
signal. Moreover, in differentiating the integral (30.6) with respect to the upper 
limit we have used the fact that, by definition, n(z(e = 0)) = 0. 
By (21.13), (21.14) and (30.10) we have 
a os a z(e(@) 20) d L 
z 
Aton i f n(w, 2) dz — 2 Í IPTE 3 
? ? (30.11) 


z(e (w) = 0) 
dz 


Baden cues. 
gr C gr ; vg, (c0, 2) 


where vy, is the phase velocity (21.16) and the small term —z/2w has been 
omitted from Ay. 


? 


The effective height of reflection z,. Height-frequency characteristics 


In normal (ie. vertical) probing of the ionosphere, the signal reflected 
from the layer returns after a time A tgr, and the point of reflection z(e = 0) 
is not directly determined. Hence, instead of the truc height z, = z(s = 0), 
it is usual to define the apparent or effective height of the reflection point z, 
as the height of reflection of a signal moving with the velocity of light in 
vacuum for a time $t, (the factor 1 entering because of the two paths 
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up and down). Thus 


Zt 


1 1 cdz 
a(o) = 56 Aly = le [og (30.12) 


The effeetive height z, is always greater than the true height z, = z(e = 0), 
because vg, < c. Neglecting the effect of the magnetic field, we have vg, = cn 
= ey[1 — 4ze?N (z)/mo?] [see (21.18)], and 


Zi(o) zi(o) 
T dz : | 
a= f = [| arra 
0 


0 
1 — 4z e? N (z,)/m o? — 0. 


(30.13) 


Equation (30.13) may be solved for z,. The result is (see (114; 22, § 94]) 


n[2 


z (c) = = f z,(c sin y)d y, (30.14) 
0 


where 2, (c sin y) is the value of the function z, (30.13) when w is replaced by 
w siny. 

Thus, if we know the effective height z, as a function of œw (the carrier 
frequency of the signal), in this case (with m = V[1 — 4ze*N (z)/mo*]) we 
ean use (30.14) to find the truc height z,(w). The function z,(«), which gives 
the effective or apparent height of the ionosphere as a function of frequency, 
is called the height-frequency characteristic of the ionosphere. This quantity 
is found directly at ionospheric stations by measuring the group delay time 
A tigr = 22, (c)/c for signals with various carrier frequencies w. At these stations 
the whole curve z,(w) is now recorded automatically in less than a minute 
[22, 23]. Fig.30.5 shows typical height-frequency characteristics of the 
ionosphere at medium latitudes. As is customary, the abscissa is not the cir- 
cular frequency w but the ordinary frequency f = c[2x in megacycles per 
second. 

Experimentally, in consequence of the effect of the Earth's magnetic field, 
the height-frequency characteristics split into two neighbouring curves; this 
splitting is particularly marked near the critical frequencies, and is shown by 
the broken line in Fig. 30.5b. It is not shown in Fig. 30.5a, and is usually only 
very slight in the E layer. The effect of the magnetic field on the reflection of 
radio waves from the ionosphere will be further discussed in § 35. 

The experimental data concerning the ionosphere and, in particular, a 
detailed analysis of the height-frequency characteristics are given in [22, 23]. 
Here we shall mention only some qualitative features of the characteristics, 
which are evident from Fig. 30.5. Near the critical frequency of the E layer, the 
height-frequency characteristic for that layer rises fairly steeply, and the same 
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happens even more distinctly in the F, and F, layers. Moreover, near the 
critical frequency of the E layer f, (E) the height-frequency characteristic 
of the F; layer in the summer and the F, layer in the winter has a bend as if 
the F, and F, layers were higher at these frequencies than at slightly greater 
frequencies. This is, of course, impossible, and shows the considerable difference 
between the effective and true heights. 
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Fie, 30.5. Height-frequency characteristics of the ionosphere (diagrammatic). 
(a) in summer (b) in winter 


The steep rise of the height-frequency characteristics near the critical fre- 
quency is explained by the fact that in this case the signal is propagated in the 
region near the maximum of the layer and so traverses a relatively long path 
in the region where the refractive index n is small. The integral (30.13) which 
gives the effective height z, has n in the denominator (the group velocity 
Vg, = cn), and so the contribution of the region near the maximum of the layer 
to the value of z, is especially large. Quantitatively this is clear from the 
example of a parabolie layer given below. The bend in the characteristic 
for the F layer at frequencies just above the critical frequency f, (E) of the 
E layer (Fig. 30.5b) is explained by the additional delay of the signal when it 
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passes through the E layer. Since f > fa (E), the signal passes freely through 
the E layer, with almost no reflection, even if the difference in frequencies is 
only a few per cent (see $33), but so long as f is elose to fẹ the refractive 
index for the frequency f in the E layer is still considerably less than unity, and 
the E layer also contributes to the expression (30.13) which gives the effective 
height z, for the F layer. 

Near the critical frequency the differenee between the effeetive height z, 
and the true height of reflection z = z(e = 0) may be very great. This is 
seen from Fig. 30.6 [127], which shows for one partieular case both thc experi- 
mental curve z,(«w) (ie. the height-frequency characteristic) and the true 
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Fic. 30.6. Effective (or apparent) and true height of reflection for the F layer. 


height z, calculated from formula (30.14). It may be noted that for a linear 
layer the true height is half the effective height, i.c. z,(w) = 4z,(w), where 
of course both heights are measured from the boundary of the layer. 

If we know the true height of refleetion z,(w) we can immediately detcrmine 
the distribution of eleetron density in the layer, sinee by definition we have 
é(w) = 0 at z=2%(m), and the eleetron density is N(%) = me?/4zxe* 
= 3-14 x 10-192 = 1-24 x 10-872. 


A parabolie layer 


It follows from the experimental data that the F, layer, as well as the other 
layers (or more precisely their lower parts), can often be well approximatcd 
by a parabolic layer [22, 23]. Moreover, the parabolie layer is a simple and yet 
qualitatively good approximation to an arbitrary thiek smooth layer (Fig. 30.4). 
We shall therefore apply to the parabolic layer the general formulae derived 
above. 

According to (30.1), the coordinates of the points of reflection for frequency f 
arc 


ess ys zai (30.15) 
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where the origin is at the maximum of the layer and the + signs correspond 
to two points where e = 0, lying symmetrically about this origin. If the 
z-axis is drawn as in Fig. 17.2 (with z = — Zm at the lower boundary of the 
layer), the lower point z(e = 0), which is the only one of interest here, 
corresponds to the minus sign in (30.15). For the phase g and the optical path 
length L, we have from (30.6), (30.11) and (30.1) 


z(e=0) 
p= 22 f ne) dz- + r= oLjc— 2, | 
0 (30.16) 
fer I P for RE f 
i ety) | 
The group delay time Atr, the group path length Lgr and the effective (or 
apparent) height z, are, from (30.10), (30.11), (30.12) and (30.1), 


A tg, = g' (0) = Lele = 224]c, | 
013, fy lati (30.17) 
TIO fa up | 


Let us now consider what is the condition for formulae (30.16) and (30.17) 
to be valid in the case of a parabolic layer. This condition is evidently the same 
as the condition (30.9) for the validity of the fundamental formula (30.6) for 
the phase. Using (30.9) and (30.1), we easily find that the required condition is 


Af = fe — Í > 6/3 2m, (30.18) 
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or 


4 f/f; ~ A flf > Acl 2, » (30.19) 


where A, = C/fer and it is assumed that Af « f. [the condition (17.27)]. 

It will be shown in § 33 that the difference between formula (30.17) and the 
exact formula obtained by solving the wave equation for a parabolic layer 
is entirely negligible even when A f/fe = Aq/3z,. Thus we can essentially 
replace the eonditions (30.18) and (30.19) by 


Af clim, Afif > A fs. (30.20) 


This possibility of relaxing the eonditions (30.18) and (30.19) is due, in parti- 
eular, to the fact that the original equation (30.9) was derived on the basis of 
a requirement of better than 1 per cent accuracy; but the main argument for 
replacing formulae (30.18) and (30.19) by (30.20) is, of course, obtained by the 
comparison with the exaet solution for a parabolic layer. 

For the F layer the half-thickness z,, ~ 100 km, and the condition (30.18) 
becomes 4f 10%c/s. In this ease, therefore, with fe ~ 10 Me/s = 107e/s 
(Aer ~ 30 m) the above formulac are valid if A f/f, > 10-4, and in praetice even 
for Affe z; 107. 
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For the E layer z,, ~ 20 km, foe ~ 3 Mc/s, Ae ~ 100 m, and the conditions 
(30.18) and (30.19) become Af>5 x 108 and Af/f., > 2 x 10-9. Here for- 
mulae (30.16) and (30.17) are entirely valid even for A fifer = 1073, i.e. practi- 
cally always. 

An arbitrary smooth layer of the type shown in Fig. 30.4 can always, except 
in some special cases, be approximated near the maximum by the parabola 
(30.1) with the appropriate value of Zm and the critical frequency fẹ equal 
to that of the actual layer. Hence the above estimate of the range of validity 
of the fundamental formula (30.6) and its consequences are fully applicable 





fe 


Fie. 30.7. “Establishment time" v, (multiplied by y (2cf,,/72,,)) for a parabolic 
layer. 


even to an arbitrary layer. Thus formula (30.6) is practically always valid. 
As already mentioned, only a small region near the critical frequency of the 
layer needs special discussion (sec § 33). In addition, the results of the present 
section are not applicable to thin layers where the approximation of geometrical 
optics is invalid in all or most of the laycr. Such layers may, it seems, appear 
sporadically in the ionosphere, and the study of them is therefore of some 
interest. The layer being thin, the principal theorctical problem here is to 
find the reflection coefficient R as a function of the frequency and the para- 
meters of the layer. This problem has bcen discussed in § 18. 
The spreading of the signal is charactcriscd in accordance with (21.33) by 
the "establishment time" to = \/[p"'(w,)]; for a parabolic layer we have 
= 7 "A JU Zm 1 + fher 2 flf, | 
- Vv (t9) Vi 2€ for [I E flex P 1 —(f/fer)? e) 


Fig. 30.7 shows 1,]/(2cfer/2,) as a function of f/f... As a typical example we 
may mention that, for f/fe = 0-8 with Zm ~ 100 km and fe — 10 Mc/s (the 
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F layer) or with z,, ~ 20 km and fer, ~ 3 Mc/s (the E layer) we haver, = 107? s. 
The time To is especially large near the critical POs with the condition 
(17.27) Af < for, we have 
To © y(z/26 A f) ) | (30.22) 
A f= fea ÍX fer- l 
With Zm ~ 100 km and Af ~ 104 we have tọ ~ 10-* scc, and so 7, is of the 
same ardet as the duration T' of the signals customarily used in ionosphere 
probing (T ~ 10-‘ sec). Thus the spreading of the signal may be quite per- 
ceptible near the critical frequency. For a truncated sinusoid, i.e. the rect- 
angular signal (21.4) and (21.5), the shape of the quasimonochromatic reflected 
signal is given by (21.8). If T» ty [the condition (21. 30)] the shape of the front 
and back of the signal is as shown in Fig. 21.1 [see also formula (21.31)]. If, 
however, the condition (21.30) is not satisfied, as may happen near the critical 
frequency, then by (21.28) the shape of the signal is determined by the parameter 
T'ito, and for values of this parameter of 1, 3 and 5 is shown by Fig. 21.2 (the 
penetration of the wave through the layer is neglected). 


Allowance for the variation of the layer with time 


Until now we have always assumed that the reflecting layer undergoes no 
variation with time. The experimental data, however, indicate that the time 
variations which occur in the reflecting medium are often considerable and 
lead to à marked Doppler effect. Let us therefore ascertain what is the change 
in the frequency of the reflected wave as a function of the time variation of 
the refractive index n(t) = Ņe(t). 

If the properties of the medium vary sufficiently slowly with time, the ex- 
pression for the phase g of the reflected wave remains unchanged in form. 
The dependence of p on the time ¢ appears only in that the function n, which 
determines o, now depends on f. In such quasisteady conditions we have 
for reflection from a smooth layer, by (30.6), 

z (€ (9) = 0) 

p(w, t) = 200 f f (cg, z, t) dz — Za, (30.23) 
where c is the frequency when the Doppler effect is neglected. The fre- 
quency w of the oscillations is, by definition, the time derivative of the total 
phase of the wave, i.e. in our casc, where the field of the reflected wave has the 
form H — constant x exp egt — ig (Wo, t), it is w = cy — 0g/0t = w + Aw. 
When (30.23) holds, 


2 z (€ (Wo) = 0) 
- €) Oi 
EEEE E o i eka EA (30.24) 
[n , ot 
0 





the expression (30.23) need not be differentiated with respect to the upper 
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limit, since by definition n = 0 at z(e(w») = n? (w) = 0). If reflection takes 
place not from the region n = 0 but from some boundary which į is the same for 
all frequencies (e.g. from an ionospheric cloud), then 


Zo 


2 (p, 
plos t) = =" (nds, 
0 





where z, is the positiori of the boundary, at which n = n(@9; 2) = no- In this 
case . 








206 "on "20 | dz, 


EN pee A 
ap 1 7. "eap (30.25) 


A w= — 
0 


The simplest pattern, which is apparently a typical one, occùrs when the 
change in frequency is entirely due to the movement of the boundary, i.e. 
when the first term in (30.25) may be neglected and z = vot. Then 


Aw = —2o0gnvolc. (30.26) 


This is the usual formula for the Doppler effect in the motion of a reflecting 
mirror in a homogeneous medium; it may be noted that v, > 0 if the boundary 
is moving upwards, while if it is moving downwards v, < 0 and Aw > 0, as 
it should be. Here it should be remembered that only the case where the 
boundary is perpendicular to the z-axis (the direction of the incident wave 
vector k) is considered; in a homogeneous medium we have 
9 +k 9 
yis Tat as nsu cost 
for any value of the angle 0 between k and v,. 
The condition for » to vary slowly with time (quasistcady-state condition) 
mentioned earlier is 
d Ge(Wp, t) t) 


30.27 
Wo Ob «€ E(W, t) > ( ) 


i.e. the change in e during the period T, = 27:/o must be much smaller than e 
itself. The condition (30.27), which is fairly obvious, may also be derived 
by considering the propagation of waves in a homogeneous medium with 
e = e(t). When (30.27) holds, the term of the form (26/0t) (0 E[0t) may be 
neglected in comparison with that of the form ¢ 0? E/3t? in the relevant equation. 
Besides using the condition (30.27), we have everywhere uscd the undisplaced 
frequency w, as the argument of n. This is, of coursc, possible only if 


Ao + 9n(o)/6o, < n (0). (30.28) 


In the ionosphere, except for the scattering of radio waves by high-frequency 
“plasma waves", the inequalitics (30.27) and (30.28) must undoubtedly hold. 
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$31. ALLOWANCE FOR ABSORPTION 


The effect of absorption on reflection of waves 


There is no difficulty in generalising the results of § 30 to the ease where 
absorption is present. We could, in fact, have dealt with this case immediately, 
had it not been for reasons of convenience. Moreover, the absorption in the 
ionosphere (except in the D layer) is usually small, and in many cases it may 
be ignored. 

The derivation of the formulae for the phase y and the reflection coefficient E 
for a wave reflected by an arbitrary layer (Fig. 30.4) is similar to that given 
in $30 for a layer where absorption is absent. Joining the solution of geo- 
metrical optics (16.12) near the reflection point z(e = 0) to the solution for a 
linear layer (17.4), (17.12)-(17.14), (17.18)-(17.20), we easily find the following 
expressions for an arbitrary layer with absorption: 


z(e=0) 
2o 1 2 V2 c [47 o (0)/c]9/? 
pt dong wc pee m Ee 
9 n f awa z= am 3c|dedzh s (31.1) 
0 
2o. 2 /2w[4x c (0)/c PP? 
w € [47 o (0)/c 
—Ink = — d me ee Ns 
n : f #2 z+ 3c|dajdz|q à (31.2) 
0 


where the values of o(0) and |de/dz|, relate to the point z(e(w) = 0). For a 
layer which is linear for all z, formulae (31.1) and (31.2), of course, become 
(17.18) and (17.19), since then z(e = 0) = z, and |de/dz| = 1/z. 
Formulae (31.1) and (31.2) differ from those frequently used by the correc- 
tion terms 
Aah pas 2 V2 o [47 c (0)/c 9? _ 2 V2 [rere(0)]9? 
3c|de/dz|, 3c Vw|de/d2|y ' 


here veg is the effective collision frequency at the point z(e = 0), and we have 
used the fact that for e — 0, by (3.7), 420/w = %q/w. The correction 
A(— ln R) = —J¢ is usually small; for example, when |de/dz|, = 10-7 cm™, 
w = 2nc[Ay = 1-9 x 10®sec (A, = 1000 m) and »(0) = 104sec™1, we have 
A(— In R) = — Ag = 0-23. Thus the correction to the phase Ag is usually 
even less than the term —42, which is itself small in comparison with p 
(see § 30), and therefore the presence of absorption has almost no effect on the 
form of the expression for o, which continues to be given by (30.6). Here, of 
course, allowance must be made for absorption when substituting the refractive 
index in (31.1), i.c. strictly speaking, we should use (7.12). 


(31.3) 


T E here denotes throughout the modulus of the amplitude coefficient of reflection, 
also denoted previously by |R]. 
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The correction 4(— 1n R) to the reflection coefficient is in general small 
compared with —In R, but it cannot be immediately ignored. Let us therefore 
estimate the quantity 4(— In R) for a parabolic layer (30.1), where 


dej _ 2f2(e=0) 2y(fi— f) 
dz |o Pu P, 
Here we have used the fact that, if œ? > v3, which holds in the F layer, the 


expression for æ in the presence of absorption remains the same as in the 
absence of absorption. Near the critical frequency, 


de| | 2 4/2Af 
NE 31. 
: y (31.5) 


dzo mV fa 
When z,, = 100 km, fe = 10 Mc/s and Af = 105 c/s we have 
[de/dz|, = 2-8 x 10-8 cm". 


fers (31.4) 

















In the F layer v S 10+, and so A(—1n R) 3; 0-15 to 0-20, whereas in these 
conditions — ln K is of the order of several units, so that the correction A (—1n R) 
is at most 10 per cent of —In R. 

The range of applicability of formulae (31.1) and (31.2) is restricted by the 
requirement that the layer should be smooth and. sufficiently thick (see $ 30), 
and by the condition (30.2), which for relatively weak absorption reduces 
to (30.9) or in practice to (30.20): A f > c/3z,,. It may be noted that the modu- 
lus signs are used in (30.2) only in order that the inequality should remain 
meaningful when (de/dz), and (d?e/dz?), have opposite signs. When absorption 
is present the condition analogous to (30.2) must be applied to the real and 
imaginary parts of e' separately. Hence, in addition to (30.9), we should strictly 


require that 
|d2a/dz?|,Az « |do/dz],. (31.6) 


If o varies with height not more rapidly than e, as is usually the case in the 
ionosphere, the condition (31.6) is not more stringent than (30.9). Moreover, 
as already mentioned, the inequality (30.9) is derived from the condition 
|d?e/dz?|, Az « |de/dz|, on the assumption that the absorption is relatively 
weak; this is clear on account of the usc of the expressions (30.3) and (30.4), 
which are valid in the absence of absorption. 

The assumption that absorption is weak is usually correct for the ionospherc. 


For example, the incquality 
e? 3» vh (31.7) 


always holds for the F layer and usually for the E layer, and so for an isotropic 


plasma [see (3.9)] 
ec 1 — 4z e N/m a’, 


31.8 
o = (1 — &) ve/47t e e? N vem o. l ) 


122 PEW 
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We always have 

n = Vibe + Vibe)? Qo olo. 

x = 20 clon = V{— $e + VI} e}? + (27 ojo]. 
When e = 0, i.e. at the point z(e = 0), the equations 

n(0) = «(0) = V[22: o(0)/o] = VE (0)/2] (31.10) 

are always valid. If the condition (31.7) holds, the value of n differs only 
slightly from |/e and from the value of n in the absence of absorption. 
For example, when »(0) ~ 3 x 10?sec'! and f ~ 10?c/s we have n(0) ~ 10-2. 
For a parabolic layer (30.1) near the point z(e = 0), € = |de/dz|, Az, where 
Az = z(e = 0) — z and |de/dz|, is given by formulae (31.4) and (31.5). When 
fer = 10’ and 2, = 100 km, even if Af = 10° (the worst practical case), 
Ve = 10-2 for Az ~ 40 m, or Az/z,, 2 4 x 10-4. For larger Az (e.g. 100 m) 
it is clear from the above formulae and estimates that we can in practice take 
n = Ye. In the F layer, therefore, except for the range of frequencies directly 
adjoining the critical frequency (see § 33), we can use for the wave phase 9 


and the effective height z, = 4cq'(w) the expressions obtained in the absence 
of absorption [see (30.16) and (30.17)]. 


(31.9) 


The reflection coefficient when absorption is small. Determination 
of vat from measurements of absorption 


The smallness of the absorption also leads to a considerable simplification of 
the expression for —In R. Since, by (31.8) and (31.9), 
x = 271 0/0 n = (1 — £) vg/2 n = (1 — n? + x3) ve 20n, (31.11) 
we have, omitting the correction 4(—In R) in (31.2), 
2(e=0) , 
ane E Í yu E E p (31.12) 


n 
0 


In the F layer, where the condition (31.7) holds, equations (31.9), (31.10) and 
(31.11) and the above discussion of the accuracy of the formula n = Je givet 
z(e=0) 


l=? y 
dinge " -T nde = TE (as — Ly). (31.13) 





T Strictly speaking, it is obvious that the expression (31.13) is valid if 1 — n? > x2. 
It may therefore be used only in the region where n? is not too close to unity. This is usually 
called the “deviating” region. 


Another expression for In R, valid if 4z:c/c < 1, is obtained from (17.202): generalising 
the latter to the case of a smooth layer (see $30 and [263], we have 


ngu cde uem 
€ w ye 


For |e] <1 the inequality 4z6/c < 1 is certainly implied by (31.7). 





dz, 4no[o«l. (31.134) 
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Here Ler and L, are the group and optical paths (30.11): 
2(s=0) z(e=0) 


dz 
Ls -2 f zz L,=2 f ndz, (31.14) 
0 0 


where it is assumed that v4, = cn, as is true if n = V(1 — 4ze? N[mo*?). The 
quantity Fer is some mean value of the effective collision frequency. For the 
F layer the inaccuracy of formula (31.13) due to using it in place of (31.12) 
and neglecting the absorption in the expression for n = Ve does not exceed 
a few per cent [113]. 
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Fic. 31.1. (a) Values of L,,/z,, and L,/z,, for a parabolic layer as functions of f/f... 
(b) Logarithm of the reflection coefficient for a parabolic layer with z,, = 100 km 


as a function of f/f., for a mean effective collision frequency v, = 103, 5 x 10? 
and 104, 





Lw, be 
Tm 
Mr 
-lnR 





The quantity L,,(w) = 2z,(w) is directly measured experimentally; near the 
critical frequency it increases rapidly with frequency [see (30.17) and Figs. 30.5 
and 30.6], whereas L, increases very slowly [see (30.16)]. Hence, using the 
difference 6L,, for two frequencies f, and f, in the region where Lgr increases. 
rapidly, we can put 

ô(— In R) ~ FO L4,/2c, (31.15) 
where ;,g is now the average over the range of heights between the reflection 
points for the frequencies f, and f,. If the quantity L, is not neglected, then, 
multiplying (31.13) by f, differentiating this expression with respect to fre- 
quency and using the equation d (Lf) = Le df [sec (21.19)], we have 

— d(fln R) = ver f d Lg/2c. (31.16) 
For a parabolic layer (30.1) the values of Lẹ and L, in formula (31.13) are 
determined by the expressions (30.16) and (30.17); the ratios L,,/z,, and L,fz,, 


calculated from these formulae are shown in Fig. 31.1a. Fig. 31.1 b gives the 
values of — 1n R from formula (31.13) for Fer = 103, 5 x 10? and 10* with 


zm = 100 km. 
12a* 
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The measurement of the reflection coefficient R and the determination of Pag 
therefrom are discussed in [22, § 102; 23]; the complications which arise when 
the Earth's magnetic field is taken into account are considered in § 35. 

In conclusion, it may be noted that in the general approximation of geo- 
metrical optics the reduction in the wave amplitude R in traversing some path 
Lis secn from (16.11) and (19.10) to be given by 


-mR = 2. [x(s)ds, (31.17) 
l 


where ds is an element of the ray path and the index of absorption x is deter- 
mined by (31.9), or in particular cases by (7.17) or (7.20). The intensity S 
of the wave decreases in accordance with the formula 


2 w 
sana E noa (31.18) 
2f J 


l 


where u is the absorption coefficient (7.10). 


§32. THE FIELD STRUCTURE NEAR THE 
REFLECTION POINT 


The field structure 


In most cases only the phase and amplitude of the wave reflected from an 
ionospheric layer are of interest. However, in the study of a number of problems 
such as the non-linear interactions of radio waves in the ionosphere, it is also 
of importance to know the structure of the field near the reflection point. In 
this region, if the ratio A f/fer is not too small (sce $$ 30, 31), the layer may be 
regarded as linear, and so the complete solution of the problem is given by 
formulae (17.2), (17.4) and (17.5). (In the presence of absorption, C is given by 
formula (17.12) in place of (17.2).) Here it is more convenient, with a view to 
calculations for an arbitrary layer, to write ¢ not in the form (17.2) but as 
in (30.4): l 

 fojde| ,, [4de Ph, 5 
t= [Sal] n D s 4+ T 
where Az is the distance from the point z(e = 0), and |de/dz|, is the absolute 
value of de/dz at that point (|de/dz|, = |(de/dz)g]) ; Ay is of course the wave- 
length in vacuum. 

The constant A in (17.4) and (17.5) depends on the value of the field at the 
boundary of the layer; for an arbitrary smooth layer and an incident wave of 
amplitude unity, A is given by (30.7). The form of the ficld near the reflection 
point may be made more precise by considering the properties of Bessel 
functions or, more simply, of the Airy integral (sec, for example, (125, 126]). 
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In the absence of absorption the ratio | E/A |? according to (17.4) and (17.5) 
is represented by the continuous line in Fig. 32.1, where thc abscissa is the 
parameter ¢ (32.1). The field Æ is zero at the points at distances from z(e = 0) 
given by 

a | de 3 de 


3 
4 
Zom = P. (“a 2 dz T = Pal ua 


where m is the number of the zero; f, = 2:338, f, = 4-088, f, = 5-521, 
B4 = 6-787, B; = 1-944, Bio = 12-8, etc. The values of f,, can be conveniently 
represented as Bm = (35,25 , Where 7, = 238, ny, = 5-61, n, = 8-64, 
719 = 30-63 and in general 


B: (32.2) 
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Fic. 32.1. Field structure near the reflection point (continuous line). The broken 
line shows the ratio | Z/A |? in the approximation of geometrical optics (32.7). 
The parameter £ = [(c?/c?) |de/d z |y ]/? Az. 
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The maxima of the field E are at the points 2),,, given by (32.2) with Bn 
replaced by Ym, where y, = 1-019, y, = 3:248, y, = 4-820, y, = 6163, 
ys = 71.372. 

As an example, for 4, = 60 m (f = 5 x 105c/s) and |de/dz| = 10-?em'! 
we have Azı ~ 520m and zy, ~ 230 m. 

If the layer were absent and an ideal mirror were placed at the point z(e — 0), 
the first node of the standing wave formed by reflection would be at a distance 
14, = 30 m, and the first maximum at $4, = 16 m from the mirror. Thus in 
this example the smallness of » in the region of reflection has the result that 
the field is “stretched out" by a factor of more than 15. 


366 Propagation of Electromagnetic Waves in Plasmas 


The value of | £/A|? at the first maximuin is 2-68, and, since by (30.7) 
1 
3 
Pied (, can) 
9 ic |d e/d z |o 
the square of the field at the first maximum is 


eot 


21.3. uus 32.3 

TN seh- l (32.3) 
Far from the reflection point we have by (30.4) 
1 2 1 

[BAP = (9x0 eoe (t — m), t>. (32.4) 


In [120] the field structure near the reflection point has been considered on 
the basis of the exact solution of the wave equation for a layer where 


f 0 u 4p —1 
orz< € — € 4o? (a — z*)/c? ? 
(32.5) 
forz>0 £ = £y — PN rU M 
i ~ 2 "Ag (b F ee 
p, a and b being constants such that for z = 0 
4p —1 425 —1 


a Gata 77 4e*b/e 29 
Actually, only the particular case of (32.5) where e, = &; = l, a = b was 
treated in [120]. 

The solution of the wave equation for a layer where (32.5) holds can be 
expressed in terms of Bessel functions of order p. If there is total reflection, 
then in the neighbourhood of the reflection point the layer (32.5) can be 
replaced by a linear layer with the same value of (de/dz),. The value of | E, |? 
then differs from (32.3) only in the third significant figure. 


The approximation of geometrieal opties 


As has been said in $ 30, despite the fact that when Ve = n > 0 geometrical 
optics is not valid, the phase of the reflected wave (30.6) can be very accurately 
obtained from that approximation together with the condition of reflection at 
the point € = 0. In this connection it is of some interest to consider the 
corresponding form of the wave ficld. For a standing wave with a node at the 
point z(e — 0) formed from the solutions (16.11) in the absence of absorption, 
we have (with n = ye) 


2 
eh 2 [ntdz , (32.6) 


where z is measured from the point z(¢ = 0) and the coefficient 2 is taken 
because the amplitude of the incident wave outside the layer is assumed to be 
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unity, as in the solution (17.4) with 
Ip e SR (e 
9 \clde/dz|q 
For a linear layer, where & = |de/dz|,z, the square of (32.6) is (with Az in 
place of 2) 
MERO NR 2o | de 3/2 
pss V(de/dz |g 42) € [scias (as) | 
4 w IE ende 
"qe esu) TOA) = year (sm) omm 

A comparison of (32.7) and (32.4) shows, as we should expect, that for 
€>1 the asymptotic approximation to the exact solution differs from the 
solution (32.6) only by the phase iz (see $$ 17, 30). The zeros of the func- 
tion (32.7) are given by (32.2) with bm replaced by (3 nzJ2y, i.e. for example, 
pi ~ 2:8, B, ~ 4-5, Pio œ 13-0. For the first zero the difference is about 20 per 
cent of fm, for the second zero about 10 per cent and for the tenth zero about 
2 per cent. The position and value of the first maximum of the field are now 
determined by formulae (32.2) and (32.3) with y, = 1-019 replaced by y; & 1-75 
and the coefficient 3-6 replaced by 3. Thus even in the neighbourhood of the 
first maximum the functions (32.6) and (32.7) may furnish reasonable approxi- 
mations to the exact solution in a number of problems. The ratio |Z/A|? 
as given by (32.7) is shown by the broken line in Fig. 32.1. 

If the layer were replaced by an ideal mirror the value of | Zjj|? would be 4 
(the amplitude of the incident wave being unity) When the layer is present 
there is some increase in the field, which may be characterised by the quantity 





27 3 
ô? = | Fy (2/4 = 9a). 32.8 

| ai f?/ 0 Ay |d e/dz | ( ) 
For A, = 60 m and |de/dz|, = 107? we have 6? ~ 20. For the E layer, where 
the increase in the field may be of some interest in connection with non-linear 


effects, it seems that |de/dz|, 2 1077, and with 2) = 1000 m we have 6? < 8. 


Allowance for absorption 


When absorption is present, the structure of the ficld may again be investi- 
gated by means of formula (17.4), but with ¢ given by (17.12). The main 


f It may be noted that, whereas the electric ficld is “peaked” in the neighbourhood 
of small values of n, the magnetic field decreases there. This is immediately clear from the 
fact that, for example, in a travelling wave in the absence of absorption the energy flux 
is constant, and therefore E H = constant. The same conclusion is reached from (32.6): 
if the field Æ is in the z-direction, then H is in the y-direction, and 


. ¢ ; w 
H,= i5 curl, Est 2 yn cos (2 fraas) " 


0 
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difference in the resulting expressions for |#y,,|* and 6? is that the amplitude 
coefficient. of reflection R appears as a factor. In addition, the numerical 
coefficients in (32.2) and (32.3) are somewhat changed and depend on the 
amount of absorption. For example, if 


2 
4z:0(0) _ vep(0) -3 (eee (32.9) 
then 1 
4n? |de|\-3 
an s M2 (Fe » | : | 
0 ? (32.10) 








27 $ 
Bast eR rogi | 
Putting |de/dz|, = 1077, A, = 1000 m and R = $(—1n E ~ 2), we obtain 
ô? = 1-6. In this example, according to (32.9), ver œ~ 1:3 x 104, i.e. even less 
than usually occurs in the E layer. Thus this example shows that the effect 
of the “peaking” of the field is in general simply that the field in the ionosphere 
can be estimated from the formulae derived for the case where the ionospheric 
layer is replaced by an ideal mirror (i.e. a totally reflecting boundary surface). 
The “peaking” approximately compensates the attenuation of the field by 
absorption. It need be “explicitly” taken into account only when the absorp- 
tion and the derivative |de/dz |, are both very small. The effect of inhomogene- 
ities near the reflection point on the “peaking” of the field in that region is 
discussed in [209]. 


$33. REFLECTION AND PENETRATION OF WAVES 
WITH NEARLY THE CRITICAL FREQUENCY 


IN A LAYER 
A parabolic layer 


It has already been mentioned in $30 that the reflection of waves from a 
layer in the frequency range near the critical frequency needs special con- 
sideration. For example, in a parabolic layer the formulae of $30, which 
were derived by linearising the laycr near the reflection point, are valid 
only if 

Af = fa — f > cz... (33.1) 
For frequencies which do not satisfy this condition, the layer cannot be regarded 
as linear in the reflection region, but it may usually be approximated by a 
parabolic layer. For a layer with a maximum, however, and in particular for a 
parabolic layer, there is some penetration of waves through the layer near that 
maximum (i.e. for small Af). It has been shown in § 17 that the coefficient of 
reflection of a wave from a parabolic layer without absorption is, for Af < fa, 
given by 
F?/(1 — R?) = exp (422z,,4 flc), 


e 
POE od (33.2) 
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see (17.28). Here and below R = | R|. It is clear from (33.2) that the condition 
(33.1) is also the condition for penetration to be small (i.e. for the transmission 
coefficient D? to be small), since 


D*z3x10:.5 fo Afzcj32,. (33.3) 


Thus the requirements for penetration to be small and for the layer to be 
replaceable by a linear one in the reflection region are the same. The estimates 
made in $30 show that for ionospheric layers the region of penetration is 
negligibly small; this is clear also directly from (33.3), since for the F layer 
with z, = 100 km we have D? = 3 x 10-9 for Af = 10°. 

The function R(4f) from formula (33.2) is shown in Fig. 33.1 for layers 
with z, = 20 km and Z„ = 100 km. 

In a strictly wave treatment of reflection from a layer, the eritieal fre- 
quency fer is in no way distinctive as regards the coefficient R, since reflection 
occurs both for f < f, and for f > fe. However, the steep inerease of the 
function R(f) has the result that in practice we may usually assume that 
R = 1 for f < fy and R = 0 for f > fe. In this case the critical frequency 
fer = Ve? Nam) ie. the frequency at which the point z(e = 0) reaches 
the maximum of the layer, evidently has the physical significance of being 
the limiting frequency for reflection of waves from the layer. 












ident wave N 
incice — Tronsmitied 
a 


wave 





eni ug 


Reflected wave 








-BOO -400 O 400 800 
Af={f f}, c/s 
Fic, 33.1. Reflection coefficient |R| =R for Fia. 33.2. Permittivity & for a smooth 
paraboliclayers with half-thicknessz„= 20km layer with one maximum. 


(curve 1) and 100km (curve 2) in the absence 
of absorption. 


An arbitrary layer 


In connection with the possibility of the penetration of waves through a 
layer we may mention the possibility of deriving an cxpression for the trans- 
mission coefficient D? = 1 — R2 for a fairly arbitrary layer, provided that 


it is such that 
|D| « 1. (33.3a) 


Let us imagine a layer of thc type shown in Fig. 33.2, for which the permit- 


tivity e(w) = 0 at z = a and z = b. The region a Sz < b is assumed to be so 
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large that the wave is strongly damped in traversing it, so that the condition 

(33.3a) is in fact fulfilled. We can suppose that E ~ 1, and so a standing wave 

will occur on the downward side, to a first approximation the same as in the 

case of total reflection. Hence, according to (30.5), far from the layer, where 
1 


c 3 
a—z>(—.—__—_] , 





o? |d e[d z |, 
we have 
a 
2C w 1 
E, = I God 2 f Yeds- 4n ‘ (33.4) 
£4 c 


z 


In the region a < z € b the wave is damped and, when z is considerably less 
than b but 


, n) 
o? |dejdz], ^ 


we find (to the same approximation) 





E, = e exp -2 fle] dz 
a 


lel 





b b 
C w w 
=— exp -2 fWetas +2 f Viel az . (33.5) 
lef E ne 


The expression (33.5) is the asymptotic form (in the region & < 0) of the 
exact solution (17.4) and (17.5), generalised to a layer which is arbitrary far 
from the point z(e = 0). It is important to emphasise that (33.4) and (33.5) 
involve the same constant C,, for which purpose the factor 2 is included in 
(33.4); see [126]. The form (33.5) for the solution in the region a < z < b 
is correct when the wave reflected from the region z « b (or, as we usually say, 
from the point z = b) is neglected. If the region of negative e is large, as it is 
if (33.3) holds, the wave reflected from the point z — b would in fact play no 
part away from that point even if the reflection coefficient were fairly large 
(which it is not), simply because the factor 


b 
exp - 2 f vts dz 
a 


is small. 
For z > b there is only a transmitted wave of low intensity, and when 
i 


c 8 
eo eae 
Í * [ons] 
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the field is 


z 


C. .0 ; 

Hie pa -i2 fYede+ mui ; (33.6) 
b 

To find the transmission coefficient |D|? = D? = |C,/C,|2 (we assume that 

£ = l for z— + œ), it is evidently necessary to find a relation between 

C; and C,. Although it is not permissible to continue the solutions (33.5) and 

(33.6) to the point b, if we do so and put there E, = E,, wc have 


b 
C, = C,exp -2 f Yel az : 
a 
'The same result in terms of moduli, i.e. 
b 
If = 1C exp | -22 f tet as . 
a 


is evident from considerations of energy. The wave reflected into the layer 
from the point z = b may be neglected (see above). This means that the region 
2 > b receives practically all the energy which reaches the point z = b from 
below (z < b). The diminution of the energy flux at z = b relative to that 
at z = a is given to a close approximation by the factor 

b 


exp -22 f yel dz 


a 


if the exponent is much less than — 1. 

Finally, a relation betwecn C, and C, which differs from the above only 
by a factor —2 can be derived from the following rigorous arguments. Any 
solution of the wave equation is equal to the sum of two linearly independent 
solutions u and v: E = «v(z) + Bu(z). Making the layer linear near the point b, 
we can write the two solutions u and v explicitly: one is (17.4)-(17.5) and the 
other is the same with the opposite sign of J 1 and h in (17.4) (see [126]). 
At the same time (33.5) and (33.6) are the desired solutions of the problem 
on either side of thc point b and at a sufficient distanec from that point. 


Hence 
E, = «v(z < b) + Bu(z < b), 


E, = &v(z > b) + pu(z > b), 


where, as is clear from the preccding discussion, the inequalities signify that 
1 


2 i 
Iz—b|> (an) 
w? |d e/dz|, 
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When these conditions hold, the functions s and v may be replaced by the 
well-known asymptotic forms (sec (17.6) and [126]). Thus it is easily shown 
from (33.5) and (33.6) that : 

/ 


X = C$, ipd ME , 
and so 
b 
: e 
C, = — iC, exp - 2 [Velde (33.7) 
and 


b 
D? = exp -22 [yis olde : (33.8) 


For the parabolic layer (30.1) we must evidently take a and b to be z(e = 0) 
= + Vif — ffl, [se (30.15). Evaluating for this ease the integral 
in (33.8), we obtain 

4z fh — Í $ 


2— e = — 47? : 
D? = exp ( A. 2 in| exp(— 4z? z, Af/c), (33.9) 








where fer -f= 2f f if Af = fe — Í S fer- 

The expression (33.9) with the condition (33.3) is, as we should expect, 
identical with formulae (17.25) and (17.28) or (33.2), derived by solving the 
wave equation for the parabolic layer (30.1). Using (33.8), we can determine 
the extent of penetration for a layer whieh is (within wide limits) arbitrary. 

Quantitatively, formula (33.8), which was derived in [6], is valid only 
if the condition D? < 1 used in obtaining it holds good. The method of phase 
integrals gives [124] the more general formulat 


| D|? = D? = e-?*y(l + e725) , ) 
|R|? = R? = 1/(1 + e724), 


26, = i le (z) dz 


b 
oO p 
-25 | Vedz. 
€ 

a 


(33.10) 


Here the path of integration in the contour integral encloses both zeros of 
the function e(z), and in transforming to an integral along the z-axis we assume 








1 The purpose of the identities | D]? = D? and |R]? = R? is merely to emphasise that 
here the symbols D? and R? always denote the squared moduli of the amplitude coefficients 
D and R. 
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that the zeros of e lie on the real axis, i.e. that f < fa. When D? < 1, formula 
(33.10) for D? becomes (33.8). Formulae (33.10) hold also for f > fe if we put 
26) = — i(w/e)fVe (z)dz with the integration taken along a contour enclosing 
the zeros of the function e(z), which in this case lie on the imaginary axis. 
For a parabolic layer, the expressions (33.10) are the same as (17.25), which 
was obtained by an exact solution of the problem. 

Thus the method of phase integrals in this case leads to exact results for 
|.D|? and |R|? even for thin layers, whereas for thin parabolic layers it does 
not lead to the correct values for the phases of the reflected and transmitted 
waves. For an arbitrary smooth layer with one maximum, formulae (33.10) 
eannot in general be regarded as exact for all layer thicknesses, but their 
range of validity is wider than that of (33.8). The calculation of the small 
reflection coefficient for a smooth layer and wave frequencies considerably 
above the critical value may be treated by using the results of [215]; for 
a parabolic layer, the solution is again given by (17.25). 


Allowanee for absorption 


Hitherto we have neglected absorption. Its effect when the condition (33.1) 
holds has been examined in $31. In the immediate neighbourhood of the 
eritical frequency the condition (33.1) does not hold, and formulae (33.2) 
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Fia. 33.3. Reflection coefficient |R| for a Fic. 33.4. Reflection cocfficient for 
parabolic layer with z,, = 120 km, A, = ¢/for Zm = 6 km and /,, = 90 m. 


= 30 m and various values of the collision 
frequency r= v. 


and (33.8) must be generalised to the case where absorption is present. For 
formula (33.2) this has been done in [127]; the process is very eomplex. Since 
the penetration of waves is appreciable only in a negligible range of frequencies, 
we shall merely give graphs of R in various cases (Figs. 33.3 and 33.4). 
An expression of the type (33.8) can also be obtained when absorption is 
taken into account. Without giving the details of the derivation, we may 
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mention that in this case, as is easily seen, in order of magnitude we have 
b 


D? ~ Ry exp -22. f wa: : (33.10 a} 
Q 


Here R, is the modulus of the amplitude coefficient of reflection (from the 
whole layer) in the approximation where penctration is neglected, and x is 
the index of absorption (31.9), which for ø = 0 equals |/|e|. The field at the 
point z = a differs from (33.4) by a factor 


a 


| Ro ~ exp -2 [as ; 
0 


since the coefficient R, corresponds to a twofold passage of the wave through 
the medium. In the absence of absorption, formula (33.102) becomes (33.8), 
and the sign œ is used because a more exact calculation may lead to slight. 
additional corrections, as happens, for example, with regard to the term 
A(—InB) in (31.2). In the presence of absorption the penetration is less im- 
portant than in the absence of absorption, since the observed reflection 
coefficient R is reduced on account of absorption and, moreover, in the region 
of the laycr where penetration begins, the wave field is already weakcned by 
absorption (the factor Rọ in (33.10a)]. 

The method of phase integrals, with allowance for absorption, leads to 
formulae (33.10) with 26, replaced by 26 = i(w/c)Ye' (z)dz, the contour of 
integration enclosing the zeros of the function e'(z). 


The effective height for a parabolic layer (exact solution) 


Near the maximum of the layer, when the condition (33.1) does not hold, 
not only is there penetration but, as has been mentioned several times, the 
formulae for o, Lo, Lgr and Za given in $30 are invalid. This is particularly 
clear as regards the expression (30.17) for z,, according to which the effective 
(or apparent) height 2, — œ as f — fer. In reality, the effective height tends. 
to a finite limit. In $17 an expression has been given (17.24) for the phase 
of the wave reflected from a parabolic layer. By means of this expression 
we can derive [114, 127] the following formula for z, in the case of the parabolic 
layer (30.1): 











E 1 - Zm f Zm 
Za = 9 cg’ (o) = 2f. [05772 + m(16% e) + 
S 20 — 3in 
S en n (n 4- $ g) (n + 2i g) | (33.11) 


where the term — 29/u?, which is usually very small, has been omitted, and 
the parameters @ and u are given by (17.22). For f = fy the height z, has 
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its maximum value 


l 
Zalf = fer) = 3 [0-5772 4 In (62 2] : 
cr 


When the condition (30.19) holds (which is equivalent to 

Qt (Zl Aer) (f z Pl. > 1), 
the expression (33.11) becomes (30.17), i.e. 
bo feti 


orm 


(p > 1). 


e" —& 
$ 2 Í cr Í cr Í 
It may be shown that 
(Za)exact l for m -> oo, 
(Za)approx Aer 


375 


(33.12) 


(33.13) 


(33.14) 


where (Zg)exact and (Za)approx are given by (33.11) and (33.13) respectively. 


t 


ei" 





Fic. 33.5. Height-frequency characteristic for a parabolic layer (z, = 120 km, 


Žar = 30 m) near the critical frequency. 
(a) approximation of geometrical optics 
(b) exact solution 


Fig. 33.5 shows the function 22,/2,, as given by formulac (33.11) and (33.13) 
for Zm = 120 km and A, = 30 m (z,/A., = 4000). It is scen that the two 
formulae give indistinguishable results even for A f/fer = 10-4, i.c. 4f = 10°. 

The function (33.11) for f ~ fer depends on the frequency only through 
the parameter 9 = 272,4 f/e = 2224 fldcrfer. We may therefore say, on 
the basis of Fig. 33.5, that the difference between formulac (33.11) and (33.13) 
is negligible for o > 2 or if Af satisfies the condition (33.1). This proves the 
validity of the latter condition as a criterion for the replaccment of the layer 
by a linear one in the region of reflection, as has been donc in $ 30. The ratio 
2z,[z,, [see (33.11)] depends on 2,/A, as well as on 9. The gencral form of the 
curves of z,(o) for different 2,,/A., is thercfore similar but not identical. The 


376 Propagation of Electromagnetic Waves in Plasmas 


curves of za (A f/f), however, depend only on the ratio z,,/A,,. Fig. 33.6 gives 
the values of 22,/2 and the reflection coefficient R for a layer with Zm = 12km 
and A, = 30 m, ie. z,/A,, = 400. Figs. 33.3-33.8 are taken from [127]. 

In the presence of absorption, as has been mentioned in $31, the value 
of z, is usually only very slightly different, since in the F layer veg € o. 
The most marked change in z, owing to absorption is found near the critical 
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Fia. 33.6. Height-frequency characteristic and reflection coefficient |R] for a 
parabolic layer (z,, = 12 km, A,, = 30 m). 
(a) approximation of geometrical optics 
(b) exact solution 





















































Fic. 33.7. Height-frequency characteristics for a parabolic layer (z,, = 120 km, 
Žr = 30 m) with various values of the collision frequency v, = v. 
(a) approximation of geometrical optics for » = 0 
(other curves) exact solutions 


frequency, since in this casc the region where n = |/e is small is especially 
wide [see (30.13)]. The values of 2z,/z,, for a parabolic layer with various 
constant values of »,; are shown in Figs. 33.7 and 33.8. It is clear from 
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Figs. 33.5-33.8 that the ratio z,/z,, takes large values near the critical fre- 
quency. 


21, 
Zm 





Fia. 33.8. Height-frequency characteristics for a parabolic layer (z, = 36 km, 
Aer = 90 m) with various values of v, = v. 
(a) approximation of geometrical optics for v = 0 
(other curves) exact solutions 


The time to establish the signal amplitude 


The curves in Figs. 33.5-33.8 give essentially the group delay time 
Ag, = 2z,/c as a funetion of the earrier frequeney of the signal. It should now 
be noted that near the eritieal frequeney the time v, needed to establish the 
signal amplitude is partieularly large [see (30.22)]. For example, when 
Zm = 120 km and Af = 10?, the difference between (Za)exact and (Za)approx is 
large (Fig. 33.5), and v, = 10-7? see, whieh is ten times the duration of the 
signals generally employed. Moreover, the formulae of § 21 have been derived 
on the assumption that the coefficient R(w) is constant or at least varies 
only slightly over the spectral width of the signal. Near the eritieal frequeney 
this condition is obviously not fulfilled, sinee when penetration oeeurs R 
depends greatly on the frequeney [see (33.2)]  Henec, even if we negleet 
the spreading of the signal, its shape varics on aeeount of the different pene- 
tration of different frequencies appearing in the Fourier expansion of the 
signal, and the eoneept of the group velocity is not immediately applicable. 
It is elear from Fig.33.3 that in the absenee of absorption, for a layer with 
Zm = 120km and A, = 30m, the coefficient 2 depends greatly on fre- 
queney over a range of — 200 e/s near fer. In our example, therefore, with 
Af = fa — f= 10°, f being the earrier frcqueney of the signal, in order 
that the formulae of $21 and the usual eoneept of group veloeity 
should be valid it is eertainly necessary that the speetral width df of the 
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signal should be much less than 200 c/s, i.e. the duration of the signal should be 
T -—2mnj[Óf > 3 x 10-? sec. In this case v, « T also. 

Thus in the present example the height z, corresponding to (33.11) and the 
curves in Figs. 33.5-33.8 can be determined experimentally only by using 
very long signals with T = 0-1 sec and making the measurement in the middle 
of the signal; the establishment time is 210-*sec, giving Az, = 300 km, 
so that the establishment time cannot be neglected even for long signals. 


§34. REFLECTION OF OBLIQUELY INCIDENT WAVES 


The reflection point. The critical frequency 


On the basis of the results of §19 it is not difficult to deal with the re- 
flection of radio waves from an ionospheric layer in the case of oblique in- 
cidence by analogy with the discussion in § 30 for normal incidence. For 
example, in the absence of absorption the phase of the reflected wave for 
oblique incidence is given by formula (19.15), where the function n(z) may be 
regarded as arbitrary with the same reservations as in § 30. The reflection 
of the wave takes place at z = Zen, where [see (19.12)] 


n (Zren) = sin 0o E (Zren) =n? (Zren) = sin? 0,; (34.1) 


here it is assumed that at the boundary of the layer n(0) = 1, and 6, is the 
angle of incidence of the wave on the layer, as shown in Fig. 19.1. For z > zy 
the wave field is exponentially damped, and the point z = žen is distinguished 
by the fact that the coefficient of the function F in the wave equation (19.6) 
is zero there. (For a wave in which the vector E lies in the plane of incidence, 
according to (19.22) the corresponding coefficient is zero for z < Zef, but 
the difference is usually negligible in ionospheric conditions.) For normal 
incidence sinf, = 0 and reflection occurs when n (zen) = 0. 

If n? = 1 — 4c? N (z)/mo?, it is clear from (34.1) that, at a given height z, 
where N = N (z), reflection occurs for waves of higher frequencies at oblique 
incidence than at normal incidence, and 


fon = faor/Cos Oo, n (fnor) —0, mn» (foun) = sin Op. (34.2) 


Accordingly, if the critical frequency of the layer is fer (i.e. if for normal in- 
cidence the point where n (fe) = 0 is at the maximum of the layer), then the 
critica] frequency fer ob for oblique incidence is 


fer, omi = fer/ cos 0,. (34.3) 


The ray treatment 


The ray treatment of the propagation and reflection of radio waves obliquely 
incident on ionospheric layers is of very great importance, especially in 
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practice. The most general concept of a ray is related to the consideration 
of the propagation of signals (i.e. pulses, wave groups or wave packets) bounded 
in. space and time. The path of the “centre of gravity” of such a signal, pro- 
vided that it is not greatly spread and distorted in passing through the medium, 
is the ray path. In any homogeneous medium, and in an inhomogeneous 
medium in the approximation of geometrical optics, the tangent to the signal 
path coincides with the group-velocity veetor, asi shown in § 24. Moreover, 
in a homogeneous or quasihomogeneous medium the direction of the group- 
velocity vector is the same as that of the time average energy flux vector 
S = cE X H/4zx ($24). In an isotropic medium, the direction of the group- 
velocity vector is in turn the same as that of the wave vector k, i.e. a vector 
normal to the wave front, which in the present case is (sce § 19) 


k,— 0, ky = (w/c) n(0) sin, = (co/c) n (2) sin, 
s, = (efe) Yin? (z) — n? (0) sin*0,] = (cc) n (2) eos0 , (34.4) 
k? = (w?/c?) n? (2) . | 


Thus, in the case of oblique incidence of a signal on a plane isotropic iono- 
spheric layer with & = e(z), when the plane of incidence is taken to be the 
y2-plane, the direction of the ray at every point is given by (34.4). This means 
that we have for the angle 0 between the tangent to the ray and the z-axis 


sin = n (0) sin b/n (2) , l | 


(34.5) 
cos6 = y[n?(z) — n?(0) sin?6,]/n (2) . 


The equation of the ray path is given by (19.17). 

Near the refleetion point, where sinÜ œ 1 (for z = zen, according to (34.1) 
and (34.5), sin@ = 1), geometrical optics is invalid, and so the expressions 
(34.4) and (34.5) cannot be used to detcrmine the direction of the ray. To 
find the ray path in the region where reflection occurs we must investigate 
the motion in that region of a wave packct consisting of two adjacent solutions 
of the wave equation (19.2)-(19.3); for a lincar layer, the corresponding 
solutions can be expressed in terms of Bessel functions or Airy functions. 
In the general casc the wave packet may be markedly spread and distorted, 
and so a purely ray treatment is not in general suitable in the region where 
geometrical optics is invalid. 

In the ionosphere, howevor, the region ncar the “reflection point" where the 
exact solution of the wave equation must be used is very small, as has several 
times been mentioned. A still more important circumstance is that we are 
usually interested only in the direction of the ray when the pulse leaves the 
layer. In this case, as will be seen shortly, the direction of the ray is correctly 
given by the approximation of geometrical opties, provided only that this 
approximation is applicable, as it usually is, to determine the phase of the 
wave reflected from the layer. 
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To prove this statement, and to find the point of arrival on the ground 
of the ray reflected from the ionosphere, let us consider the following problem. 
At some point Q(0, yı, 0) on the ground (z = 0) let a narrow beam of rays, 
ie. a wave packet with wave vectors k lying close to some “carrier” wave 
vector k,, be emitted into the ionosphere. For simplicity, we shall assume 
that the duration of this pulse is infinite, ie. that for all directions k/k the 
emission is monochromatic with frequency w. The field of the incident signal 
(at z = 0) can then be written as E, = fu exp(twt — ik, y,)d k, where g (k) 
is a function having a sharp maximum at k = k,. The field of the reflected 
signal at the point P, with the coordinates (0, y, 0), is 


E, = f g(k)exp(iwt — ikyy, — ip(k, y,, y)) dk, 


where o is the phase shift of the reflected monochromatic plane wave relative 
to the incident wave (absorption is assumed to be absent; the plane of propa- 
gation of the signal is taken as the yz-plane, so that we can put x — 0 as well 
as z — 0 at the points Q and P). The field E, will evidently be large not for 
all y but only near some point y = y, corresponding to the point of arrival of 
the reflected ray. To find this point, we expand the phase in series in powers 
of Ak = k — Iw: 


p(k, WY) = (Ko, 91, 9) + Ak. (89/0 k)r, Pet 
0g[0k = i0g[0k, +j p/k + k' dp/dk,, 


with i, j, k' unit vectors along the axes of z, y and z. From this expansion 
it is clear that, if 09/0 k = 0, we have E, = E, exp( — ip(k,)) to within terms 
of a higher order of smallness, i.e. the field strength in the reflected signal is the 
same as in the incident signal. Hence it follows that the position of the point Yo 
is given by that condition: 


plk, yi, Y2)/OK]n, 2-0 = 0. (34.6) 


Thus, if the phase p is determined with sufficient accuracy from the approxi- 
mation of geometrical optics, then the distance | between the points Q and P 
(Fig. 34.1) can bc determined by that approximation also, which gives ($ 19) 


?retl 


2 
p= — f Vin? (z) — n? (0) sin20,] dz + 
0 


w : l 
+ = (0) (Ya — y1) sin, — 37 (34.7) 


Reflection of Radio Waves from Ionospheric Layers 381 


and for z = 0 we have ky = (w/c) n(0) sinOy, k, = (w/c) n(0) cos6,. Hence, 
from (34.4), 

LR PE 

Ok, (w/c)n(0) Osin0, 


?retl 


ur -2 f n (0) sin0, dz u 
2 ^ VOS sm] C 


Op, 1 og 
9k, (w/c) n(0) 8cos0, 


(34.8) 





Zrefl 


" 7 (0) cos0, dz 
= — (9a — Yı) cot 0, + 2 i yin? ; 
0 


(z) — n?(0) sin?0,] — 95 


Putting (0) = 1, we find 
reti 


Zreti 
inf, dz sin6, dz 
a rie eee — OEMIMQUE ee ee T ee Oe 
Ya Y 2f yin? (z) — sin?60,] n (z) cos 
0 
Zref} 
ds 


= 2sin6, ne)’ 


(34.9) 


where ds = dz/cos0 is an element of length along the ray path. In this case 
the two equations dy/dk, — 0 and 0g[0k, = 0 evidently give the same result. 

If geometrical optics is not applicable for the calculation of the phase ọ 
on the ground, as may happen for very long waves or for angles 0, close to 47 
(in each case the wave is reflected from the very boundary of the layer), 
then to find the distance | we must again use formula (34.6), but with the phase g 
determined on the basis of the exact solution of the wave equation [121, 216]. 

In the cases of principal interest here, where geometrical optics is valid, 
there is no need to use the relation (34.6) in order to find the distance / between 
the corresponding points Q and P and to resolve other problems. Instead, 
itis more convenient to use throughout the concept of the ray path and simply 
to ignore the fact that the ray treatment is not valid near the reflection point. 
The justification of this procedure follows from the agrcement between formula 
(34.9) and the results obtained below by a purcly ray treatment. Procceding 
thus, we may write down the change in phase of the reflected wave relative 
to the incident wave as 


2w h 2w 
TE T a d 
c cos, 2 c ge 





AB 


x euh +20 [ —5—., (34.10) 
c cos bo Upn (€, 2) 
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where vpn (o, 2) = c/n is the phase velocity (21.16) and ds an element of the 
ray path; the point A is on the boundary of the layer and B is at the vertex 
of the path (at 2 = Zn). The integration is along the ray path shown in 
Fig. 34.1; the small term — 4 xin the phase is neglected. The group delay time is 


an af —— (34.11) 
c cos, Ug, (€, 2) 
AB 


where vg, is the group velocity (21.17), which in our case is cn. 





Age opi = q' (w) = 


Theorems giving relations between the group paths for oblique and normal 
incidence 
The optical and group path lengths for oblique incidence are evidently 


2h 
"um (NA 


AB 





Lo ow = € po = 


2h 


TAE EE | epee eee 
Obl „obl 
E six cos 0, 


(o, = 


t 
r 
?retl d 
J n(w,2 
0 


Fig. 34.1 shows that ds = dz/cos0 = dy[sin0, and since n(z)sin@ = sin 0s 
we have 


(34.12) 





VB 
| 2h :f dy 2(h +20 —24) 
gr, obl = ae T Gee 






cosÓ, sinüy — cos, 
Ya 
= 22, op/0080) = 200 = QC P. (34.13) 
EEEE AAE 
54 ^ 
/ \ 
P B ^ 

lonospheric 
layer 
LZ ZZ... 


Fig. 34.1. Ray path for oblique incidence on a plane isotropie layer. 
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Thus the group path is equal to the sum of the sides of the isosceles triangle 
described about the true path as shown in Fig. 34.1. Accordingly, the group 
delay time A tgr, op) = (1/¢) Ler, oy i$ equal to the time taken by the wave to 
traverse the path QCP (i.e. the two sides of the triangle) with the velocity 
of light in vacuum; this is sometimes called Breit and Tuve’s theorem. The 
height z, obi (9, f) is called the effective or apparent height for oblique in- 
cidence at an angle Oo. 

The distance between the points Q P, i.c. the distance between corresponding 
points, is (see Fig. 34.1) 


l = 22, obl tan 6, = Lgr, obl sin Oo = A bor, obl € sin, ? (34.14) 


This is the same as the expression obtained from formula (34.9). 

The reflection occurs at greater values of n (zren) = sin0, as the angle of 
incidence 0, of the wave on the layer increases, and so waves of a certain 
frequency f> fe will be reflected from the layer when 0, > 0, min, Where, 
from (34.3), 

COS 9, min x half (34.15) 


(in other words, by definition, the frequency f = feron corresponds to the 
angle 0, min). AS the angle increases (0, > 99,min), the distance | = QP at 
first decreases, until for some angle 0, = 0), (y this distance becomes a 
minimum lmin. The region / < lmin is called the dead zone. The value of li, 
is given by the condition 
di/d6, = 0, (34.16) 
further discussion of which may be found in [22, 23]. 
Let us now find the relation between the effective heights for oblique 
incidence (z, op) and normal incidence (z,). From (34.12), (34.13) and (34.14). 


Zref) 
ds dzcos0 
as ouf, 8) = b+ cost f n(f z) =h+ f TG 
AB h 


refi 


dz 


= SS eS : 34.17 
h+ | xoi ay 7 09 (34.17) 
h 
y 2N 
OMNE n? (f cos0,, z) cos? 0, = ( — TN cos? 6, 
: 0 


= n? (f, z) — sin?) = n? (f, z) cos? 
and n(focos0,,2,,,) = 0; here we have uscd the facts that n (zren) = sin, 
and n (z) sin? = n (0) sin bo. 
It is also clear from (34.17) that, if f, cos0,, = fz cos0,5, then 
Za, opi (fi , 0,1) = Za, obi (f2 , Ooa) 
= Za (fı COS 001) = Za (f; 05094), 


384 Propagation of Electromagnetic Waves in Plasmas 


where, of course, 0,, and 0), are the angles of incidence on the layer of waves 
with frequencies f, and f,. In this case the true heights Ze, of reflection are 
also equal, since 
n(f,, 2508) = SinOo,, 
n (fa, zien) = Sino; 
fı 008891 = fa CoSOo2 
= fi YD — n? (fı, Zren)] 
= Vo e/m) N (2rca)] 


= fa VIL — n? (fa, zren)] 
= V[(&z ?/m) N (erea) 1, 
ie. Zhen = rel = Zren- 
Next, from (34.13) and (34.17) 
Lay ov (f , 09) C0809 = Lg (f 6089), (34.18) 
where Ly, = 22, is the group path for normal incidence. 
The relations (34.17) and (34.18), sometimes called Martyn's theorem, make 
it possible to find z, obi» Lgr opi; Mgr opi and the distance J from the height- 
frequency characteristic recorded at normal incidence under conditions where 


the effect of the Earth’s magnetic field may be neglected. For example, (34.14) 
and (34.18) give 


[(f, 09) = 22,(f cos0,) tan 0o- (34.19) 


The absorption of the wave as it traverses the path QABP causes a 
reduction in its amplitude by a factor Roy, where 


Ron = exp(—2-2 fras); 


AB 
—In Roy = 2— [uas- [ras 
AB AB 
vael — 7?) y 
$i i im E CLgr opi — Lo, ow); (34.20) 


AB 
where the same approximation as in (31.13) has been used. 
By a similar derivation to that of (34.17) we easily find 


In Ray (f, 0, Pets) = cos, -In R(f cos Oo, Pete) , (34.21) 


where R is the reflection coefficient (31.13) for normal incidence. 


Reflection from a spherical layer 


Up to this point the ionosphere has been regarded as plane, with properties 
depending only on the coordinate z. For oblique incidence at medium and 
large angles, however, the sphericity of the Earth must be taken into account, 
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and as a first approximation we may assume that £ = e(r), where r is the 
distanee from the eentre of the Earth. We shall not diseuss this ease in detail; 
the proeedure is exaetly the same as in § 19 exeept that the wave equation 
in spherieal or eylindrieal coordinates is used. We shall simply mention that 
for a spherieal Earth (with e = e(r)) the ray path lies in a plane passing through 
the eentre of the Earth and the are of a great eirele between the corresponding 
points Q and P (Fig. 34.2). The ray path is given by the generalised law of 
refraetiont 

n(r)r sinÜ = eonstant, (34.22) 


where 6 is the angle between the direetion of the ray and the radial direetion 
&t the point eoncerned. 

On the Earth's surfaee r = o œ 6360 km (where o is the radius of the Earth), 
n(r) = Ve(r) = 1, and 0 = 0,, the angle between the ray and the radius 
(towards the centre of the Earth) at the point Q. Hence 


n(r)r sinb = osin6,. (34.23) 
At the vertex of the path sin@ = 1 and 
Nn (Tien) = 0 sin6,/ "ref: (34.24) 





(0) 
Fra. 34.2. Ray path for oblique incidence on a spherical isotropic layer. 


For a given angle 0,, but with allowance for the Earth's spherieity, the re- 
flection oeeurs higher than if the Earth's surface and the ionosphere were 
plane, sinee then n (zren) = sin6,. In praetiee the difference is slight, sinec 


rg — 0 ~ 100 to 400 km and (freq — @)/Trea < 1/15. 





T Formula (34.22) is readily obtained by considering the path of a ray in a medium 
consisting of concentric spherical layers with the refractive index varying from one layer 
to the next. 
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The refraction of radio waves in the ionosphere has to be taken into account 
not only in communications between ground stations but also in radio as- 
tronomy, in obtaining radar echoes from the Moon, and in radar tracking 
of rockets and artificial satellites. The calculations are based on the law of 
refraction (34.22); the equation of the path and specific examples are given 
in [150, 217, 219, 23]. 


The field strength in signals reflected from the ionosphere 


In actual conditions of radio-wave propagation in the ionosphere, various 
types of multiple reflection of waves from the Earth and the ionospheric 
layers occur (see the diagrammatic representation in Fig. 34.3a,b). Here it 
must be borne in mind that over distances comparable with the Earth’s 
radius o we cannot regard the ionosphere as having uniform properties, even 
if sporadic phenomena are neglected. This is evident from the fact that over 
such distances the Sun has different altitudes at the points of emission, re- 
flection and reception. 

As a result of multiple reflections, the wave field at the point of reception 
is composed of waves arriving by various paths. Multiple reflections are 
important even for normal or almost normal incidence, since the coefficient 
of reflection of waves from the Earth’s surface is usually large even when the 


F 





Fie. 34.3. Possible ray paths in reflection from the ionosphere (diagrammatic) 
(a) ray in only one direction shown at P 
(b) reflection from only one layer shown 


e. 
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angle of incidence is small. Accordingly, when pulses reflected from the iono- 
sphere at normal.incidenee are observed, signals due to multiple reflection 
often appear; they can easily be distinguished, since (e.g.) for a twice reflected 
signal the effective height is twice that for a once reflected signal, and so on. 
The presence of signals due to multiple reflection can be utilised to determine 
the coefficient R for reflection of radio waves from the ionosphere [22, § 102]. 

On account of the presence of multiple reflections and many possible ray 
paths (see Fig. 34.3) it is very difficult to calculate the field strength at the 
point of reception. For an isotropic ionosphere (i.e. neglecting the effect 
of the Earth's magnetic field) a general solution has indeed been obtained, 
but it is very complex [127, 150, 220]. The cumbersome nature of the exact 
general solutions, together with the complexity of the actual conditions of 
radio wave propagation due to the inhomogeneity of the ionosphere and of 
the electrical properties of the Earth's surface, the presence of absorption, 
etc., have the result that the calculation of the field strength in reflected 
waves is usually made only approximately. Moreover, especially for short 
waves, the use of approximate methods is necessitated by the very nature 
of the problem. The possibility of a considerable simplification ofthe calculations 
is due to the fact that the distance of the ionosphere is of the order of 100 km, 
i.e. much greater than radio wavelengths, especially short ones. In other words, 
the ionosphere is in the wave zone of ground and airborne transmitters, and 
so the whole process of radio-wave propagation in the ionosphere may be 
considered independently of the situation of the transmitter and receiver. 
Their situation is important only in finding the wave field of the transmitter 
at a great height (at the base of the ionosphere) and in determining the field 
strength in the reflected signal at the position of the receiver (taking account 
of reflection from the Earth, etc.). 

Thus the problem can be, so to speak, divided, and the problem of propa- 
gation in the ionosphere is seen to be independent; if it is necessary to find 
the field strength, the solutions “below” (at the Earth) and “above” (in 
the ionosphere) can be combined. The convenience of this separation is still 
more cvident if we take into account the fact that the calculation of the field 
strength from a complex emitter (a transmitting acrial and surrounding 
objects) is itself a very complex matter. It should further be emphasised 
that, in radar probing of the ionosphere, the field strength in the reflected 
wave or signal is not usually of especial intcrest, since in this method we 
measure only the phase shift of the reflected wave or the delay time of the 
reflected signal relative to the incident one. It should also be borne in mind 
that for sufficiently short signals the interference of different waves several 
times reflected from the ionosphere and from the Earth’s surface is of no 
importance, and the ray treatment is gencrally valid; in this treatment the 
lack of interdependence between propagation in the ionosphere and conditions 
on the ground becomes particularly clear. Approximate methods of calculating 
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the field strength are given in [22, 221]. Here we shall make only a few simple 
remarks to give an idea of the range of problems involved and to enable 
some simple estimates to be made. 

It is well known that the electric ficld of a vertical dipole (Hertzian oscil- 
lator) on the surface of a perfectly conducting Earth is 

Eo = 120 (xh, IAr) sinÜ mV/m 
e 300 (P/r) sinó mV/m, (34.25) 

where E is the field observed in a direction at an angle 0 to the axis of the 
oscillator (Fig. 34.4), P is the total emitted power, h, the effective height 
of the oscillator, A the wavelength in vacuum, r the distance QP from the 
oscillator to the point of observation, and J the current at the base of the 
oscillator (at an antinode of the current). In (34.25) the coefficients are so 
chosen as to give the field in millivolts per metre, P in kilowatts, 2 and h, 
in metres, r in kilometres and J in ampéres.[ For an arbitrary emitter the 
field may conveniently be represented in the form 
607 ha (m) I (A) 

À(m) r (km) 
where the function y(0) characterises the directional properties of the aerial. 
For an oscillator in free space, (0) = sin0; for one placed above a perfectly 
conducting Earth, y(0) = 2sin0 for 0 < 0 € 4m and y = 0 for 0 <0. 


Eg(m V/m) = v(0), (34.26) 





777777777, DIDA 
Fic. 34.4. Field of a vertical dipole at a point Q on the Earth's surface. 





(a) (b) 


Fra. 34.5. Reflection of waves 
(a) when the layer is replaced by a mirror 
(b) for an isotropic extended layer 


f If the absolute Gaussian sytem of units is used, the coefficients 300 and 120 in (34.25) 
must be replaecd by 10-5 and 2/c = i x 1071? respectively. 
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The simplest assumption, which permits an easy calculation of the field 
in the wave reflected from an ionospheric layer, is to replace the layer by 
a mirror with reflection coefficient R. Then, for example, for a plane layer 
(Fig. 34.5a) the field in the reflected wave at the point P is 


300 Psi 20 iy g 


where for simplicity the emitter is taken to be a vertical oscillator on a per- 
fectly conducting Earth. This also has the result that there is only a vertical 
field component at the point P, and owing to reflection this component is 
twice the field in free space at the same distance. This fact has been used in 
(34.27). The generalisation to a spherical Earth with finite conductivity and 
to any emitter offers no difficulty in principle. The reflection coefficient R 
must be calculated from ionosphere data. If several rays rcach the point P, 
the field can be found as the resultant of the individual fields. 

If the ray treatment of propagation is valid, as it almost always is in the 
ionosphere, the above method of calculating the ficld suffers only from the 
following defect. In reflection of waves from an inhomogeneous layer, unlike 
reflection from a mirror (with a sharp boundary), the field does not decrease 
with distance in strict proportion to 1/r. In mirror reflection the 1/r law holds 
because the reflected wave is the same as if it were emitted by a fictitious 
source at a point which is the mirror image of the true emitter Q. In an in- 
homogeneous medium, the effective and true heights of reflection are different 
for rays in different directions (Fig. 34.5b), and so the reflected beam does 
not diverge in the same way as in reflection from a single mirror. 

Within the limits of the ray treatment the divergence of the beam reflected 
from an isotropic inhomogeneous layer can be calculated without especial 
difficulty (see, for example, [222]). For the relatively thin D and E layers, 
however, the divergence is small and therefore unimportant, while for the F 
layer it is usually necessary to take account of the anisotropy of the medium 
due to the Earth's magnetic field. In the anisotropie case the ray path is very 
complex ($29) and the divergence of the beam is not casily calculated. We 
shall not pause to discuss this problem further, and merely note that in the 
rough estimates of ficld strength usually made in practice it is not reasonable 
to take into account the diffcrenec between reflection from the ionosphere 
and mirror reflection, because ordinarily this difference cannot affect the results 
as regards order of magnitude. 


$35. WAVE REFLECTION WITH ALLOWANCE FOR 
THE EFFECT OF A MAGNETIC FIELD 


The effect of a magnetic field. Critical frequencies 


Both in the Earth’s ionosphere and in the solar corona (and probably in 
the ionospheres of the other planets) the constant magnetic field exerts a 
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considerable influence on the propagation and reflection of radio waves. 
This influence is generally determined by the values of the parameters 


yu = wy/w = |e| H/mew 
and 
og — Ju Je] H” 


@ e mey(&zel N/m)” 











In the Earth's ionosphere at high and medium latitudes H ~ 0-5 oersted, 
for which wy = 8:82 x 108, fg = co gí2z: = 1:4 x 106 and Ay = 2z:clog = 214m. 
At the maximum of the F layer, o9 S 8 x 107(Nyax S 2 x 109), and so 
Wy/W, Z 0-1; in the metre-wavelength range, wg/w ~ 10~?, and for the longest 
waves used and for whistlers wy/w ~ 10? to 10?. Thus in considering the 
propagation of radio waves in the ionosphere we encounter various conditions, 
and the problem of the effect of the Earth's magnetic field has no single 
answer. Below we shall discuss mainly the short-wavelength range, for which 
Vu = wy/w <1. Where the case Vu > 1 is considered, it will be assumed 
that the wavelength is still not very large, and so the approximation of geo- 
metrical optics will be valid in the greater part of the layer. 

The general picture of the propagation and reflection of monochromatic 
waves and signals by an inhomogeneous magnetoactive layer has in essence 
been described in Chapter V. When a wave (or signal) is incident on the layer 
it divides into an ordinary and an extraordinary wave. In a smooth layer, 
when the angle « is not too small, the two waves are propagated entirely 
independently. If u < 1, wave 1 (extraordinary) undergoes reflection at 
v = o>) = 1 — Yu (normal incidence will be assumed throughout). When 
absorption is absent and the maximum density in the layer is considerably 
higher than the point v{>), the reflection is total. Hence there is no wave 1 
for larger values of v, even though it could be propagated in the medium 
for v > vio. Wave 2 is reflected from the point v = v4 = 1. If u > 1, the 
reflection of wave 1 takes place at the point «CP, as is clear, for instance, 
from Fig. 11.3b. 


Thus in probing the ionosphere with a signal of carrier frequency w the 
ordinary wave is reflected from the level where the electron density N is 


N, = mo?[4ze? = 1-24 x 10-8ft, (35.1) 


siuce vag = 4zce? N [mo and f = w/2n. 


When u = wy/w? <1 the extraordinary wave is reflected from the level 
where N is 


Njs 


mw(w — og)/4ze* 


L24 x 10-8 f(f — fq), (35.2) 


Il 
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and when u > 1 it is reflected where N is 
Ni, = mo(o + wy)/4ne 
= 124 x 10-*f(f + fg), (35.3) 
with fj = cg[2z: = |e| H/2ame. 
The critical frequency fer is defined as that for which the reflection point 


corresponds to the maximum of the layer, where N = Nyax- From (35.1), 
(35.2) and (35.3) we evidently have 


for, = fer,o = ye N max/ 7 m) 
= 0.9 x 104 VN max» (35.4) 


1 1 
for,1- = forz = glat y +0-81 x 10 Nuus) 
1 lo 
= giz + Vs + fro), (35.5) 


] 1 
RM = for,z = — ola T Vn + 081 x 10 Nus) 


1 1 
S Mae V F fi... (35.6) 
From these formulae we have the relation 
Tus d fz = fa d jel H 27m c=2-8~x 109 H9. (35.7) 
if f2, > fz, then also 
lez — fero ~ bfa = 1-4 x 106 A, (35.8) 


or, in the next approximation, 


1 1 
fes — heo © -z fu + i fleo - (35.9) 


The wave phase and the reflection coefficient. The course of the rays 


In the region near the reflection points, where ni a = 0, geometrical optics 
is not valid, and to obtain an exact expression for the phase of the reflected 
wave we must use equations (23.2). The solution of these equations is more 
complex than in the absence of a magnetic field, but, as shown in § 25, the 
reflection of radio waves in the presence of a magnetic field is equivalent 
(except in special cases such as that of small angles æ) to thcir reflection from 
a certain isotropic layer: if the reflection point z(n,,. = 0) is sufficiently far 
from the maximum of the layer, then the phase of the reflected wave is 


2(n,,47 0) 


1 
Pı,2 = 2e f 1, 9 (0, 2) dz — ome (35.10) 
0 
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This formula differs from (30.6) only in that n is replaced by m, ;. 

When absorption is present, the results are again similar to those for an 
isotropic layer. Omitting the small terms mentioned in § 31, we obtain for 9.3 
formula (35.10), and for the reflection coefficient 

2(n1,,—2:3,,— 0) 
—Ink,,= =e f %ı2(@, 2) dz, (35.11) 
0 


where the point z(ni, — i. = 0) evidently corresponds to the point 
z(e = n? — x? = 0) in the isotropic case. When absorption is present the 
integration in (35.10) must be taken up to that point also; in this case n a 
is nowhere zero. 

The other results of $$ 30-33 in which no specific form of the functions n 
and x was used, likewise remain valid when n and x are replaced by n4, and x, ,. 
From (24.15) this applies also to the group delay time At, and therefore 
to the group path L,, = cAt,, and the effective height 2, = 4L,,, despite 
the fact that the direction of the ray does not coincide with that of the wave 
normal in an anisotropic medium. The latter fact, however, has the result that 
in normal probing of the ionosphere the point where the signal is reflected 
is not exactly above the point where it entcrs the layer, but to one side; the 
ordinary and extraordinary signals arc reflected from different regions of 
the layer in a horizontal plane, quite apart from the fact that these regions 
are at different heights (Fig. 35.1). 





Fra. 35.1. Reflection of ordinary and extraordinary signals. 


This deflection of signals may be important if we take into account the 
inhomogeneity of the ionosphere in the horizontal direction, which does 
exist to some extent, although it does not correspond to the customary 
idealiscd regular pattern. The distance by which the regions of reflection of 
the ordinary and extraordinary signals are displaced depends on the angle « 
between the field H) and the vertical, and also on the characteristics of the 
corresponding ionospheric layer. 
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As an example, Fig. 35.2 shows some results of calculations given in [58] 
for a parabolic layer N = Nmax(l — z*/25). At the boundary of the layer 
(z = —z,,) a radio signal is normally incident, which then splits into an 
ordinary and an extraordinary signal. In the northern hemisphere the ordinary 
signal deviates north of the vertical and the extraordinary signal deviates 
south; in the southern hemisphere the reverse is true. 

Fig. 35.2 gives the path lying in the yz-plane, which also contains the mag- 
netic vector H% (i.e. the yz-plane is the plane of the magnetic mcridian). 
The ordinate is the distance z,,— |z| from the boundary of the layer in units 
of Zm; the abscissa is the deviation Ay of the signal from the vertical in the 
same unit z,,, the half-thickness of the layer. Here it is assumed that reflection 
takes place from the maximum of the layer, i.e. that the carrier frequency 
f of the signal is equal to the critical frequency fy, = fer,2 for the ordinary 
ray and fe,s = fer, for the extraordinary ray. The frequency fero is taken 
to be 9 Mc/s, so that for the ordinary ray f = fe,o = 9 Mc/s and for the 
extraordinary ray f= fes = ig + Vüfu t+ fo) e 9°75 Me/s, since the 











O 
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Zm 
Fra. 35.2. Deviation of rays from the vertical for normal incidence with « = 15° 
and 45° and fg = 1-4 Mc/s. The ordinary ray (continuous lines) has f = foro = 
9 Mc/s, and the extraordinary ray (broken lines) has f = /,,,,~ 9-75 Mc/s. 
gyration frequency fg is taken as 1-4 Mc/s (H = 0-5 ocrsted). Moreover, 
in drawing the curves in Fig. 35.2 absorption has been assumed absent, 
and the angle « is taken to be 45° and 15°. 

A significant feature of the calculations is that they are based entirely 
on the approximation of geomctrical optics, and so are incxact near the re- 
ficction point itself (i.e. as |z| — 0). In ionosphcric conditions, with normal 
probing and when the angle « is not too small, the resulting inaccuracy secms 
to be of little importance. 

From Fig. 35.2 we see that, for example, when a = 15? the region of rc- 
flection of the ordinary ray is displaced from the point where the signal enters 
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the layer by a distance of about 4z,,, which for the F layer is 50 to 100 km, 
i.e. quite considerable. This deviation of the ray from the direction of the 
normal is particularly clear in the case of waves obliquely incident on the 
ionosphere, discussed in § 29. 

The displacement of the reflection point from the vertical is shown in 
Fig. 35.3 as a function of «æ; here it is assumed that fero = fer,z = 10 Mc/s, 
f= 10 Mc/s, fg = 1:44 Mc/s and v = 0. For the ordinary ray, the curve 








Oo 10 20 30 40 50 60 70 80 90 
(90 -g)? 
Fic. 35.3. Displacement of reflection point from the vertical in the northern 


hemisphere as a function of the angle x between the vertical (the direction of 
the wave vector) and the direction of the Earth's magnetic field. 


shown in the diagram is incorrect for small x, where the effect of “tripling” 
of the signals begins (§ 28). Foro = 0 the reflection points of both the ordinary 
and the extraordinary ray lie on the vertical. 

The group delay time of the signal is, by (24.15), 





zi 
d 
A tg, = 2 f * (35.12) 
0 


Ugrz12 
here 2, = 21,9 is the reflection point, at which n,, = 0 (i.e. the “true height” 


of reflection). The effective height is, by definition, 


Zt1,2 


1 cdz 
281,2 = CA ter = f 
0 





Uer, 21,2 


Zii 


= i Maa) iy, (35.13) 


Ow 
0 


In view of the complexity of the function M,2(v, u, œ) the analysis of the 
dependence of z,, , on the various paramcters usually has to be made graphi- 
cally [223]. In [224] a method is given for determining the electron density 
from height-frequency characteristics, taking into account the effect of 
the magnetic field. Here we shall simply give (Fig. 35.4) graphs of the 
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function c/tg, 21,2 = 0(co7, 4)/0c for A = 250m (w = 0756 x 107, u = 1.36), 
H) cosa = 0-447 and H sina = 0-218 (x = 25° 50’, H — 0-497 oersted). 

Fig. 35.5 gives height-frequency characteristics of the ionosphere for the 
same values of « and H® calculated for a linear layer (z, is the effective and 
z, the true height of reflection). Fig. 35.5 shows clearly the singularity of the 





Fic. 35.4. Ratio of the velocity of light to the z-component of the group veloc- 
ity (the component along the normal to the layer) as a function of v = w/w. 
The values of « and v are given in the text. 





Fic. 35.5. Effective height of reflection z, and true height of reflection z, for a 
linear ionospheric layer as a function of frequency w. The broken lines relate to 
a wave of type 1 and the continuous lines to a wave of type 2 (ordinary wave). 


curve 2,(w) for the extraordinary wave near the frequency «cg (Ag & 214 m). 
As w -> wp, if absorption is neglected, 2, becomes very large in the approx- 
imation of geomctrical optics (sce [223, 225, 226]).1 


] The behaviour of the effective height z, for the ordinary ray near the gyration 
frequency depends considerably on the relation between the effective field E, and the 
mean macroscopic field E [225]. Attempts have been made to utilise this fact to resolve 
experimentally the question whether a '' polarisation term” is necessary. As shown in $ 3, 
this term is not necessary, and in a plasma we have very nearly E = E,, as we always 
assume. According to [156, p. 278] the results of the study of whistlers [53] form a very 
strong experimental argument against the use of a ''polarisation term". 
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Quasilongitudinal and quasitransverse propagation 


The complexity of the expression for %4 a and x}, makes it necessary to 
use extensively in practice the approximate formulae for “ quasilongitudinal” 
and “quasitransverse”’ propagation (§ 11). 

In what is called the “deviating” region of the ionosphere, where n, a 
differs considerably from unity, the approximation of quasitransverse pro- 
pagation is frequently valid for the ordinary wave, and that of quasilongi- 
tudinal propagation for the extraordinary wave (where u < 1). This may be 
seen from Figs. 11.2, 11.3 and 11.6 and from estimates based on the inequalities 
(11.36) and (11.39). For example, we have 


—In B, = Peg (Lge. — Lo2)/2¢, (35.14) 


since for quasitransverse propagation wave 2 is the same as that propagated 
in an isotropic medium, and in the latter case formula (31.13), which is identical 
with (35.14), is valid under the conditions given in $31. For wave 1 in the 
quasilongitudinal case we usually have 


y w 
—Ink, Rd A (Ler. — Lo) "ECOL ; (35.15) 


for, according to (11.37), (24.11) and (35.13), when vg, e cn, (for which 
the conditions of validity are evident from (24.11)), 
| £(m 20) 


-lnk = 7 J zdz 
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In addition, in deriving the above formulae for In E, , assumptions are made 
similar to those discussed in detail in § 31, and it must be remembered that 
in (35.14) and (35.15) also E, , signifies only the part of the total reflection 
coefficient which is due to the passage of the wave through the “‘deviating” 
region. 

In tho “non-deviating” region, where n, , « l and v is small (as happens 
in the D and E layers for waves reflected from the F layer), we usually have 
quasilongitudinal propagation for both waves (cf. the condition (11.36)). 
Hence (11.37) gives 

27 e? N (z) 
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where the plus sign, of course, corresponds to the ordinary wave 2 and the minus 
sign to the extraordinary wave 1. 

We shall not consider the particular eases where rêy > or < (c + wz)? 
Or vaf & W + wz, Sinee they merit discussion only in eonneetion with the 
experimental data. 

The preceding discussion, together with Figs. 30.5 and 35.5, demonstrates 
the qualitative effect of the magnetie field on the height-frequeney 
charaeteristies. In the ease of Fig. 35.5 the typieal upward infleetion of the 
charaeteristies near the eritical frequencies is absent, simply beeause the layer 
is assumed to be linear (i.e. Fig. 35.5 really shows the form of z,(w) and z (w) 
only for frequeneies eonsiderably below the eritieal value). In normal probing 
with u « 1 and not too small values of « the regular refleetion from the layer 
leads, as already often mentioned, to the appearanee of only two signals. 
The corresponding eritieal frequencies for the ordinary and extraordinary 
waves, fero and ferz, are given by formulae (35.4) and (35.5). As « decreases, 
the “tripling” effeet appears, and the third signal, reflected from the point 
v(t) = 1 + Yu, is the first to disappear with increasing frequeney (Fig. 35.6). 
The eritieal frequeney for the third signal is fe; = fe; — fg (see (35.7)). 
and so, by measuring the frequencies f,,,, and for,z, we ean determine the field 





f f 


Crux 


fer,z fer, o 


Fra. 35.6. Height-frequency characteristics (diagrammatic) for normal probing 
at small angles «. 


1 in the layer. The same result may be achieved by measuring the frequeney 
fero and the frequency difference fo; — fao = t/a + Vf + fero) — fer,o 
(sce (35.5), (35.8) and (35.9)). 


Oblique incidence 


The effect of thc Earth's magnetic field on the propagation and reflection 
of radio waves obliquely ineident on the ionosphere has been discussed in 
$29. Here we shall merely remark that, in observations of the “tripling” 
cffeet due to oblique incidence and seattering of the waves (see § 29), the height- 
frequency characteristies differ in two respects from those shown in Fig. 35.6. 
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Firstly, the intensity of the z-reflection (the third signal) is always noticeably 
less than that of the o and x signals. Secondly, the difference f, , — fer,z is 
somewhat less than for normal incidence, and is therefore less than the gyration 
frequency fg. This is because when the “tripling” effect is observed with 
oblique incidence, it is mainly the waves reflected normally which are respon- 
sible for the z-reflection. The z-reflection, on the other hand, is essentially a 
phenomenon occurring at oblique incidence, and so the wave is reflected from 
a level somewhat below the point «(P = 1 + Vu. Accordingly fer,z,ob1 > fer z nor 


and for,x,nor = for,z, oti < fa- 


Allowance for the non-uniformity of the Earth’s magnetic field 

In all the problems and examples discussed hitherto the external field H 
has been regarded as uniform in space. This assumption is, however, un- 
justified not only when considering the propagation of radio waves in the solar 
corona (see 836), but sometimes also in the Earth's ionospherc. 

The Earth's magnetic field is, to a first approximation, a dipole field, and 
at a height z above the Earth's surface it is 


H® (o +2) =H (o) p*/(o + 2)*, 
fale +2) = falo) è/o +2), 


where o «s 6360 km is the radius of the Earth and H®) is the field at the 
urface. These formulae are strictly valid only for the poles and the equator, 


(35.17) 





Fra. 35.7. The quantities 77, as functions of height above the Earth's surface. 
The abscissa scales are different for z < 300 km and z > 300 km. 
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since they do not take the dependence on angle into account. It is clear from 
(35.17) that, when z is (e.g.) 200 km, the difference fyz(e) — fulo + z) e 
& 1-5 x 10-5 f(g). Hence, in probing the ionosphere, unless à measurement 
of fy as a function of z is desired, the magnetic field may in fact be regarded 
as uniform. The situation is different when the ionosphere and the cosmic 
radio emission are being investigated by means of artificial satellites and high- 
altitude rockets, and also in the study of whistlers and some other phe- 
nomena. For example, when long-wave cosmic radio emission is received on the 
ground or by a satellite [227] the effect of the inhomogeneity of the Earth's 
magnetic field on the propagation of such waves must be taken into account. 
It will suffice to mention that, for a frequency f < fg (o), a transition from the 
condition u = flo + z)/* <1 to u > 1 occurs at a certain height as the 
Earth is approached. 

As an example [228], Fig. 35.7 shows the functions f (z) for fy(e) = 
= 1-4 x 1086, f = 0-6 x 1095 and « = 20° for a layer of electron density 
N = Nmaz[l — (z — 300)?/4 x 104] when 100 < z < 300 km and N = N maxX 
x exp[— 1:8 x 10-3(z — 300)] when z > 300 km. The value of Nmax is taken 
as 1-25 x 104, corresponding to night-time conditions. The dependence 
of fy on z is taken from (35.17). Fig. 35.7 shows that for normal incidence and 
the selected frequency, neither an ordinary nor an extraordinary wave of 
extra-terrestrial origin can reach the Earth’s surface (the penetration effect 
at normal incidence is entirely negligible in the conditions of Fig. 35.7). For 
oblique incidence under certain conditions the ordinary wave may become an 
extraordinary wave and reach the Earth by the penetration effect described 
in § 29. 


CHAPTER VII 


RADIO WAVE PROPAGATION IN 
COSMIC CONDITIONS 


§36. PROPAGATION OF RADIO WAVES IN THE 
SUN’S ATMOSPHERE 


Introduction 


WrirH the development of radio astronomy, the Earth's ionosphere has 
ceased to be the principal field of application of the theory of electromagnetic 
wave propagation in plasmas. Moreover, the centre of interest in this subject 
is increasingly shifting from the ionosphere towards radio astronomy, cosmic 
(magnetic) fluid dynamics and laboratory studies of plasmas. 

Despite its recent origins, radio astronomy already embraces a wide range 
of topics. These include the radio emission of the Galaxy and the Metagalaxy 
(both general and from discrete sources), of the Sun and of the planets (par- 
ticularly Jupiter), radar echo tracking of meteors and of the Moon, and the 
monochromatic radio emission from interstellar neutral hydrogen; in addition, 
mention should be made of theoretical problems concerning the elucidation 
of the nature of the sporadic radio emission from the Sun and of the non- 
thermal cosmic radio emission, together with theories of the origin of cosmic 
rays which bear on radio astronomy. There have also been developed, as 
part of radio astronomy, methods of studying the Earth's ionosphere, and 
moreover radio astronomy is of-course closely interlinked with many other 
branches of astronomy. 

Here we shall not attempt to discuss even a few of these topics; see [205, 
229-240], and also [85, 89, 136, 204, 206, 207, 227, 228]. The following treat- 
ment merely describes some properties and characteristic features of the pro- 
pagation of radio waves in the Sun’s atmosphere (8 36) and in the ionised 
interstellar medium (8 37). 

In addition to the propagation of radio waves, that of plasma, acoustie and 
especially hydromagnctic waves and discontinuitics in cosmic conditions has 
received considerable attention. When the plasma may be regarded as homo- 
geneous, the propagation of these waves is as described in Chapters II and III. 
The propagation of plasma and low-frequency waves in an inhomogeneous 
medium has been considered in Chapters IV-VI. In general, however, the 
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propagation of such waves under various conditions has been much less thor- 
oughly studied than the propagation of radio waves. Some results arc given 
in [241, 242], for example. Only waves of radio frequencies will be considered 
here. 


The solar corona 


The solar corona is a kind of very extensive ionosphere. Apart from the 
scale and the quantitative differences of electron density and temperature, 
the conditions in the solar chromosphere and corona differ from those in the 
ionosphere in two respects. 

Firstly, the solar corona and the upper part of the chromosphere arc almost 
completely ionised, and consist practically entirely of electrons and protons. 
Hence it follows from the quasineutrality condition that the electron density N 
is equal to the proton density N,. Secondly, in the propagation of radio waves 
in the chromosphere and corona we must take into account the presence of 
non-uniform magnetic fields. Since the corona extends over several solar 
radii, even the general magnetic field of the Sun cannot be regarded as constant 
along the path of the wave. In recent years the strength of this field at the level 
of the photosphere has been of the order of one oersted ; at some epochs it may 
be considerably greater. The spot fields reach thousands of oersteds, but de- 
erease rapidly away from the photosphere and are no longer uniform even at 
distances much less than the Sun's radius. In many cases the field is weak 
(wy « w) in the region of importance in wave propagation, and the coronal 
plasma may be regarded as isotropic. 

The electron density in the corona is determined from optical observations: 
the continuous-spectrum emission of the corona is due to the scattering of 
photospheric light by electrons in the corona. Some values derived from [243] 
and from the frequently used empirical formula [229, 244] 


N (n) = 108(1-55 q75 + 2-99 1719) electrons/cm?, 
n — rro, 


are given in Table 36.1. Here r is the distance from the centre of the Sun, 
and rg = 6:96 x 10° cm is the radius of the photosphorc.T 


(36.1) 


+ It must be remembered that the corona itsclf and the density N (y) vary during 
the cycle of solar activity, and also as a result of various sporadic processes. Moreover, 
thc corona is not in reality spherically symmetrical. Consequently the values in Table 36.1 
can give only a rough idea, and the difference betwcen the second and third columns is 
not large. The two series of values of N (7) are both given because both have been used 
in calculations. It may also be noted that in the plane of the Sun’s equator, according 
to [230], N (y = 6) = 4 x 104, N(8) = 1-8 x 105, N(10) = 1-0 x 10t, N(12) = 6-6 x 10°, 
N(14) = 4-8 x 109, N(16) = 3-7 x 10%, N(18) = 3-0 x 10° and N(20) = 2-6 x 10°. These 
values were mcasured at the time of minimum solar activity. 
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TaBLE 36.1 
Electron density in the solar corona 









N N 








































7= TIO | from [243] | from (36.1) from [243] | from (36.1) 
1-03 29x10 | 32x10 12x10 | 14x10 
1-06 21x10 | 2-3 x 108 70x10 | 81 x 10° 
1-10 14x 108 | 1-5 x 108 42x 105 | 5-0 x 105 
12 58x10 | 68x10 29x10 | 32x 105 
1:3 3:0 x 10? 37 x 10? 1-9 x 105 2-1 x 105 
14 18x10 | 2-2 x 10? 8 x10 | 84x 104 
1.6 7.5 x 108 | 9-4 x 108 4 x10 | 38x 10! 
18 38 x10 | 46 x 10s 1 x10 | 1 x10 








2-0 x 108 2-4 x 108 





The base of the corona corresponds approximately to 7 = 1:03 (r — ro =~ 
æ 20,000 km). However, the value r — rg = 10,000 km (7 = 1:014) is fre- 
quently taken as the boundary between the chromosphere and the corona. For 
the chromosphere we can use the empirical formula (see, for example, [244]) 


N — 577 x 10" exp[— 7-7 x 10-4(h — 500)] for 500 < h < 10,000, (36.2) 


where h is the height in kilometres above the photosphere ; see [245] for further 
details. 

The temperature in the chromosphere increases from T œ 5000? at its base 
to T ~ 3 to 5 x 10° at h œ 10,000 km (7 = 1-014); in the corona we have 
T, = 108 for n Z 1-05, and as 7 increases further the temperature remains 
fairly constant. 

Table 36.1 shows that for 7 < 2 the electron density in the corona exceeds 
the maximum density N < 2 x 109 in the F layer of the ionosphere. The 
difference in temperature is even more marked. The corona has such a high 
temperature that it is a source of intense thermal radiation at radio frequencies. 
The high intensity of this radio emission is due to the fact that at radio fre- 
quencies the optical thickness of the corona not only is not small, but may be 
very large (see [246-248] and below). The Sun's atmosphere also generates, in 
addition to this thermal radiation, an even more powerful sporadic radio 
emission. 


Propagation of radio waves in the eorona 


To interpret the experimental data on the thermal and sporadic radio 
emission of the Sun, it is necessary to consider the nature of radio wave pro- 


t Here we are considering the temperature of the coronal electrons and ions, which 
in the absence of streaming have almost a Maxwellian velocity distribution. The thermal 
radiation in the optical part of the spectrum is not in equilibrium with the particles, 
on account of the low optical thickness of the corona, and has a temperature of the order 
of the photospheric temperature To ~ 6000°. 
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pagation in the eorona. For this purpose we ean use the same formulae as 
have been established for the ionosphere. For the sake of convenience we may 
repeat the formulae here, using immediately the faet that, in the range of 
experimental interest, we always have 


w? > Veep. (36.3) 
In this ease, in the absence of a magnetic field, 
£—1—4nze N[Ím o?, 
(36.4) 
o = (1 — 8) vee/4n = e? N vom w?, 


where N is the eleetron density, and the effect of the ions (protons) may always 
be negleeted, sinee N, = N and m/M = 1/1836. 
For »,g we must use formula (6.14): 








4 
Verr = 1 x N p] in(o-s E i) 
(«Ty e? N8 


= oe N in(220 aD (36.5) 
[3/2 NS 
where it is assumed that V, = N, = N, and T is the cleetron temperature. 
As has been mentioned in §§ 4 and 6, the aceuraey of formula (36.5) is at 
best 5 per cent. Moreover, the argument of the logarithm in (36.5) is correct 
only when T « 3 x 10° (sce (4.28)). When T3 x 105, instead of 
In(0-37x7'/e2N3) = In (220 T/N*) we must use In fy, (me*]h?24 TS xT Je N3] = 
= In[y, x 10!73/N?]m where y, and y, are faetors of the order of unity. 
The need for this ehange is evident from a eomparison of formulae (4.19) 
and (4.193) and from the ealculations in § 6; the valucs of the numerical 
faetors y», and y, in the argument of the logarithm have not been given pre- 
cisely, sinee (e.g. when T ~10® and N ~ 108 we have 10175 /N3 ry 108 
and the faetor y, ~ 1 may be negleeted. In the region T ~3 x 105 the two 
formulae for the limiting eascs give almost the same result and are fairly 
aeeurate. In (36.5) it is assumed that the electrons collide with protons; if 
they collide not with protons but with ions of charge Ze and density Nj, a 
factor Z? appears in (36.5) and N is replaced by N;. In eonscquenee, the 
highly ionised atoms of iron, nickel and other elements in the corona are Z 
times more effeetive than protons (an ion of change Ze is Z? times more 
effective than a proton, but on aecount of the quasineutrality of the eorona, 
one ion replaces Z protons for a given electron density N). In the corona 
Z S20 and apparently N;Z is always much less than N, so that tho effect 
of the ions may be negleeted. 
In general 
n = {3e + (3e + (27 ajo?) 


(36.6) 
x=2no/nw, pw=2wx/c, 
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but in practice we can always use the formulae valid for the case 


le] > 420/a, (36.7) 
namely 
n = ye = V(1l—42e? N/m œ?) ] 
= y — 3-18 x 10? N/o?) , 
x — 27: omw = (1 — n?) vefe/ 2n w, (36 8) 
u = 20 x[c = vall — n?) en 
_ 470 e? N Vege 
~ mew yl — 4r e? N/m o?) ' 


Let us consider a radio wave propagated radially from the surrounding 
space towards the Sun. The encrgy flux of radiation for a plane wave is evi- 
dently attenuated according to the relation S = S,e-*™ , where S, is the 
flux outside the corona and «c is called the optical thickness (a term which is 
not very appropriate in connection with radio waves): 


t= f udr=ro f u(n dn 
7 n 


To f Yel — rmn) 
= 72. f e dq (36.9) 
This formula is valid in the approximation of geometrical optics and when 
the condition (36.7) holds. If the wave is not completely damped in the corona 
and reaches the point where & = 0, the two above assumptions are both 
invalid over some range of values of e. The reflection coefficient | R|? is then 
[see (31.2)] 


|R|? = e- 2%, | 
22 [vere(0)]8/2 
To= | udr + ————————— 
i d 3co* |de/drlg (36.10) 
= f udr+ Ar, 


rà) 


where r(0), [d e/dr|, and v,4(0) are the values of the corresponding quantities 
at the point where e = 0; u must be taken as given by (36.6) and not (36.8). 
In practice, however, as we shall show bclow, the value of v, is given by 
formula (36.9), where the integration must be taken up to a point very close 
to r(0) but still such that the condition (36.7) holds. 

We may give here some calculated results [249], derived from the above 
formulae and the values of N in the sccond column of Table 36.1. The values 
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of n? for various wavelengths from formula (36.8) are given in Table 36.2. 
These figures are, of course, not very exact, because the values of the 
density N in Table 36.1 are only approximate. 


TABLE 36.2 


The squared refractive index 7? in the corona for various wavelengths . 


1-03 
1-06 
1-10 
1-155 
1-157 
1-200 
1-245 
1-247 





A(m) = 50 
o x 107? = 3-76 


& 0 
0-01 
0-06 
0:35 
0:57 
0-71 
0-81 
0-85 
0-89 
0-91 





25 
7-52 


& 0 
0-01 
0-33 
0-61 


0-84 

0-89 

0-928 
0-952 
0-963 
0-972 
0-977 


0-9985 
0-9989 
0-9991 


0-9994 
0-9996 
0-9997 
0-9998 
0-9999 
0-0999 





0-6 
313 
0-906 
0-932 
0-956 


0-981 
0-990 
0-994 
0-9986 


0-9988 
0-9996 
0-9998 


Table 36.3 gives the values of va from formula (36.5) for various tem- 
peratures (the values T = 6 x 10? and T — 6 x 10° do not apply to the 


corona and are given only by way of illustration). We have roughly vep ~ T 
but the logarithmic term is still appreciable. 


-3/2 
3 
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TABLE 36.3 


Values of ».q for various temperatures 


n |Nx10*| T-6x10 | 6x10 | 3x10 | 6x10 | 105 
zt dese xc xu ae ee DEE 

1.03 | 290 2-71 x 10! | 1108 115 43 21 

1-06 | 210 199x10 | 81l 84 31 15 

11 137 132x10 | 537 55 20 10 

12 | 58 5-80 x 10? | 233 24 9-0 43 

13 | 30 310x10 | 124 12-7 4T 23 

14 18 1-88 x 10? 75 T3 2.9 14 





It is clear from Table 36.3 that the condition (36.3) is always far from being 
violated in the corona. For example, even in the worst case when À = 50m 
and T — 6 x 10 deg K. we have »ig/c? < 10-9, and moreover such long 
waves cannot penetrate deep into the corona (since £ < 0 there) and the im- 
portant values of »?4/o? are of the order of 10-1 or less; for A = 1-5 m and 
T —3 x 105 we have »34/o? S 10-14, 

The smallness of the ratio 725/o? leads also to the possibility, already men- 
tioned, of using formula (36.9) even when reflection occurs, and neglecting 
the small region where formulae (36.6) must replace (36.8). For example, when 
T = 10° and 4 = 50 m, at the point r(0) where e = 0 we have n? = nx = 
2zo|o = veg[2c) = 51 x 10715, and so s > 420/w at a very small distance 
from r(0) (e.g. e = 5:1 x 1071? for (r — ro) /rg = An = 2-0 x 10-19), and the 
change in t when the difference between n? and e is taken into account is of 
the order of 3 x 10-6, whereas t itself is 0-0553. For 4 = 5 mand T = 3 x 105 
we have n*(0) = 8:56 x 107? at r(0) and the corresponding change in c is of 
the order of 10-4 with c itself equal to 2-037. 

For the same reason, the smallness of the ratio »24/c? has the result that the 
correction At ~ vt??? in formula (36.10) is small. For instance, when A = 50 m 
we have At ~ 107? and 5 x 10-‘ for T = 108 and 6 x 10* respectively. 
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As an example, Table 36.4 gives the results of calculating r (7) for various 
wavelength with T = 6 x 105. This table also gives the values of |R|? from 
formula (36.10) for cases where the reflection coefficient is not too small.f 

Table 36.3 shows that the ratio vett (N, T,)/vat (N, Ta) is almost independent 
of n. Hence formula (36.9) gives t(n, T,)/v(n, Ta) = vac(T1)/ Vege (Ts) and so, 
if the optical thickness r is known for any one temperature, it can easily be 
found for any other. It may also be noted that the accuracy of the values 
in the table is much smaller than might appear from the number of significant 
figures shown, on account of the extrapolation of the values of N, the graphical 
method of calculation, etc. 

It is evident from Table 36.4 that, even for a uniform temperature 
T = 6 x 10° throughout the corona, the waves longer than 1 metre are almost 
completely absorbed. The shorter waves, especially those in the centimetre 
range, are appreciably absorbed only in the chromosphere. We shall not give 
the relevant calculations, which are in essence entirely analogous to those for 
the corona or the ionosphere. ' 


Emission of radio waves. Allowance for refraction 


Since waves in the metre range are absorbed by the corona, it is evident 
that, whatever the mechanism by which they may be generated in the Sun’s 
atmosphere, they must be emitted from the corona also. Thus the corona is 
the source of the Sun’s radio emission in the metre wavelength range. The 
emission at a wavelength 4 comes from the region 7 = y (å) where t(4) is of 


1 
the order of unity (only i6 of the radiation flux emerges from the region 


where v = 2:3). 

The intensity of the radiation can be given immediately only if it is thermal 
radiation for some temperature T. In that case an amount of energy 

SAF = (2a PIc?) xTAf 
= (2x12) Af (36.11) 

is emitted from unit area (of a black body) per unit time in à frequency range 
Af. Here x = 1-38 x 10-15 erg/deg is Boltzmann's constant, and we have used 
the Rayleigh-Jeans law, since for the Sun at radio frequencies x T > hf — ho. 

If the corona has spherical symmetry and completely absorbs waves of 
length A, the flux of thermal radiation at the Earth is SA f, where now 





2zxT rgWV 1-86 x 10721 W 
sc TR Ug)]O- RE r0 ne Mes 
_lllxlo" P , wo 
£3 f n° ( ) Mes? (36.12) 


t The table also gives the values of t for n = 1-0, obtained by arbitrarily extrapolating 
the density N in the second column of Table 36.1 to the photosphere itself, The value of V 
thus found is 4-3 x 108 for 7 = 1-0. 
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here Am is the wavelength in metres, rg = 6-965 x 10!cm is the radius of the 
photosphere, R = 1-495 x 10! em is the distance from the Earth to the Sun, 
Tg = 6000 is an arbitrarily chosen temperature of the photosphere, and 
n(A) is the value of 7 for which c(A) ~ 1 and the temperature is T. 


In (36.12) it is assumed that the value of n (A) is the same for both radial and 
non-radial propagation of waves, i.e. that the source of radio emission is a 
spherical surface of radius 5 (A) rg. This is, of course, not strictly true. Rays 
which do not travel along a radius of the Sun must undergo refraction, and’ 
moreover for these rays t ~ 1 at a distance from the photosphere which is not 
the same as for radially propagated rays. Hence the radio brightness of the 
disc is different at the centre and at the periphery, as in the optical wavelength 
range. 

For a quantitative analysis of these problems it is necessary to consider the 
propagation in the Sun's atmosphere of radio waves which then reach the 
Earth. Here we may certainly use a ray treatment of the problem (i.e. use 
geometrical optics) [229, 244, 250, 251]. 

For rays propagated in a spherically symmetrical refracting medium the 
law of refraction is l 


n(r) rsing(r) = rs sing (ro) = p, (36.13) 
where n (r) is the refractive index at a point at a distance r from the centre 


of the Sun, g the angle between the direction of the ray and the radius vector, 
and p the distance between a ray which enters the Sun’s atmosphere (before 





Fro. 36.1. Ray path in the solar corona. 


refraction) and a radial ray (Fig. 36.1). In (36.13) it is assumed, of course, 
that n(r..) =1. Using (36.13) together with simple geometrical arguments, 
it may be shown that the element of length of the ray is 


7 dr u dr 
cosp — (1 — p/n? r’) 
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and the optical thickness along the ray is 


r()= f nde 
o f _ amin ania 
=ro f VEL — ¿em? (n) v] ' i 


where € = p/ro and p(n) is the absorption coefficient (36.8). 
The path of the ray in polar coordinates r, 0 is 
Too 
6=6 «f 5 (30.15) 
2 J ryn- p)’ 
r 


where we consider only rays incident on the Sun in a parallel beam (so that 
Boo = Poo ANA ry, singes = P). 
At the reflection point (or, better, the “turning point") p = im, r = 7% 
and 0 = 6), with 
Ton (rg) = p. (36.16) 
The ray path is symmetrical about a line through the centre of the Sun and 


the turning point. At this point the denominator in the integrals (36.14) and 
(36.15) is zero, but this is not important either in the graphical construction 





Fra. 36.2. Ray paths in the solar corona for radio waves with A, = 5 m. The dia- 
gram shows the values of the “impact parameter" p in terms of the radius ro of 
the photosphere. 
or in the calculations which use the linear approximation to the function 
n?(r) near the turning point. In order to avoid trouble with the signs, the 
expressions (36.14) and (36.15) may be used only for 0 < 0,, since by symmetry 
the values of t for 0 > 0, nced not be calculated separately. 
The ray paths in the corona are shown in Fig. 36.2 for f = 60 Mc/s (A = 5 m). 
All the rays enter from the right along parallel paths and therefore differ from 
one another only in the value of the “impact parameter" p (see Fig. 36.1). 
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The intensity of the radiation along the various rays is given by the equation 
of transfer, which is widely used in astrophysics. The only difference between 
radio and optical frequencies is that for the latter we may usually disregard 
the difference between n and unity. We shall not pause to discuss the use of 
the equation of transfer, especially because in the case of greatest practical 
importance the result may be obtained directly. The reason is that, with our 
present knowledge concerning the temperature and electron density in the 
corona, it is usually appropriate to regard the temperature of the corona as a 
constant (i.e. independent of r). The sharp fall in temperature at the chromo- 
sphcre may likewise be conveniently taken into account by assuming that at 
some boundary r = rq, the temperature changes suddenly from T, to Ty 
(where T, and T'4, are the temperatures of the corona and the chromosphere). 
Even with this highly idealised model of the Sun’s atmosphere [244] the para- 
meters Ts, Ten and rg, remain unknown, nor do we have more than a rough 
form for the function N (r). 

These unknown parameters must be determined from a comparison of the 
theoretically calculated distribution of the intensity of radio emission over the 
Sun’s dise with the results obtained experimentally. If a more complex dis- 
tribution of temperature in the Sun’s atmosphere is used, then no unique inter- 
pretation of the limited experimental data is in gencral possible. 

Assuming the temperature of the corona to be constant, we may determine 
the intensity along the ray directly by using Kirchhoff’s law. For rays which 
do not enter the chromosphere the specific intensity J of thermal radiation 
along a ray at distance p from a radial ray (see Fig. 36.1) is 

I(p) = E T,[1 — exp (— 27.(r9))], (36.17) 
where 2xf?T'.[c? is the specific intensityf of black-body radiation of tem- 
perature T',, and 27,(7,) is the optical thickness of the corona along the ray; 
7, (r,) is the optical thickness up to the turning point ry = p/n (ro), and its value 
is given by formula (36.14) with 7 = n, = folo. For rays which penctrate 
into the chromosphere we have 


2 2 
Tip) = 2 mo exp(- snp e T Ta exp(- ra), (86.18) 





where 7, (rs) is the optical thickness of the corona along the ray up to the point 
Te, Where the chromosphere begins, and we have used the fact that in the 
chromosphere itself the ray is almost completely absorbed (i.e. Ten > 1). 


t It may be recalled that, by definition, [Af AQ is the quantity of energy passing 
in unit time through unit area normal to the dircction of the ray and belonging to a fre- 
quency range Af and solid angle AQ. The above expression for I is valid for n= l. In 
the general case we have in our problem I = 2xf?n? T.[c*, i.e. c in the expression valid 
for a vacuum must be replaced by c/n, where n is the refractive index for frequency f. 
The derivation of the expression (36.17) is given at the end of the present scction in con- 
nection with its generalisation to the case of a magnetoactive plasma. 


A 
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The intensity (36.18) corresponds to that of the radiation from a black 
body of effective temperature 


Ton = T {1 — exp (= Te(Ten)) | zs Ten exp (— Te (ron) $ (36.19) 
With (36.17) we evidently have 
T se = T [1 — exp (— 2Te(ro))]. (36.20) 


The flux of radiation at the Earth is AS Af from an annulus of the Sun of 
area 2z p Ap, and the total flux is SAf, where 


AS —2nzpAplI(p)E*, 


zi (36.21) 
SAf — (2x Af[R?) f I(p pdp. 
0 


If the emitting surface is that of a black sphere of radius r = ron (å), then 
I = 2xf?T,/c? for p Sr and I = 0 for p > r, so that formula (36.21) for S 
becomes (36.12). 

'The intensity of radio emission from the Sun as a whole may conveniently 
be characterised by the effective temperature T'o, ett, defined as that photo- 
spheric temperature which would give the observed radio emission. Evidently 


To.«(4) = S(R]rg 22m x 
— 54 x 109 S 22, (36.22) 


where SA f is the flux of radio emission from the entire Sun as observed at the 
Earth for wavelength A (expressed in metres, with S in watts per square metre 
per Mc/s). 

By means of the above formulae, the problem of the thermal radio emission 
from the Sun may be analysed, on the basis of the model used, without any 
difficulty of principle. We shall not give the calculations here (see [205, 229, 
234, 244, 250]), but merely note that one obvious consequence of this model 
is a brightening towards the limb of the Sun’s disc. This occurs for waves 
which in the central part of the disc (i.e. for r < 0-8 to 0-9 ro) are strongly 
absorbed only in the chromosphere, where T = Ty, < Te. 


The effect of the magnetic field 


The sporadic radiation from the Sun in the metre wavelength range is non- 
equilibrium (non-thermal) radiation, and its intensity sometimes reaches very 
large values (T'o, et ~ 107? to 10% deg). Whatever the mechanism responsible 
for the sporadic radio emission (see [136, 252]), the above discussion remains 
valid as regards the propagation of this radiation in the corona and its emer- 
gence therefrom. We cannot, however, consider only an isotropic coronal 
plasma. The effect of the magnetic field may, indeed, be important even for 
the thermal radio emission, but this effect is relatively small, because the Sun’s 
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general magnetic field is weak, and it is the general magnetic field which is 
significant as regards the thermal radio emission from the Sun as a whole. 
When the sporadic radio emission is not polarised or only slightly polarised, 
the coronal plasma also may in general be regarded as isotropic, but the 
sporadic emission is often strongly polarised, and then the coronal plasma 
must certainly be considered to be magnetoactive. 

The necessary general formulae have been derived in Chapters III and V. 
The magnetic field in the corona, unlike that in the ionosphere, cannot in 
general be regarded as uniform. Moreover, the much higher temperature in the 
corona has the result that the effeet of the thermal motion (spatial dispersion) 
is greater. 

By way of examples which afford some idea of the importance of the 
magnetic field, we may give the results of calculations [89] of the refractive 
index n, , above a sunspot (absorption is neglected; in the corona it usually has 
very little effect on the form of the function n, .(7)). The field source is taken 
to be an extended magnetic pole at the level of the photosphere.f Then the 


field on the axis is 
' h 
(0) v ENIRO (p IPC: 
H (r) = H, (1 TERES h | 


h—r-—rg 
—ro(y— 1). 


Here b is the radius of the magnetic pole and H, the field at the level of the 
photosphere (Fig. 36.3). The electron density is given by (36.1). Figs. 36.4 to 


(36.23) 


h 






Extended 
Photosphere magnetic 





Fra. 36.3. Extended magnetic pole forming a circle of radius b at the level of the 
photosphere. 


36.6 give graphs of the function £i ,(7) for x = 0°, 15° and 90° and H, = 250 
and 2500 oersted, with w = 2m x 108(A, = 2ac/w = 3 m) and 6? = 10% cm’, 
ie. of the order of the area of a fairly large spot. 

The difference between the cases shown in Fig. 36.5a and b is that for 
H, = 2-5 x 10? the level wg = w (i.c. u = 1) is higher in the eorona than the 
level w = w (i.e. v = 1), but for H, = 2-5 x 10? it is lower. Hence, in partic- 
ular, it follows that in Fig. 36.5a the interaction of the normal waves occurs 

1 This model gives a good approximation to the fields of unipolar spots, which form 


about 35 per cent of all spots [253]. For bipolar spot groups this approximation still 
applies, within certain limits, in the region above a spot of a given polarity. 
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Fro. 36.4. The functions 7} .(7) in the coronal plasma for « = 0°; the vertical 
broken lines correspond to the point v; cc. 
(a) H, — 2.5 x 10? 
(b) H, = 2-5 x 10? 

















! -I f- j y 
Fie. 36.5. The functions %4 (7) in the coronal plasma for œ = 15°; the vertical 
broken lines correspond to the points v; 6 and Ugoo. 
(a) H, = 2-5 x 103 
(b) H, = 2-5 x 10? 
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in a region where wy > w, whereas in Fig. 36.5b the interaction regions lie 
in a layer where wy < w; the regions concerned are encircled in Fig. 36.5. 
It may be noted that this difference in the forms of the curve for strong 
and weak fields occurs only for intermediate values of the angleg (0 < œ < 42); 





Fia. 36.6. The functions $$ (n) in the coronal plasma for « = 90°. 
(a) H, = 25 x 10? 
(b) H, = 25 x 10? 


it is clear from Figs. 36.4 and 36.6 that for « = 0? and « = 90? the change 
in the magnetic field does not lead to any marked change in the curves 7} (7). 

Fig. 36.7 a shows the curves of fi; , (1) in a weak magnetic field H, = 25 oer- 
sted with « = 15? (in the quasihydrodynamic approximation, allowing for the 
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Fro. 36.7. The functions ñ$ > 4 in the coronal plasma for a = 15° 
(a) H, = 25 oersted 
(b) H, = 0 (isotropic plasma) 
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thermal motion). Fig. 36.7b shows graphs of ñi a and ji; under the same con- 
ditions, but when the magnetic field is absent: 


23 — 2,2 

ñi = l— e/o, 

1 — w/w? 
vip[c? 


i 
It is important to note that, in a sufficiently weak field, the cross-and-dash 
part of the curves in Fig. 36.7a has the same properties as the similar curve 
of #2 in Fig. 36.7 b. This is in agreement with what has been said in $ 12, and 
has the result that when u = w3,/w? « 1 we often need consider only transverse 
and plasma waves in an isotropic plasma, instead of having to investigate the 
more complex problem of the generation and propagation of waves in a magne- 
toactive plasma. 


Transformation of plasma waves into radio waves 


Fluxes of particles generate plasma waves in the corona (in the magneto- 
active case this means that waves are formed in the neighbourhood of the poles 
of the functions fi 2). On emergence from the corona, only radio waves are of 
interest in radio astronomy. Thus the problem of the transformation and 
emergence of waves from the corona is one of the most important in the theory 
of sporadic radio emission from the Sun. We shall not give a detailed discussion 
(sec [89, 133, 136, 252]), but merely call attention to certain points. 

In a homogeneous plasma the transformation of various types of wave can 
occur only by scattering at inhomogencities (fluctuations) of either thermal 
or non-thermal origin.] For example, in an isotropic plasma there are two 
types of fluctuations: those of plasma density, which are unrelated to the 
appearance of space charge, and those where the ion density remains 
unchanged, i.e. fluctuations of the electron density only. The fluctuations of 
the latter type are actually fluctuation plasma waves which can scatter the 
plasma wave or transverse wave under consideration. In the scattering of 
plasma waves, which have becn generated in any way in the corona, by 
fluctuations of the two types, transverse (radio) waves are formed, which then 
leave the corona if the conditions are favourable. A similar mechanism of 
transformation of various types of normal waves by scattering occurs in a 
magnctoactive plasma. . 

In an inhomogencous plasma, the transformation of waves may also occur 
regularly, i.e. without the intervention of scattering processes. In an isotropic 
plasma near the point e(w, y) = 0 a plasma wave may become a transverse 
wave by means of the interaction discussed in § 20. In a magnetoactive plasma 


T The term ‘homogeneous plasma" is here used in a conventional sense, of course; 
we mean one which is homogeneous “‘on the average" (in the absence of fluctuations or 
local inhomogeneities). 
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the transformation is due to an interaetion of waves leading to a “tripling” 
effeet (see $$ 28, 29; the eorresponding regions of interaetion are eneireled 
in Fig. 36.5). 


Collisionless absorption 


In the magnetoactive eoronal plasma, beeause of the high temperature, 
we eannot take account only of the absorption due to collisions. In addition, 
there is absorption resulting from proeesses inverse to the emission of magnetie 
bremsstrahlung and Cherenkov radiation (see § 12). The Cherenkov absorption 
oeeurs only in the region where "4 , > 1. As regards the problem of emergence 
of radiation, this absorption mechanism is not of great importanee (see Figs. 
36.4-36.6; the Cherenkov absorption is non-zero for waves which ean leave 
the corona only as a result of interaction). The magnetic bremsstrahlung will 
be observed when « + 0, for both the ordinary and the extraordinary waves 
at the frequencies w = swy (s = 1, 2,3, .. .). The eorresponding values of the 
absorption eoefficient u = 2q = 2wx/c have already been given in $12; 
see formulae (12.36)-(12.46). 

For s = l and s = 2 the resonanee absorption eoeffieient 4 (s = 1) ~ 
~ Hares (8 = 2) ~ (elc) (ool?) Bp, while the eollision absorption eocfficient 
13,2, cott ~ (Vese/¢) cog/co?. Thus uo, con/ Ha, a res ~ Vett Dp ~ 1079. for vee ~ 10, 
w ~ 2x x 108 and Br ~ 10-?, and so the resonanee absorption is very strong. 
Some rough estimates [85, 89] show that in the eorona the optieal thiekness 
due to resonanee absorption is, for the extraordinary wave, 


t(s = 1) — v, (s = 2) ~ 105, 
v;(s = 3) ~ 60, (36.24) 
tu(s = 4) ~7 x 107? 


for w~2r x 108, oco, Br = V(xTime) ~10-?, T~108 and 
Ly ~ 10 em (Ly being a eharaeteristie distanee over whieh the field Ho, 
and therefore the frequeney wy, vary appreciably). For the ordinary wave 
the values of t = v, under the same eonditions are smaller by one or two 
orders of magnitude. Nevertheless r,(s = 1) —7,(s = 2) Z 10° > 1. 

Thus resonanee absorption for x ~ 1 may greatly attenuate waves passing 
through the levels w ~ c, w ~2wyp and (for the extraordinary wave) 
w ~ Sog. For the model of the corona above a spot uscd to obtain Figs. 36.4 
to 36.7, we have with H, = 2:5 x 10? oersted, the levels w = wy, w = 2wy 
and w = 3o lying respectively at 7 = 1-27, 1-38 and 1-47. It follows from 
Fig. 36.5a that in this ease the resonanee absorption greatly modifies the 
eonditions for the emergence of waves from the corona. In a field 
H, = 2:5 x 10? oersted, however, the effect of the resonanee absorption is 
not great, sinee the eorresponding valucs of y are 1-085, 1-121 and 1-148. 


14 PEW 
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Kirchhoff’s law in a magnetoactive plasma 


To conclude, let us consider the question of the use of Kirchhoff’s law in a 
magnetoactive plasma (see, in particular, [62]). 

For convenience, we shall begin by repeating the argument for an isotropic 
medium. The intensity of radiation Jj, entering a vacuum from a bounded 
isotropic medium consists of the radiation J,, due to that medium itself and 
the radiation Ioe incident on the medium, reduced by a factor e77: 


D = 
Low = o + Lowe a 


b 
36.25 
r= 22 f pds, l l 
c 
a 


where u is the absorption coefficient and ds is an element of the ray shown in 
Fig. 36.8; it is assumed that the ray is not partly reflected and partly trans- 
mitted, ie. that reflection is either complete or absent. The relation (36.25) 





lout iat lowe”? 


Fic. 36.8. Change in intensity of radiation when a ray passes through an 
absorbing medium. 


expresses the conservation of energy, and moreover is based on the concept 
of rays, which is equivalent to using the approximation of geometrical optics. 
In the case of complete thermodynamic equilibrium we have 


1 
Lou (T) = 5— IT) | 
ho? 1 
nd 4 73 c eholxT _ ] 2 


Ig, =o x Tte for ho/xT «1, 


(36.26) 





where both polarisations are taken into account and I of = I is the intensity 
used previously, referred to the frequency range df = do/[2m. 

In a vacuum the equilibrium radiation is homogeneous and isotropic; thus 
in equilibrium we have Ioe (T) = Ioa (T), and the expression (36.25) becomes 


IUD) = La (T) (0,— 67). (36.27) 


It is of interest to note that, according to its derivation, I„ is the radiation 
leaving the medium to the right in Fig. 36.8, and t is the optical thickness 
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when the wave medium is likewise traversed from left to right. However, 
the ordinary reciprocity theorem, which is valid in non-magnetoactive media, 
shows that the optical thickness t is the same for passage through the medium 
in either direction. It is only for this reason that Kirchhoff’s law, i.c. the rela- 
tion (36.27), can be formulated without mentioning the direction of propa- 
gation of the wave. 

Considering now the radiation in the vacuum which has left the magneto- 
active plasma, we may note that in thermodynamic equilibrium this radiation 
must be unpolarised. (The magnetic field does not destroy the thermodynamic 
equilibrium, and the equilibrium radiation in the vacuum is unpolarised.) 
Moreover, the equilibrium radiation in the vacuum can be represented as the 
sum of two non-coherent waves whose polarisation ellipses are mutually per- 
pendicular and have the same axis ratio [255, § 6-7]. The intensity of each of 
these waves is evidently 17,, (T). The polarisation ellipses of the normal waves 
on leaving the magnetoactive plasma are also mutually perpendicular and have 
the same axis ratio ($ 11). Hence it follows that the intensity of the equilibrium 
radiation in the vacuum can be represented as a sum of the intensities of normal 
waves corresponding to the magnetoactive medium under consideration. 
Each of the normal waves corresponds to an intensity 410w (T). 

Assuming that the normal waves do not undergo partial reflection in the 
plasma and do not interact (ie. ignoring effects such as “‘tripling” and the 
limiting polarisation; see $$ 26, 28, 29), we find that Kirchhoff's law for a 
magnetoactive medium is 


Ijis(T)— 114,07) (1 — 67), (36.28) 


with 


= 2 cos (5 ET | 
ae <2 fna "dk]^? (36.29) 


4,2 = 2w ty 2/C. 


Of course, for 7, > 1 and Ttg > 1 we have I,(T) = L,4(T) + £,4(T) = Ios (T), 
as it should be. The expression (36.29) involves the cosine of the angle between 
the wave vector k and the direction of the ray (the group-velocity vector) 
dw/dk, because x; g and p, characterise the absorption in the direction of k 
and in calculating t}, we need to know the absorption along the ray; the path 
element along the normal is ds’ = cos(I,dw/dk) ds, where ds is the path 
element; see, for instance, Fig. 36.1. 

Since in a magnetoactive plasma the ordinary reciprocity theorem is in 
general invalid, the intensity of radiation J,,,,. in any direction (36.28) is 
determined by the values of v, , for a wave in the same direction. Hence, for 
example, a system of the optical-valve or radio-valve type will emit strongly 
in any given direction only those waves which it strongly absorbs when they 
pass through it in the same dircction. 


14* 
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By means of formula (36.28) we can discuss the thermal radiation of the 
isothermal corona with allowance for the effect of the magnetic field. Moreover, 
as in the isotropic case, it is casy to obtain more general expressions for a 
stratified medium with layers at different temperatures [see, for example, 
(36.18)]. 


$37. PROPAGATION OF RADIO WAVES IN THE 
INTERSTELLAR MEDIUM 


Absorption of radio waves in the interstellar gas: general remarks 


The cosmic radio emission, apart from that due to the Sun, planets and 
comets, is generated in interstellar space, in isolated galactic and extragalactic 
nebulae, and also in intergalactic space. Some part of this emission is thermal, 
but the greater part is non-equilibrium emission due to the acceleration, in 
weak magnetic fields, of relativistic electrons which occur in the cosmic radia- 
tion [205, 231-233]. Moreover, there is observed a monochromatic cosmic radio 
emission from neutral hydrogen (A = 21 cm); this is due to transitions between 
sub-levels in the hyperfine structure of the ground state of the hydrogen 
atom. 

Whatever the nature of the cosmic radio emission, it is important to note 
that the interstellar electron gas, despite its low density, absorbs a con- 
siderable amount of radiation in the range here considered (wavelengths 
from centimetres to hundreds of metres) [205, 227, 229-233]. We shall discuss 
this problem in more detail here, but shall not consider the absorption in 
atomic hydrogen of waves of length close to 21 cm [232] or the absorption of 
low-frequency (hydromagnetic) waves in the interstellar medium ($ 14). 

The electron density in the interstellar gas varies over a wide range, but 
does not usually excecd N = 10 em-?, and in most regions of the Galaxy 
it is considerably less than this [205, 232, 233, 254]. Hence, even for the 
longest waves considered (A — 1 km, w ~2 x 109 sec-1), we have 1 — n? = 
= 3:18 x 10? NJo? S 107?, i.e. in determining the absorption we can always 
suppose that n = 1. Thus it might seem that for the absorption coefficient u 
we should take the expression (36.8) with n = 1, ie.f 
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T The temperature of the interstellar electron gas, even in the hottest strongly ionised 
regions, is of the order of 10,000°, and so the condition (4.28) may be regarded as fulfilled. 
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This formula, however, is usually invalid for a gas of very low density. At 
first sight it may appear that this invalidity is due to the violation of the 
condition 4? » 1/N (in other words, the interstellar gas is so rarefied that 
for short radio waves there is only a small number of electrons in a volume 
— 43). In deriving the formulae for n and x we have assumed that å > N-3 
(see $ 4); nevertheless, it is easy to see that, even if that inequality does not 
hold, formula (37.1) is not invalidated, unless for othcr reasons. 

This may be proved as follows. Even if the inequality 4 >> N-1 isnot satisfied, 
the conductivity ø and the permittivity e may stil be assigned a certain 
meaning, since in calculating these quantities in $6 by the kinetic method 
we made no assumptions concerning the electron density N, but merely 
assumed that the region considered is much smaller than the wavelength 2 
(the field being therefore regarded as uniform). Hence, if the volume — 43 
contains few particles, i.c. if 23N <1, the values of ø and e calculated by the 
kinetic method are quantities averaged over a large number of such small 
volumes or over a time At > 2o. 

In other words, ø and ¢ cannot now be regarded as the ordinary macroscopic 
parameters of the medium, simply because the phenomenological wave equations 
cannot be applied to a rarefied medium where the inequality A > N-$ does 
not hold. But if we consider the absorption of waves over a distance L > å, 
the absorption coefficient u calculated from the values of ø and e thus averaged 
has its usual significance. Thus from this point of view formula (37.1) remains 
valid if «is taken to be the mean coefficient of absorption and used to calculate 
the absorption of a wave traversing a sufficiently long path. The same con- 
clusion may be reached without using the quantities o and e at all, but using 
the mieroscopic theory throughout and calculating the absorption coefficient 
as the mean energy transmitted by the wave to individual electrons. Of course 
this does not signify a different statement of the problem, but only a somewhat 
different treatment. 

Thus, if formula (37.1) itself were correct, we should have no reason to 
carry out any further calculations. However, as has been stated in $8 4 and 6, 
formula (37.1) is strictly correct only if 


l(&z&? N Imo?) > 1. (37.2) 
In the interstellar gas we have, on the contrary, 
V (4ze? N Imo?) « 1, (37.3) 


since N < 10 and in cases of interest to us w > 2 x 109; for N = 1 and 
w — 2 x 105, the parameter V(4ze?N[mo?) ~ 3 x 1072. 

We shall therefore givc here the derivation of a formula for uin the casc (37.3). 
The significance of the latter inequality is cvident from the discussion in $ 4: 
when it is satisfied, the distance traverscd by an electron during one period 
of the high-frequency field (the field of the radio wave) is much less than the 


422 Propagation of Electromagnetic Waves in Plasmas 


Debye length D. Consequently the screening of the ion field by other ions and 
electrons is only slight and the maximum impact parameter Pm is the distance 
traversed by an electron in one period, viz. p, ~ 2zt9[c ~ (2zt/o)) V(x T/m). 
These conclusions will be confirmed below. 


Caleulation of the absorption coefficient in a highly rarefied plasma 


Thus our problem is to calculate the coefficient of absorption of radio 
waves owing to the motion of electrons in the Coloumb field of a point charge. 
This is most simply done by using Einstein's relations between probabilities 
of emission and absorption of radiation. For, from the quantum viewpoint, 
the absorption of radio waves in collisions is a process of absorption of photons, 
accompanied by a transition of an electron from one state of the continuous 
Spectrum to another of higher energy. In a transition to a state of lower energy 
there is spontaneous and stimulated emission of radiation. The spontaneous 
emission is just bremsstrahlung. 

For any system the number of photons absorbed per unit time in transitions 
from state 1 to state 2 is Z, = B,,N,U,,, where B,, is a constant coefficient, N, 
the number of atoms in state 1 and U,, the radiation energy density per unit 
interval of w. The number of photons emitted in transitions from state 2 
to state 1 is Z, = (Ag, + B,,U,) Ns, where A,, is the probability of spon- 
taneous emission per unit time and B,,N,U,, is the number of stimulated 
emissions. If the statistical weights of states 1 and 2 are the same, Einstein's 
relations aref 

Bis = Boy, Agi] B4a = ho? [n* c3. (37.4) 


For bremsstrahlung of frequency œw the transition is between two states 
of the continuous spectrum, with energy difference hw. If the inequalities 


ho«imwv-xT, | 


37.5 
eh v >I (ie. T ~m v?[x « 3 x 105) ere) 


hold, the energy emitted by the electron moving in a Coloumb field can be 
calculated by the classical theory. In this method [255, § 9-5] we first calculate 
the energy de, emitted by an electron moving at a certain impact parameter p, 
and then derive the desired quantity 27 f dE p dp =dq,hw, which is the 
energy emitted in the frequency range dw by an electron moving at any 
impact parameter. The general expression for dq,hw is fairly complex, but 
it becomes much simpler if we consider the cmission at low or high frequencics. 
In the present case we are interested in low frequencies, whcre 


wo<mr le ~ (x Te) y(x T/m) ~ 108 T32. (37.6) 


T Sec, for instance, [9]. When the density U, per unit interval of f is used, it must be 
remembered that Ua = U,/2z. Moreover, the ratio A,,/B,, as given here is for isotropic 
radiation, and A», is the total probability of a spontaneous transition, which is then 
independent of the direction of the photon and the state of polarisation. 
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Even if T ~ 10? (the lowest temperature of interest), the condition (37.6) 
is œ < 10"? and is therefore satisfied at radio frequencies. 
With the condition (37.6) we havet 


1665 259m 
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da, (37.7) 
where v is the velocity of the electron at infinity, y = 1-781 = eC = e577, 
We use the notation dq,h« because here dq, is the bremsstrahlung cross- 
section (i.e. by definition dq, is the number of photons emitted in the frequency 
range w to w+dw for all values of p and for unit flux of incident particles). 
The number of bremsstrahlung photons emitted per unit time is dq, Nav, 
where N,v is the flux of incident particles. If we also use the fact that there 
are N ions per unit volume, the total number of spontaneous emissions per 


unit volume of gas is 
166NN, , 29m 
Tos 7 3, Pho poa S ote) 





Assuming the electrons to have a Maxwellian velocity distribution f,,dv = 
= 4x (m/222T)32 exp(—mv?/2xT)v? dv, the mean value is 


z , 32e? N N, In[2 (2x T)3/?/y5/? e? m+ w] 
Že sp = i ee Dua ve Lalo RUM AMD LURUe E a 
e, 5p J asp foote 3y(22) Vc T) mE eho dw 


Knowing Z ap , We can use (37.4) to find the total number of emission processes: 


Z, = Ze, sp + Ze, st = (Ag; sp By, U,) No. 


(37.9) 


The experimentally measured absorption is evidently the difference 
between the “true” absorption and the stimulated emission. If the number 
of electrons of energies 1 and 2 were the same, it is clear from the above 
discussion that there would be no absorption at all, since B,, = B,, and 
N, = N,, so that Bi N,U, = B,,N,U,. In thermal equilibrium, or if the 
clectrons at least have a Maxwellian velocity distribution, VN, — N, = Nhw/xT; 
we assume that the first condition (37.5) holds. N is the mean number of 
particles in states 1 and 2, which in our case is equal to the ion or clcctron 
density N, on account of the integration over velocities. Using the above 
results and (37.4), we find that the measured number of absorption processes is 


Za ett = Za — Zest Zo sp (70 0 hoho x T) U,. 


T It may be noted that, if the inequality opposite to (37.6) holds, we have 
dq, ho = (16ze9/3y3v? m?) do; (37.72) 


here, as in (37.7), it is assumed that the electron collides with a singly charged ion, whose 
motion is neglected. If the ion has a charge Ze, a factor Z? appears in (37.7) and (37.7 a), 
and in (37.7) the argument of the logarithm is divided by Z. Moreover, whereas (37.7) 
is valid for ions of either sign, (37.7a) holds only for positive ions. For collisions with 
negative ions a factor exp(— 2zte?c|mv?) is needed; see [255, $9—5]. 
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The energy absorbed in unit volume is (for a wave propagated in the z-direction) 
dS/dz = — Z, chio, and the flux of incident radiation is S = cU, do, since 
the velocity of the radiation is assumed equal to that of light (ie. the re- 
fractive index n = 1). Hence we find the following final formula for the ab- 
sorption coefficient u = — (1/S)dS/dz; 
322? eè N?In[(2» T)?2/2-115 e? m* o] 
ia 3 (22) (x T m)?! c w? 
0-58 N? l 4-6 x 105 T 
—gqu | ( ws 
107? N? T? 
This formula can also be obtained by the same method as in $ 6 if we substitute 
in (6.12) a maximum impact parameter p, given by 


(37.10) 


Rd 


Pmo = 15 t) , (37.11) 
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i.e. dE of the path traversed by an electron moving with the mean thermal 
velocity during one period of variation of the field. Of course the value of the 
coefficient in this result could not be obtained except as above. The ratio 
Pmo/ D ~ 4x e? N[mo?, and thus, in accordance with (37.2) and (37.3), the 
value of the parameter 4ze?N/|mo? determines the ranges of validity of 
formulae (37.1) and (37.10). These formulae lead to the same result if 


4ze? N Imo? — 1. (37.12) 


However, it must not be forgotten that formulae (37.1) and (37.10) pertain 
to the limiting cases 4zre? N/mw* > and «1, and so a comparison of them 
for 4ze? N/mw? ~ 1 is an extrapolation showing only that they agree in this 
range. The occurrence of the parameter p,, or D only in a logarithm has 
the result that for 4zre? N/mw? ~ 0-1 to 10 we can with sufficient accuracy 
use either (37.1) or (37.10), since then the quantity 


_ pu (37.10) — (37.1) _ In(3 x 4zx e N/m o») 
p (37.1) 31n(220T/N3) 


A (37.13) 


is very small. For example, even if 4ze?N/mo? = 1 — e ~ 10-2, we have 
[A] ~ 15 per cent only for T = 10* and N = 109; since in the corona T ~ 10$ 
and N < 10°, the actual value of A is less than this. In the ionosphere, with 
4nze?N|[mo? ~ 107? and T —300, we have |A| #15 per cent when 
N~3 x 10* (in this example w ~ 108, and so it is again “pessimistic”, 
since when w is smaller and 47e? N mo? the same the value of |4 | is smaller). 
Thus the use of u with Pm = D [i.e. formula (37.1) and its analogues] every- 
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where except in the present section cannot lead to an error greater than 
5-10 per cent. Formula (37.1) is, as already noted, inapplicable only for the 
interstellar gas. 

Knowing the absorption coefficient given by expression (37.10), we can 
calculate the optical thickness of the gas in any dircction in the Galaxy. 
If N and T are constant along the whole path, then, of course, 

-2 N2 3/2 
10°.N | T3I |z, 


Tae pe 17-7 + In —— 


T—uLb- j 


(37.14) 
where L is the length of the path. 

The electron temperature in highly ionised regions of the interstellar gas 
is T —10*. Hence, ifr = 1, the Galaxy must be a fairly strong source of thermal 
radio emission. The effective temperature of this radiation in any direction is, 
by Kirchhoff's law, 

Tap = T[1— e], (37.15) 


where 7(A) is the optical thickness in the direction considered for the wave- 
length A in question. The specific intensity of this radiation is the intensity 
of black-body radiation of temperature Tett, i.e. 


T= 2f% x Toggle? 
= 2T. 
= 2.76 x 10719 7.¢/A? erg/cm?. sterad. (c/s). sec 
= 2-76 x 1072? T, 4/22, W/m?. sterad. (Mc/s). (37.16) 


Evidently for t > 1 we have Tett = T, i.c. the effective temperature cannot 
exceed T. We find experimentally for long waves (A >10 m) Ty > 105, 
and moreover in most cases the optical thickness of the Galaxy v < 1. Hence 
the thermal radiation of the interstellar electron gas certainly cannot be 
responsible for the whole of the galactic radio emission. As already mentioned, 
the non-thermal component of the cosmic radio emission is magnetic brems- 
strahlung (synchrotron radiation), i.e. is due to the acceleration of relativistic 
electrons in interstellar ficlds. 


Rotation of the plane of polarisation of radio waves in the interstellar medium 


The interstellar magnetic fields H(? < 10-5 ocrsted are so weak that it 
seems quite unnecessary to take account of their cffects on the propagation 
of radio waves; for H® ~ 10-5, the gyration frequency «c; ~ 200, and 
for wavelengths 4 —1 to 10m we have Vu = wy/w ~ 10-9 to 10-7. This 
conclusion is in fact correct as regards the calculation of the optical thickness 
or refractive index of the interstellar plasma, but in one respect even a weak 
ficld H(? < 10-5 is important: it causes a rotation of the plane of polarisation, 
and a depolarisation, of the cosmic radio emission. 
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The magnetie bremsstrahlung radio ernission generated in a uniform mag- 
netie field is strongly polarised [231, 233, 256]. We might therefore expect 
a considerable polarisation of the eosmie radio waves received at the surfaee 
of the Earth. In reality the polarisation, though it apparently exists, is very 
slight [257]. This is due to two eauses: firstly, the magnetie field has different 
direetions in different regions of interstellar spaee, and so only the radiation 
from one “eloud”’ (a region with a quasiuniform field) should be polarised; 
seeondly, the rotation of the plane of polarisation in the interstellar medium 
leads to a depolarisation of the radiation within each eloud. (For non-mono- 
ehromatie radio waves, sueh as are involved here, there is also observed a 
depolarisation due to the dispersion of the rotation of the plane of polarisation, 
ie. the wavelength dependenee of the angle of rotation.) 

For radio waves propagated in the interstellar medium we have 


Ju =oylo<1, v = œo? Kl, 8s = gol, (37.17) 
and so the eonditions (11.36) for "quasilongitudinal" propagation beeome 
wsin'a/4eos?x « l,  wgin?« « l. (37.18) 
It has been noted above that, when A = 10 m and H(9 ~ 10-5, the parameter 
u ~ 107?; even for A = 1 km, u — 10-8. Thus the eondition for “ quasi- 
longitudinal" propagation in the interstellar medium is satisfied for practieally 
any angle « between H and the wave veetor k; using therefore (11.37) with 
wu -«]1,s« l1 and » ~ 1, we find 
Ng — Ny =n — n, 
a~ ‘u (v eos x) 
= (Wy w/w?) eosx 
_ Ane HON 
|. mco 





= 5-6 x 1015 — m (37.19) 


Hence it follows that, after a path L has been traversed, the plane of polari- 
sation of the wave is rotated through an angle 
V = b (w/6) (ne — m) E 
& 0:93 x 109 (79 N Llw?) cosa; (37.20) 
this formula is easily derived from (11.10) and (11.12) by taking the real 


expressions for the fields E, and E,, which are the sum of waves 1 and 2 
with equal amplitudes. For H(9 ~ 10-5, N ~1, cosa — 1 and œw — 6 x 108 





1 The plane of polarisation of the cosmic radio emission also undergoes rotation in 
the Earth's ionosphere. We shall not diseuss here this effeet or the effeet of the ionosphere 
on the eosmie radio emission in general (see [238, 240]) 


. 
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(A~3m) we have ¥ ~3 x 10-1? L, ic. Y~1 for L —3 x 1019 em; if 
N —10-? and H® — 3 x 10-8, then ¥ ~ 1 for L — 101? ~ 3 pe. The regions 
of the Galaxy having a quasiuniform magnetic field seem usually to be larger 
than 101? em, and so even with N ~ 10-2 a depolarisation of the radiation 
from a single “cloud” will be observed.] Thus the observed polarisation of 
the cosmic emission, owing to the rotation of the planc of polarisation in the 
interstellar medium, depends on the electron density N. This shows, in parti- 
cular, a possibility of estimating N from observations of polarisation. 

In June the radiation from the Crab Nebula passes through the solar 
corona. At this time we may attempt to estimate the magnetic field in the 
outer corona, as wellas making a study of coronal inhomogeneities [202-205]. 
For this purpose it is necessary to observe the rotation of the plane of pola- 
risation of centimetre-wavelength radiation from the nebula [288]. 

The above effect of rotation is a typical example of the fact that the effect 
of the magnetic field on the properties of a plasma is sometimes not negligible 
even if the field is very weak. 


T The situation is exactly similar as regards the discretc sources (galactic and extra- 
galactic nebulae). For example, the polarisation of the long radio waves from the Crab 
Nebula is practically zero, but the magnetic bremsstrahlung from this nebula in the optical 
range and at centimetre wavelengths is partly polarised. The difference is due to the 
fact that the angle ¥ is inversely proportional to œw? [see (37.20)]. 
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CHAPTER VIII 


NON-LINEAR PHENOMENA IN A PLASMA 
IN A VARIABLE ELECTROMAGNETIC FIELD 


§38. INTRODUCTION. A PLASMA IN A 
STRONG UNIFORM ELECTRIC FIELD 


The eondition for the field in the plasma to be weak. Some examples 


One of the characteristic properties of a plasma enumerated in § 1 is the 
occurrence of non-linear effects even in relatively small and easily obtainable 
electric fields. This is due to the slowness of energy transfer from electrons 
to heavy particles (atoms, molecules and ions) resulting from the smallness 
of the ratio m/M, whereas electrons in a plasma may acquire considerable 
energy from the field, because the free path is very long. Consequently, the 
plasma electrons in an electric field become heated, and the complex per- 
mittivity &' (or ¢;,) depends on the field strength. In other words, the polari- 
sation P and the conduction current j are no longer proportional to the field E, 
so that the electrodynamic processes in the plasma (in particular, wave pro- 
pagation) become non-linear (the superposition principle does not hold, and 
so on). 

The effect of the field on the properties of the plasma is discussed below 
(see also $ 4). It is useful to point out immediately, however, that this effect 
may be neglected in a first approximation if the field E = E,e'®! satisfies 
the condition 

E,« E, = V[3m x T ôl? + vert, o)/e?] 
= 4.2 x 1071? V[Ó T (w? + và, o)] V/cm, (38.1) 
where vett,o(T) is the effective collision frequency in an equilibrium plasma, 
used everywhere in the preceding chapters, and 6 the cffective (mean) relative 
fraction of energy transferred by the electron in a collision with a heavy 
particle (see § 5; in elastic collisions 6 = à,; = 2m/M). In (38.1) the external 
magnetic ficld I% is, for simplicity, assumed absent. 

The characteristic field E, is sometimes called the plasma field. In this 
field the mean energy of the electrons varies by an amount of the order of xT 
(see below and $ 4). 

A ficld which satisfies the condition (38.1) is said to be weak. In a strong field 
(E, Z Ep), and especially in a very strong ficld (E, > E, the properties 
of the plasma change considerably. 
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At low frequencies (where w? < v%;9) in the ionosphere E,~ 10-5 to 
10-? V/cm, since vett o ~ 105, T ~ 300, 6 ~ 10-3 in the E layer, and Vett,o ~ 107, 
T ~ 10%, ô ~ 107* in the F layer. In the solar corona, as in any fully ionised 
hydrogen plasma, ô = à,; = 1/918. Hence for low frequencies in the corona 
with » ~ 10 and T ~ 109 we have E, ~ 10-7 V/cm. 

For a plasma of higher density or at high frequencies such that œ? > vài, 
the plasma field E, is considerably greater. For example, in the ionosphere 
for œw = 2 x 109 (4, ~ 1 km) we have E, ~ 10-? V/cm, and for o ~2 x 10? 
(Ag ~ 100 m), E p~ 10-2? Vjcm. In the corona at metre wavelengths 
E, ~ 10 V/cm, and for A, ~ 1 em we have E, ~ 10* V/cm. Finally, in labor- 
atory conditions (vr, ~ 109 to 109, T ~ 105, 6 ~ 10-1 to 1073) the values 
are H,~10-* to 10 V/em in a field of low frequency and #,~10- to 
10-1? /7'w V/cm at high frequencies. 

Thus in a plasma, non-linearity can in fact occur in fields which are not 
particularly large in comparison with the values usual in the laboratory or 
in the wave zone of powerful radio transmitters. In non-conducting pure liquids 
and solids (except ferroelectrics) the situation is different: here the effect 
of the field on the properties of the medium may be neglected up to fields 
of the order of 105 to 10? V/em, which are already approaching the fields 
of the atomic scale Æ, ~ e/d? ~ 108 V/cm, where d is the dimension of the 
atoms or the lattice constant. In metals and semiconductors the conduction 
electrons may to a certain extent be compared to those in a gaseous plasma 
of the type under consideration (as already mentioned in 8 8). However, the 
region of non-linearity in metals is almost inaccessible in practice, since the 
attainment of a sufficiently strong field in a metal is prevented by the high 
electrical conductivity and moreover the non-linearity is reduced by the 
degeneracy of the clectrons, when the temperature T is replaced by the 
temperature of degeneracy To ~A? N2 mx). In semiconductors, non-linearity 
is quite casily observed, and here many of the conclusions derived in the 
discussion of non-linear phenomena in a gaseous plasma are qualitatively 
applicable. However, we shall not pause to consider the ease of semicon- 
duetors.] 


Statement of the problem for a strong field 


The equations of plasma dynamics are'themselves non-linear [see, for 
instance, equations (13.1)-(13.4) or (13.15)-(13.19)], and so the theory of 
non-linear phenomena embraces in general a very extensive portion of plasma 
physies. In what follows we shall be concerned to describe a much more 
restricted but quite well defined range of problems. In this scetion we shall 


+ References to work on non-linear effects in metals and semiconductors are given 
in [258], which also refers to numerous papers concerned with non-linear effects in plasmas. 
In consequence few references other than [258] will be given below. 
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discuss the effect of a uniform clectric field E = E,e'®', with arbitrary E, 
and w, on a non-relativistic and non-degenerate plasma. The plasma may 
also be in a constant external magnetic ficld H). Macroscopic (hydrodynamic) 
motions in the plasma will be assumed absent. 

The effect of the field on the plasma in this formulation of the problem 
amounts to a change in the velocity distribution of the plasma electrons, 
which must be found as a function of E,, c, H® and the plasma parameters. 
The distribution function for the heavy particles will be assumed to be Max- 
wellian with temperature T; in a steady state, which condition we shall pre- 
suppose, this assumption is usually valid. 

Knowing the electron velocity distribution function, we can find the mean 
kinetie energy of the electrons (or, in the case of a Maxwellian distribution, 
their temperature 7',) and the total current density j,. In the particular case 
of a weak field, T, = T and the current j; is proportional to the field E. 

The determination of the properties of a plasma in a uniform field of any 
strength is of interest in the analysis of various problems of gas-discharge 
physics, plasma heating, etc. The calculation of the current j, is also necessary 
as a first step in the solution of problems of electrodynamics. These include, 
in particular, problems of electromagnetic wave propagation in plasmas. 
The non-linear effects occurring in wave propagation are discussed in § 39 
mainly with reference to the ionosphere. We shall not here consider gas dis- 
charges, including those at high and very high frequencies [259]; plasma 
heating in a non-uniform field; the theory of non-steady processes, including 
the problem of runaway electrons (83, S8]; or certain other topics. 


The elementary theory 


To solve the above problem in the general case, we must use the Boltzmann 
equation for the electron distribution function. This will be done later, but 
it is convenient to begin with the “elementary theory”, which is often suf- 
ficient not only to understand the fundamental results but also to obtain 
quantitative formulae of practical usc, even in strong ficlds. 

In the elementary theory the state of the plasma is characterised by two 
quantities: the mean velocity * of the directed motion of the electrons and 
the effective electron temperature 7',. By definition, * is related to the total 
current density j, by 

ji =F + OP/0t —eNw; (38.2) 


see (3.1). In the clementary theory the electron temperature T, is given by 
3x T2 = K =Am2, (38.3) 


where the averaging is over all electrons. Since the electron velocity distri- 
bution is by no means always Maxwellian, the temperature T, is in general 
an effective electron temperature. 
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The equation for 7 has already been derived in $3, and has the form 
mdr|dt — eE + er X HOJ — mylla). (38.4) 


This equation can be used for any field, but in a strong field vep depends 
on the field, since vq = Gogg (8) Nj, mọ and so depends on the mean electron 
velocity v or, alternatively, the temperature 7,. For example, in collisions 
with molecules we have [see (6.10)] 


Vere = Ymo VTT) , (38.5) 
and in collisions with ions, to a first approximation [sec (6.14)], 
veg = vio (T/T,)9*, (38.6) 


Where vm io = Vett,m,io IS the effective collision frequency for collisions with 
molecules (m) or ions (i) when T, = T. 

In a weak field we in fact have T, = T and the quantity v.g in (38.4) is 
an independent parameter. In a strong field the plasma is heated, and 7, 
evidently depends on the field strength. Equation (38.4) must therefore be 
solved together with the equation for T,. The latter equation in the elementary 
theory is obtained simply from considerations of the energy balance. 

The electric field does an amount of work j,* E =eNr-E on the plasma 
per unit time. On the other hand, in collisions with heavy particles an electron 
loses per unit time an avcrage energy óv.g(K — 3x T/2) = 3xóv.q(T, — T)/2; 
the choice of this expression has been justified in $ 4 [sce (4.5)], and in general 
we have 6 = óq'(T,) = ó(T,) and vet = v,q(T,). The energy balance can there- 
fore be written in the form 





d [3 . 3 : 
ac (ges T.) ee B- SH dre (Le T) 
or 
d T, 2e. E 
dr IC re E — (Te) v. (T) (Te — T). (38.7) 


The simultaneous solution of equations (38.4) and (38.7) will give r and T, 
as functions of the field E. 

The successful use of thesc equations depends greatly on the fact that in 
a steady state ô « 1. Consequently, even in a strong electric ficld, the random 
velocity 6 of an electron is much greater than its directed velocity |r| (sce 
below and § 4). For this reason we may assume that ô and v,; in (38.4) depend 


only on T, = im? and not on v. 
1 This applies to a steady or quasisteady state. Otherwise the veloeity |t | may be eom- 


parable with or greater than ?, as for example during a eertain time after the applieation 
of a strong uniform electrie field. 
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In the absence of the field E, if 6 = constant and vp = constant (i.e. if 6 
and v,g are independent of T), we have 


T, — T= (T, — T. CXP(— O Meret) (38.8) 
and 
i(t) = *(0) exp (— vett), (38.9) 


where in the latter case we assume for simplicity that H® — 0 also (but 
in (38.9) the condition vet = constant is not necessary, and we may have 
Vet = Vere (Te) if T, is independent of time). 

It is clear from the above relations that the temperature (or energy) relaxation 
time 7, = l/Ó», is 1/6 > 1 times greater than the relaxation time 7 = l/v.g 
for the directed velocity (or momentum). On account of the restriction to 
steady or quasisteady processes, we shall not use the relaxation solutions (38.8) 
and (38.9) below. Hence, in a field E = E, coswt with H(? = 0, 6 = constant 
and v, = constant, we have 





noie es ei con ont —myr, | (38.10) 
r = e EQ(v cose t + w sino t)/m(w? + »?), 
A -y (y+ v cos20 t + o sinZo t) — ô »(T, — T), 
T ZU TIE costo t+ (38.11) 
ee pe singot]. 


Here, and often below, the suffix eff is omitted, i.e. v = vo and Vo = Vert, o- 
For very low frequencies, when 
o « ôv, (38.12) 


we have to within small terms of order w/d 
T, — T = (2€ E?/3 m x 6 9?) cos?w t 
= 2e E*(t)3mxó»?, (38.13) 


where we have used the fact that the condition (38.12) certainly gives w « v, 
since ô « 1. 


In the opposite limiting case 
w > dv (38.14) 


we have to within terms of order 6v/w and 6 
T, — T = &EG/3mx6(w? + »?) 
= 2E?/3mx6(w? + »2), (38.15) 


where E? is the time average value of E? = E? costwt. 
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Thus in the case (38.14) the temperature T, is constant to a first approx- 
imation ; the variable component of T', has a frequency 2w and a small amplitude 
of order ôv/w or ô. The fact that the electron temperature (or mean energy) 
is approximately constant in a variable electric field of frequency w > dv 
is entirely reasonable, simply because the temperature relaxation time 
ty = l/ôv »2mnx[o, and so the temperature cannot vary appreciably during 
the period of oscillation 2m/w of the field. Consequently the temperature 
takes some mean value (38.15) and deviates only slightly therefrom. 

It is very important to note that the situation is unchanged when the 
dependence of ô and v» = vep on T, is taken into account. Equations (38.4) 
and (38.7) can then be solved, with the condition (38.14) and ô « 1, by ex- 
panding in powers of óv/v and 6. It is, however, immediately clear that in 
a first approximation the temperature T, has the constant value given by 


T, — T = eEl3mxó(T,)(o* + »* (T,)); (38.16) 


this is evidently obtained from (38.7) and (38.10) by neglecting the term 
dT,/dt, which is small if ô « 1 and ĝv/w « 1 [see (38.14)]. The result is easily 
verified by calculating the time-dependent part of T, in a first approximation, 
with (38.16) serving,as the zero-order approximation. 

In a constant field E and in a steady state we have 

v =e E[m v(T,), 
T, =T + 28 E3 m x ô (Te) v? (T,), 
i.e. the temperature T, is the same as the mean temperature (38.16) for w = 0 
with E, replaced by |/2 E. This is reasonable, since when w « v, the variable 
field has the same average cffect as a constant field E = E, = Eo/ V2. 

It is immediately seen from (38.16) and (38.17) that in a steady field of 
any frequency the mean velocity of random motion v ~ l/(x T,/m) considerably 
exceeds |r|. For, according to (38.16), even for T, > T 

v ~ VG Tum) 
~ eBEsmyóy (w? + »3), (38.18) 


(38.17) 


while 
|t| Se Em yw? + +) ~ Yds; (38.19) 
sec (38.10). This estimate is, of course, equivalent to that in § 4. In a constant 


ficld, or when the approximation (38.16) (T, constant) may be uscd, equation 
(38.4) can be solved independently of (38.7). For a field E = Eye’! we have 
--| »(T,) i o )_ H 
w? + (T) o+ (T) eN' 
In such conditions, as in § 3, it is convenient to use instcad of j, or r the per- 
mittivity e and the conductivity c, defined by (3.1): 


j = [o + te — 1)o/4z] E. 





(38.20) 


mM 
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For € and ø we then obtain formulae (3.7), where wp = veg (T4) = v (Te). 
In a strong field 7, depends on Æ, and the problem of wave propagation 
becomes non-linear. 

The expressions (38.16) and (38.17) do not give T, explicitly if 6 and v 
depend considerably on T,. Before deriving the final formula for T,, we may 
write (38.16) in the form 

Bog Hiat. 
T Ep) @? + (T,) 
using the plasma field E, [sce (38.1)] and v, = v.s, (T), and for simplicity 
assuming 6 to be constant. The latter assumption will also be made below, 
since it is often entirely correct (e.g. for elastic collisions ô = 64 = 2m/ M). 
Hence from (38.21) we immediatcly see the significance of the condition (38.1): 
in a field of amplitude E, < E, the plasma is only slightly perturbed and T, ~ T. 

For collisions with molecules we use the expression (38.5) and substitute 
it in (38.21). Thus 


e» + 1$ (7! 4v E,\? 
qc eee. pm tees 22 
nerh eu um) e 


where now v= %eif.mo(T). Fig. 38.1 shows T, as a function of E,/E, for 
w? > ve and w? « va. The clectron temperature increases monotonically with 
the ficld for collisions with molecules. 


(38.21) 





Fro. 38.1. Electron temperature as a function of clectric field for a weakly 
ionised plasma (electrons colliding with molecules). 


At high frequencies c? > »?(T,), it is clear from (38.16) that 
T; e? E 


SES ge 
T i 3m x ôT ow?’ aren 
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This expression is independent of v and v, and is therefore valid for collisions 
with ions also. 


At frequencies œ? < 7%, there is an interesting feature for collisions with 
ions: the relation between T, and E,/E, is no longer one-to-one [34]. Conse- 
quently, in the region Ej! < E, < Ej three values of the steady temperature T, 
correspond to any given value of E, (Fig. 38.2). Only two of these values 
are stable, however, namely the lowest and highest. The absence of a possible 
steady state for E, > EL = 0-28 E,(co = 0) is due to the fact that the 


le 
log = 





Fra. 38.2. Electron temperature as a function of electric field for collisions of 
electrons with ions (w = 0-017). 


energy acquired by the cleetrons from the field increases rapidly with 
T,(T* E — lv ~ T3?), whereas the energy acquired by the ions decreases 
(6vT, ~ T;*). Hence, in a sufficiently strong field, the temperature T, must 
increase until the collision frequency »(7',) becomes less than œw and a second, 
“high-temperature”, steady state (38.23) can exist. The transition from the 
low-temperature to the high-temperature state is shown by an arrow 1 
Fig.38.2. The reverse transition occurs in a field EI ~ 1-7 (w/v) E, (c = 0) < EL, 
i.e. hysteresis must be observed in the dependence of T, on Fo. The instability 
of the low-temperature state of the plasma (for collisions with ions) occurs 
also in a constant field E > E, = ELy/2 = 0-2 E (œ = 0). The second stable 
state is then, of course, absent. Moreover, in a certain field exceeding E, 
there ceases to be a steady state even for the mean directed velocity r 
of the electrons, and this gives rise to the problem of “runaway” electrons, 
discussed in more detail in [258]. 
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In the presence of an external magnetic field H® the temperature T, in 
the region (38.14) is also constant in a first approximation, and 


Le gj 2 2 
Tox (co +?) x 


p 


cos? sin?f sin? B 38.24 
á | o? + r? (Te) + 9[(v— ox + FD) + Bio + on)? + * C2] | l ) 


The same result is reached from (38.7) when dT,/dt = 0 by substituting 
for + = j,/eN the expression (10.9), which when T, = constant is valid even 
if vet = v(T,). In (38.24) B is the angle between E and HO; when wg = 
= |e| HO/mc — 0 formula (38.24), of course, becomes (38.21). When c > og 
the electron temperature has a resonance (for f + 0), which is simply a result 
of the corresponding increase in the conductivity [see (10.12) or (10.32)]. 

In the elementary theory, equations (38.4) and (38.7) are the starting point 
in an analysis of the behaviour of the plasma in a longitudinal field, for any 
frequency « or for a more complex dependence on time (for example, if the 
amplitude of the variable field is modulated at a low frequency £2). These 
equations are in fact those generally used in the theory of non-linear effects 
in the ionosphere (see § 39) and in certain other cases. 


The accuracy of the results of the elementary theory 


The elementary theory is strictly valid only if 6 and v have the same values 
for all electrons, i.e. are independent of their velocity. In a plasma we actually 
have vy = v(v) and 6 = ó(v). The replacement of v and 6 by their effective 
values ó(7,) and v,(T,) and the use of these quantities in equations (38.4) 
and (38.7) is not logical. It is therefore clear that the accuracy of the results 
obtained must be tested by means of the kinetic theory. For a weak field 
this has becn done in $8 6 and 10. It is seen from Tables 6.2 and 6.3 and 
Figs. 6.1 and 6.2 that the inaccuracy of the elementary formulae is greatest 
for a constant field (w = 0) and disappears when œw? > v? (because in these 
formulae the collision frequency is just that given by the kinetic theory for 
c > vi). For w = 0 and collisions with molecules (hard spheres) the ele- 
mentary theory gives ø with an error of 13 per cent and e with one of 51 per cent. 
For collisions with ions, when collisions between clectrons are also taken 
into account, the kinetic calculation gives factors of 1:05 and 4-59 in the 
expressions for o and e respectively. 

In a strong field, if 7, — constant, the accuracy of the elementary theory 
in the majority of cases is the same as in a weak field (for the same value 
of vq (T,), of course). This is due mainly to the possibility of taking the sym- 
metrical part of the distribution function of a strongly ionised plasma to be 
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Maxwellian, even in a strong ficld. Here a strongly ionised plasma is one 
in which 
Vee~ > Om; (38.25) 


where v, and vee are the electron—molecule and electron-electron collision 
frequencies, the latter being of the same order of magnitude as the electron-ion 
collision frequency »; (the ions are assumed positive and singly charged). 
In collisions between electrons the transfer of energy and momentum takes 
place at the same rate, and so the condition (38.25) has a simple significance: 
the relaxation time Tee ~ 1/»,, for redistribution of energy between electrons 
is less than the relaxation time vj ~ 1/Óv,, for transfer of energy from electrons 
to molecules. Thus, if (38.25) holds, the value of T, is not some effective 
quantity equal to 2 K /3x, but is in fact the kinetic temperature of the electrons. 

In a weakly ionised plasma, where vse < dv, and also in the intermediate 
case, the electron distribution function is not Maxwellian. Here, however, 
Vi K v4, and the collisions are mainly with molecules, ie. the cross-section 
usually depends only slightly on the velocity. Thus a change in the distribution 
function does not greatly affect the effective collision frequency vep (for the 
same mean energy K = 3x T,/2 as that of the Maxwellian velocity distribution). 


The kinetic theory 


Apart from the quantitative refinements explained above, the kinetic 
theory gives no further new results in steady-state conditions if we consider 
such mean quantities as the current j, = e Nr or the temperature T, = 2K/3x. 
The situation is in general different for non-steady processes. Moreover, not 
only the mean quantities but also the distribution function itself is of interest. 
Finally, the kinctic theory is usually necessary if account has to be taken 
of the spatial dispersion, or more generally if the state of the plasma depends 
significantly on the coordinates. 

The Boltzmann equation which serves to determine the electron distribution 
function f(t, r, v) has the form (4.2) 


ot 
N= f fdv, =e [víde, 
K = QJN) f 4m v? fdv. 


GAR v gradj 4- — (E 4- v x Iljc)- grad,f + 5 — 0, | 
| (38.26) 


The Boltzmann equation may usually be considerably simplificd. To do so, 
let us first consider an isotropic plasma (H©) = 0), with the spatial gradient 
parallel to the field E. Then there is only one preferred direction, that of 
E (the z-axis), and the distribution function may be expanded in Legendre 
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polynomials P,,(cos a), where « is the angle between E and v: 


f(t, v, v) = X Py (coser) flt, vv). (38.27) 
k=0 


Substituting this expansion in (38.26), multiplying by Py (cos«) and integrating 
over angles, using the relation E+ grad, f = E cosa 0f[0v + (E sin? «/v) ð f/ð cosa, 
we obtain a system of coupled equations for the functions f,, fis f, ...: 

df 1l əh eE 0 


at TB os amy Oy O PU Pu Os 


Oh | (9f, s) 
rtta E) 


eE E 2 2 








esa : 3 — 
Toe lao Cus EET 9s 


0f, 2 05h 3 9f 
at +0(5 $2 54 35e 


eE(2 2 [h|, 3 0 ,, E 
Tm Iss; 2) 4 Tv! Qv E jal} + 8-0, 


(38.28) 








where S, = (2k + 1) f P4(coso) S dQ/4z. 
The use of the functions f, affords a simplification, of course, only where 
a few such functions are sufficient. In particular, two functions f, and f, are 
sufficient if |@f,/éz| > |@f,/dz| and |@f,/dv| > (1/v3)|A(v3f,)/av|. In a 
spatially homogeneous plasma (@//0z = 0) we have in a steady state 0f,/0t = 
= twfı, 0Of,[0t — icf, and, since f; is assumed small, 
eE 0f, 
= m(ic-4-v) av 


| 
lhl dor ”» 5 (8) 


XE a E afo 
m? (iw +r) ðv \w 2) 





and 
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where we have also uscd the facts that S, = vf, and S, ~ vf, (see below). 
Thus the necessary condition |9fj/0v| > (1/v°)| (v? f;)/Ov| becomes 


| em 1 ar, a) 
| m(w? -- 32). v? a Ov 


If we take only this condition for the mean velocity ? ~ V(x T,/m), and put 
Of,/ov ~ fjv, we arrive at the requirement 


e? Eshnx T,[o? + »*(T,)] « 1. (38.29) 





< fo. 
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The condition (38.1) for the field to be weak differs from (38.29) in that the 
quantity ô appears in the denominator. Thus the ficld may be strong and 
yet the condition (38.29) may hold. Expressing T, in (38.29) by means of (38.16), 
we have essentially the condition 6 « 1. This inequality may be regarded as 
always valid in cases of interest to us. When spatial inhomogeneities are prc- 
sent, the above-mentioned condition |9/,/0z| > |0f,/0z| is also of importance; 
assuming for simplicity that the field is absent or very weak, we have from 
equation (38.28) for f, the result (tw + v)fa — vOf,/0z, whence we obtain the 
necessary condition for the function f, to be small: 














o h 9f 
yio? + »?(7,)] | 022. £3 (2880) 


This condition has already been given in § 4. It gives risc to another condition 
which is important in non-stcady processes: the first equation (38.28) shows 
that in some cases 0fy/0t ~v Of,/0z (as, for instance, in the absence of a 
field when 0f,/0t is large, since the integral Sy ~ ô” fo is small). In such con- 
ditions (38.30) leads to 


|2f,/0t| < Vio? + »* ()]fo. (38.31) 


Here and in (38.30) the frequency o is essentially given by w ~ | @f,/0t| -= fa. 
In order that the function f, should be negligible, the condition (38.31) must 
hold also in a spatially homogeneous but non-steady case in the presence 
of an clectric field. This may be seen by retaining in (38.28) only the terms 
such as 0f;/0t, S, and Sz, and those involving the field E. 

These conditions (38.29)-(38.31) have not been derived with grcat rigour, 
since quantities have been replaced by their mean values, and so on. Never- 
theless it is clear that over a very wide range we may take only the first two 
equations (38.28), omitting the terms in f.t 

When a magnetic field is present, whatever the direction of the spatial 
gradient, these cquations become [13, 258] 


af e é Sani 
e +$ odiv vf, + imp E (38.32) 
eE 0 
+ v grad, fo + p oe Dies —— LH X f, 595,-—0. (38.33) 


The distribution function f is in this case of the form 


f (t, v, v) = folt, v, v) + o: filt, v, v)/v. (38.34) 


In a weak field we may suppose that the symmetrical part of f, i.c. thc 
function fẹ is not affected by the field, and in the homogencous case is a Max- 


T This omission of f, relates to the calculation of the principal ("large") terms. In 
calculating small corrections, of the order of ôv/w, we can omit f, only if ôv/w > ô (see [258)). 
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wellian funetion fy, (4.16). Equation (38.33) then becomes independent of 
(38.32), and in the form (4.17) or (6.1) it has been used in §§ 4, 6, 10 etc. 

The form of the collision integral S and its "moments" S, has not yet 
been made explicit. This subject is discussed in detail in [258], and here we 
shall give only the result. Since in any collision between an eleetron and a 
heavy particle 6 < 1, the modulus of the velocity is ehanged only very slightly, 
and to a good approximation we have 


S, — »(v) fi» 


(38.35) 
Vi, m (v) = Nia v f q(v,8) (1 — cos6) dQ; 


this result has already been given and discussed in § 4, where the notation 
also is explained. It may be noted that to the same accuraey 


S, = va (v) fz, 
va (v) = Ni mv f a(v,0) [1 — Pa(cos0)] dQ; 


evidently va(v) — v (v), a result already used in deriving the condition (38.29). 
When only elastie collisions occur (ô = 6.4 = 2m/M), 


Sy--— = x P ôa v(v) a ud + vf] ; (38.36) 
Here v(v) is the same as in (38.35), and T is the temperature of the heavy 
particles, which are assumed to have a Maxwellian velocity distribution. 
Collisions between eleetrons are ignored in both (38.35) and (38.36); this is 
legitimate if the number of neutral particles is suffieiently large. The expression 
(38.36) has an evident physical significanee. Firstly, when the exehange of 
energy with heavy particles is negleeted, collisions with sueh partieles eannot 
affeet the velocity modulus distribution of the electrons. Hence it is reasonable 
that S, should be proportional to 6. Secondly, if we have mean quantities 
and replace 90/0v by 1/0, we have S~ ôar(l + T/T.) fy ~ bavfo = folTe 
where 7; is the relaxation time for energy. The quantity v, = 1/6y must deter- 
mine the rate of variation of f,(v) owing to collisions with heavy particles 
A more detailed diseussion of the expression for S, and its eomponent terms 
is given in [258]. 


A strongly ionised plasma 


In a strongly ionised plasma, where the condition (38.25) holds, and in the 
intermediate case, we eannot in general neglect collisions between electrons, 
and in (38.33) and (38.32) we must include the respective contributions S, ,, 
and $,,, duc to these collisions [258] as well as the terms (38.35) and (38.36). 
We have already discussed in $6 the importanee of such collisions in the deter- 
mination of e and o, i.c. the effect of the term S, ee- The effeet of collisions 
between eleetrons on the function fọ is very mueh greater. The reason is 
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that So ee ~ foltee ~ Veelo» since in collisions between clectrons, energy is 
transferred as efficiently as momentum. It is thus clear that, in a strongly 
ionised plasma [see the condition (38.25)] collisions between clectrons ensure 
that the function f, is close to a Maxwellian with electron temperature T,. 
This temperature itself is given by the same equation (38.32), which leads to 
the relation 

dT, Dn 

“de oan EE 


Vere(L'e) = Tes (si) fo vt exp (- ier) dv, (38.37) 


2s o(T,) Vere (T) (T, ER T), 


6 (T,) = cre (Te) 
= 9a + Oinel > 
ĉa = 2m/M. 


Here dine) is the contribution to 6 from inelastic collisions. The corresponding 
expression and the derivation of equation (38.37) may be found in [258]; 
we shall not repeat that derivation here, since the equation is the same as (38.7) 
and evidently represents the law of conservation of energy. The only refinement 
concerns vt (Te), which is now entirely definite and exactly the same as (6.9), 
with T of course replaced by 7’. 

The current density j; is determined by the asymmetrical part of the dis- 
tribution function: 


ji ef vídv 
= e f vw- f) dv]v 
= (42c¢/3) f v? f (v) de. (38.38) 


In a strongly ionised homogeneous plasma, equation (38.33) becomes 


Of, , eE Ofeo() 
ot m 0v 


m 3/2 m? 
ho Nr) exp(- 2x x) 


where collisions between electrons are ignored; this is legitimate if œ? > »?, 
while if œ? S »? an error of the order of unity is committed; see § 6. 

In discussing equation (38.7) it has already been shown that in the range 
of greatest interest the temperature T, is constant apart from small terms. 
In the approximation where T, = constant we evidently have 0f,,/0t = 0, 


EL HX fy +9) =0, | 
| (38.39) 
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and it is easily seen that the solution of equation (38.39) may be written 


f= — v9fy0v, | 
mádr[d (— e E -- er X Hc — mv(v)*, (38.40) 
jaeNr. | 


The difference between this equation for r so defined and equation (38.4) is 
that vet(Te) is replaced by v(v). If v is constant the two equations are the 
same, and this proves the statement made earlier that the elementary theory 
gives the correct result when v(v) — constant. 

For T, = constant the calculation of the current j, in a strong field is 
formally the same as in a weak field: for e;, we obtain the expressions (10.32) 
but with vett = v«;(T,, and T, depending on Hj. The steady-state valuc 
of T, is, according to (38.37), proportional to j,, and so an allowance for the 
velocity distribution leads to the appearance of the factor K,[w/v. (T,)] 
used in § 6 [see (6.25)]. In consequence the expression (38.21), for example, 
becomes 

T, d a ó(T) w+ (2) 

uer E à(T,) o+ v(T) * 
Here E, is the plasma field [see (38.1)], v, = v, (T) and w(T,) = vett (Te) 
defined by (38.37). To obtain (38.21) we must put K, = 1 and 6 = constant 
[the latter having been assumed in going from (38.16) to (38.21)]. 


(38.41) 


A weakly ionised plasma 
In a weakly ionised plasma, where 
Vee L Ov ~ ÔVm (38.42) 


(Vm = Veff,m(Te) being the effective frequency of collisions between electrons 
and molecules), collisions between clectrons may be neglected cven in equation 
(38.32) for fọ. When T, œ constant (i.c. 0f,/0t ~œ 0) the solution of equation 
(38.33) has the form (38.40) with @f,/@v in place of 0f,,/0v. Substituting 
this solution in (38.32), we obtaint 


a 1 2 T er. B\ ð 
ole wins b (sav — rad ) Sho + dqv v (V) fol —0, (3843) 











3m Ov 


where only elastie collisions are taken into account [the expression (38.36) 
being used]. 

Both in a constant or quasisteady electric field, where œ < ôv, and in a 
rapidly varying field, where c» Óv, we have in a first approximation 


t When 7, & constant we can, as stated, neglect the derivative ô fo/ð t in going from 
(38.39) to (38.40), but in the equation for the function fọ, which varies slowly with time, 
the derivative ð fj/0t must in general be retained. It may also be noted that for a non- 
Maxwellian distribution T',signifies, of course, a quantity proportionaltothemean energy F. 
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0f,/ot = 0, and moreover in (38.43) we can put r+ E = eE2v[2m(o? + 22). 
Consequently we have in this approximation 


1 ð 2 p2 
fe as e ui ) SE + dav »h 


v? ðv 3m? (o? + 5?) / 0v 
ETC 
= PEPA Jr) = 0. (38.43 a) 


Multiplying this equation by v? dv and integrating from zero to v, we sce that 
v?j,(v) = 0,,since in the absence of sources v?j,(v) = 0 for v = 0. Integrating 
over velocity the equation j,(v) — 0, we now find 


| j mvdv 
ga xr ET CERES A (re FO) | ys 


Here C is à constant given by the normalisation condition Í fodv = N. In 
a very strong constant field, (38.44) gives the. distribution 


pedis - fetten 


= C exp {— 3m vt/4e? MP E?), (38.45) 


where in addition E? has been replaced by 2E?, and to derive the last ex- 
pression we have put ĉea = 2m/M and v = vm = za? N4v = v/i (collisions with 
molecules). The Druyvesteyn distribution (38.45) differs greatly from the 
Maxwellian for high electron velocities. When inelastic collisions are taken 
into account, ôs in (38.44) must be replaced by ô(v) (sce [258]). 

Knowing the function f}, it is easy to find f, by means of equations (38.39) 
and (38.40), with f, instead of f,,. The quantities K, e and ø which are needed 
in the solution of problems of electrodynamics are then 





27m 
K= N fht, 
0 





oo 

em f v? 0 fo 

z ot Og 38.46 

a aa cV on S eet) 
0 


| ane v(v)v? fy z, 


3 w+ (v) ðv 
0 





g — 


These are all integral quantities and therefore depend rclatively little on the 
form of the function fọ, and in particular on the velocity dependence of f, 
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in the “tail” of the distribution. It is therefore reasonable that in a weakly 
ionised plasma K, e and c usually differ only slightly from the values cal- 
culated by means of the Maxwellian function fQQ(T;) with T, = 2K/3x. 
For example, in a strong constant field with elastic collisions with molecules 
we have for a weakly ionised plasma K = 0-604 elH/V/6.,, and for a strongly 
ionised plasma K = 0-613 el H//6.. In such conditions it is natural that in the 
intermediate case v,, ~ ôv also we obtain results close to those which hold for 
a strongly ionised plasma (where v,e > ôv). Thus we reach the same conclusions 
as we did earlier in discussing the limits of validity of the elementary theory. 

To conclude, we may note that, if the condition (38.1) for the field to be 
weak is satisfied, the perturbation of the distribution function may certainly 
be regarded as small,f but of course we cannot be sure that non-linear effects 
will be completely absent. The reason is that these effects are such that they 
may be significant even when the function f, differs only slightly from the 
Maxwellian; in other words, the condition (38.1) ensures that the non-linear 
effects are small, but the possibility of entirely neglecting them depends on the 
formulation of the problem and on the accuracy of the measurements. In such 
conditions (a weak field but non-linear effects beginning to appear in a way 
which is not negligible) the perturbation method (method of successive approxi- 
mations) is sometimes very convenient and effective. In this method we put 
fo = foo + for, where |fo1| < foo and foo is the Maxwellian distribution. This 
treatment is described in detail in [22, $ 64]; see also [260, 261]. 


$39. NON-LINEAR EFFECTS IN RADIO WAVE 
PROPAGATION IN THE IONOSPHERE 


Introduction 


The non-linearity of electromagnetic processes in a plasma is clearly seen, 
in particular, in the propagation of intensc radio waves. For example, when a 
wave is propagated, its effect on the plasma leads to a non-linear “‘self-inter- 
action", which changes the absorption and phase of the wave, and also pro- 
duces harmonics of the fundamental frequency. When several waves are 
propagated, the principle of superposition no longer holds good: the incident 
and reflected, the ordinary and extraordinary, and indeed any two waves 
are no longer independent; they interact in a non-linear manner because the 
properties of the medium themselves vary. This non-linear interaction, which 


T That is, the perturbation of the main part of the distribution function (velocities 
v S y (x T[m)). 
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occurs even in a homogeneous medium, is of course quite distinct from the 
*interaction" of normal waves discussed in § 20 and elsewhere.T 

In a weak field [when the condition (38.1) holds], the effect of the field on the 
plasma is usually neglected, as it has been throughout the preceding chapters. 
It should, however, be again emphasised that even in a weak field some small 
non-linear effects may be observed on account of their particular nature. To 
analyse such weak non-linear effects we may naturally use the method of 
successive approximations (see [22, § 64]). On the other hand, non-linear 
effects in a weak field may also, of course, be discussed on the basis of the 
general expressions which are valid for any value of the ratio Ej/E,. For 
strong fields (Z,/E, Z 1) and especially for very strong fields (E,/E,, > 1) 
the non-lincar phenomena are very marked, and the customary linear theory 
of radio wave propagation cannot in general be used even as a first approxi- 
mation. 

The principal results of the non-linear theory of radio wave propagation 
in plasmas are briefly described below in terms of their application to the 
Earth's ionosphere. For this reason Table 39.1 shows, as a supplement to 
what has been said at the beginning of § 38, the values of the "plasma field ”? 
E, for the ionosphere, together with the maximum values of the electron tem- 
perature in the field of stations of various powers; only electron-molecule 
collisions are taken into account, the field Z, at the boundary of the iono- 
sphere is determined by formula (34.22) with sin0 = 1, and 6 = 2 x 10-3 
for the D and E layers and 10-4 for the F layer. It is evident from the table 
that intense waves of medium and long wavelength may considerably affect 
the energy (temperature) of the electrons in the lower part of the E layer. 
On the other hand, the effect on the ionosphere of short waves and of medium 
and long waves of low power is only slight. 


Basic relations 


Considering an arbitrary non-magnctic medium, we write the field equations 
in the form 


T V. B. Gil'denburg and I.G. Kondrat’ev have pointed out to the author the existence 
in the ionosphere of a non-linear effect due to the action on the plasma medium of a 
force which occurs in an inhomogeneous field. The value of this force per electron, 
averaged over the period 22/w, is 





g£—1 e 
F=- len N grad | E|? = — imd grad|E?, where E = Eye”! 
(collisions are neglected). 'This non-linear effect is in general much stronger than the one 
discussed in § 20. 
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4x, 1 0D 
CUP Hs qp oc 
iz. l 2E 
nA v OE 
div D = 47 0, (2:1) 
cme ce UH 
ot 
div H =0; 


here D = &E, j = GE, and é and 6 are some operators which depend on the 
properties of the medium, being linear operators only in a suffieiently weak 
field. In à plasma we have 


i= bE + S (A E) ef ott n a. (39.2) 

Despite the fact that the wave field is not uniform in spaec, this 
non-uniformity may usually be ignored in determining the funetion f, and 
therefore é and 6; that is, the term v- grad, f in equation (38.26) may be 
neglected. This assumes that ê and 6 are local operators, i.e. that the current 
density j, at a given point is determined by the field E at that point. In a weak 
field this assumption is equivalent to neglecting spatial dispersion.f In a strong 
field the local approximation is valid if the field amplitude varies only slightly 
both over the free path l= v/v; and over the longer energy relaxation 
length 1//6 = v/v. 0; the length 7/Jó = V(lo/óv.g) ~ (Drz) is the diffusion 
path traversed by an electron in time t = l/Ów,g. 

In the propagation of radio waves the field may be regarded as rapidly 
varying if 

ô Veff/ 0 <i. (39.3) 
In the ionosphere this eondition holds for waves with 4 <100 to 1000 km, in 
the solar corona for 4 < 105 km, and in clectronic systems and laboratory 
apparatus usually for A < 10 to 100 m. 

When the condition (39.3) holds, as we have scen in $38, the electron tem- 
perature T, in a field of any strength (in a steady state) is eonstant to a first 
approximation, and the current density j, varies with thc frequeney of the 
field E. Hence, when the above condition for the validity of the loeal approxi- 
mation is satisfied, the problem of wave propagation may be divided into 
two parts. Firstly, as in a weak field when spatial dispersion is absent, the 


T The term ‘‘spatial dispersion" relates to the possibility of using quantities e(w, F) 
and c (o, k) whieh depend not only on w (time dispersion) but also on the wave veetor ke. 
In the non-linear theory the use of Fourier's method is limited and é and 6 are in general 
complex operators for whieh the use of the term ‘‘dispersion” requires a refinement of 
its definition at least. 
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current j, is found as a function of E; secondly, the field equations are solved 
with this current. 

This approximation will be uscd below to discuss the self-interaction effect 
and the cross-modulation of radio waves. It is only when we consider the 
"subsidiary" waves with combination frequencies, calculating not the fun- 
damental quantities but small corrections to them, that the terms of order 
Ôvet/w are no longer negligible, and the problem is thereby complicated. 


The self-interaction effect 


Let us now examine the non-linear self-interaction of radio waves. To do so, 
we shall consider the propagation in an isotropic plasma of a wave whose 
field at the boundary of the medium (the plane z = 0) is E,(0) cos ot. In a 
steady state (ie. at a sufficiently long time At > l/Óv, after the field is 
applied) the electron temperature T', takes some constant value (small terms 
of the order of 6% ¢;/m being neglected). Accordingly, the wave is propagated 
with unchanged frequency w in a medium where & and o are constant in time 
but depend on the amplitude E, of the wave field. From the field equations 
(39.1) we derive in the usual manner (see § 2) the equation 


AE — grad divE + (w2/c®) e'(w, r, Hy(r)) E = 0. (39.4) 
The expression for e&' = e —i+4a0/m has been derived in § 38: 
!—1—4ze?N (r)mo[o — tree (T,)]; (39.5) 


here and henceforward we use the formulae of the elementary theory, the 
temperature T, being a function of E,(r) given by (38.16). 

On account of the complexity of the non-linear equation (39.4) we shall 
consider its solution only with various simplifying assumptions, namely that 
the plasma is not only isotropic but also plane-parallel with slowly varying 
properties, so that the approximation of geometrical optics is valid. Then 
equation (39.4) becomes 

d? EJdz? + (w?/c*) &' (o, z, Hy) E = 0, 


and its approximate solution may be written (see $ 16) 
E — Cexp(iot —iw f ndzjc) exp (— o f xdz/c), 
e (c, 2; E,(2)) = (n —i x), 


where in the zero-order approximation C — constant and only the wave 
travelling in onc direction (that of the z-axis) is considered. Since n and x 
depend on #,, the formal solution (39.6) is an integral equation, which for 
the amplitude may be written 


Ey, = Cexp|— à. f z, Ey) e | 
0 | (39.7) 


(39.6) 


d H,/dz + wx (o, z, Eo) Eole = 0. 
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If |e| > 420/w the index of absorption is x = 2xc/wn ~ 2nc/wVe, and 
in a weak field we have [sce (7.17)] 
20 e? N v, 


178052) mo AY Y. — ce Nw are OO] 


(39.8) 
In a strong field under these conditions the expressions for ¢ and o arc the 
same as in a weak field, but with v = vo; (T) replaced by v (T,) = »(T,). 
Hence 
[» (T,)/v9] [(o?/v) + 1] 
(w/v) + D? (P) o]. ' 
where for simplicity we have neglected the dependence of n œ Ye on T,, as is 
eorrect if n « 1, and also always when o? > »?. 
To find the field #)(z) we must evidently solve equation (39.7), using the 
expression (39.9) and the relation between T, and Ep- 
For collisions with molecules v(7T,)/», = VUT, (E,)/T] and, using the variable 
t = )(T.(E,)/T], we can rewrite the relation (38.21) and equation (39.7) as 


(24) oq iU d |e = Eu (39.10) 
. 0 


x (0,2, Eo) = x(w, 2) (39.9) 


E, we+ ve ? 
dt 1 212 o 
ae (wort ara] t mans pus 


in deriving (39.11) from (39.7) and (39.9) we have expresscd the amplitude E, 
in terms of t by means of (39.10). 
From (39.11) we derive by integration the following expression for t: 


— 2 —1 422 
Hd exp (es )= To exp (srs ve T) exp(— 2% (z)), 








t+] Q9? + vo To+ l o? + 32 
z 
KH (z) = 2 «e dz, 
0 (39.12) 
T, (ES(0) 
To = T (0) = e» i ) , 


T (2) - 4e», 


where it is everywhere assumed that T and », are independent of z. It may 
also be recalled that Z,(0) is the ficld amplitude atz — 0 and Jf a quantity 
which determines the absorption of a weak wave over a distance z. 

Using the expressions (39.10) and (39.12), we can dctermine the amplitude 
of the field E,(z), which may conveniently be written 


E,(2) = E,(0) exp -X (2)] P(E, (0)/Ep; lro, # (2). —— (39.13) 


16 PEW 
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The factor P, which is evidently equal to unity in a weak field, represents the 
self-interaction of the wave during its propagation. 

Within the plasma the wave always becomes weak if % (z) > 1, and v > 1. 
In this region we have [258] 





E, T—1 232 | 
- TIVE TM — pl. 39.14 
e EQ(0) ¥ to+ 1 A E vè ior) ( ) 


In the limiting case w? > vêt} and v, > 1 the factor P is independent of to, 
and 
E,(z) = 2E, expl- % (z)]. (39.15) 


If the opposite inequality w? < »2v, holds, the factor P increases with to 
(i.e. with E,(0)), since the absorption coefficient at low frequencies decreases 
with increasing 7,. Thus we have 





E,(2) = 2E, exp Ils (5 r “i | exp[— X (z)]. (39.16) 


w? + và 


The dependence of E (z) exp[% (z)]E, on E,(0)/Z, in the interior of the 
plasma in both limiting cases is shown in Fig. 39.1. 





[e 10 20 
EJOYE, 
Fra. 39.1. E,(z) exp((z))/E, as a function of E, (0)/E, for collisions with 
molecules. 


For arbitrary % (z), i.e. for any distance from the boundary of the plasma 
layer, a simple expression for the field E, (2) is obtained only at high frequencies 
o? > v, when 

To— l exp[— X (2)] 
E, (2) = 2E | A eerie We hE 
: ^ s l 1-[(— 1)/(t% + 1] exp[— 22 (2)] 
The field E, (z) is cvidently strong only for X (z) $ 1, whatever the value of 
EQ(0) 2 E,. 


(39.17) 
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For collisions with ions it is sufficient to consider only waves of high 


frequency, since the condition e? N3 [x T <1 for the gas-kinetic approximation 
to be validf leads to the inequality 


i 
Wy = (4a e N/m) > vs; wet N[(x T9? m?. 


Hence e = 1 — aw? + %,) > 0, ie. waves can be propagated, only for 
w Z Wy > vg, (the high-frequency case). The absorption coefficient for waves 
of high frequency is seen from (39.9) to decrease rapidly as the temperature T, 
increases (since v; ~ 17°). In consequence the self-interaction factor P in- 
creases rapidly with E,(0), and the wave, as it were, drives its way through 
the plasma; when F,(0) > 2[% (P E, , the wave is hardly absorbed at all 
in a layer of thickness z. J£ (z) is given by (39.12); the dependence of E,(z)/E,, 
on E,(0)/E, for two values of X (z) is shown in Fig. 39.2. 

The action of the wave on the plasma causes not only the above-mentioned 
change of amplitude but also a change in the phase of the wave (i.e. a deviation 
of the phase from the value (w/c) f no(z)dz which corresponds to a weak wave). 
The phase change concerned is not large. The modulation of the wave as a 


Eol(0)/Ep 


tog (Eg 21/E 9) 





Fra. 39.2. E, (2)/ E, as a function of E,(0)/E, for collisions with ions. 


result of its self-interaction is of greater interest. If thc modulation frequency 
Q < vı, the process may be regarded as quasisteady. This means that the 


} This condition signifies that the kinetic energy xT of the electron is large compared 
a 
with the potential e?/r ~ e? N8. 
15* 
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problem is solved in the same way as for a field of constant amplitude, but in 
the final formulae E,(0) is replaced by the modulated field H,(0, t) = 
= E,(0)(1 + ug cos Qt). The expression (39.13) then becomes 


Eg(z, t) = E,(0, t) exp[— X (2)] P (Eo(0, t)/Ep, eov, Æ (2)) 


| (39.18) 
E,(0,t) = E, (0) (1 + ug cos t). 


Since the self-interaction factor P depends non-linearly on E,(0, t)/ £j itis clear 
from (39.18) that the self-interaction leads to a change in the depth of modu- 
lation and to the appearance of harmonics of frequency 22, 3, etc. 

If Q = 6%, however, the problem cannot be regarded as quasisteady and 
equations (39.7) for the field and (38.7) for the temperature T, must be solved 
simultaneously. 

We shall not discuss here any of the above effects of self-interaction (the 
change in the phase, the depth of modulation and the frequency spectrum) or 
the significance of self-interaction in the propagation of radio waves in the 
ionosphere. For these, reference may be made to [258]. 


Non-linear interaetion of waves. Cross-modulation 


The perturbations caused in à plasma by an intense wave affect not only 
its own propagation but also other waves which pass through the perturbed 
region. Here we may mention three types of effect. 

If an intense wave is modulated in amplitude with a low frequency £2, the 
perturbations which it causes in the plasma are also modulated, and therefore 
so are waves which pass through the perturbed region. This is called cross- 
modulation or the Luxembourg—Gor’kii effect. It can quite easily be observed 
in the propagation of radio waves in the ionosphere and is of practical impor- 
tance in radio communications in the medium wavelength range. 

In the propagation of intense unmodulated waves they perturb the plasma 
and, first of all, cause constant changes in the electron temperature, and there- 
fore also in the conductivity and permittivity of the medium. Thus the con- 
ditions of propagation (absorption, refraction) in the perturbed region are 
changed for all other waves. Sccondly, in addition to the constant perturbations 
of ¢ and c, there are weak variable perturbations with frequencies which are 
multiples of that of the perturbing wave. These perturbations cause the 
appearance of waves with combination frequencies if other waves are propa- 
gated in the plasma.T 

In order to calculate the depth and phase of the cross-modulation, we must 
first determine the magnitude of the low-frequency perturbations caused in the 


T The waves with combination frequencies also appear, of course, in the interaction 
of modulated waves, but the presence of modulation is not of fundamental importance 


here. It is therefore natural to discuss the subject of combination frequencies for un- 
modulated waves only. 
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plasma by an intense wave (with field E,) and then find how these pcertur- 
bations affect another wave with field E,. If either of waves ] and 2 is strong, 
self-interaction must be taken into account. We shall, however, treat only 
the case where not only is wave 2 weak but the perturbing wave may also be 
regarded as weak in terms of the condition (38.1). The perturbations of the 
plasma due to the propagation of wave 1 will, of coursc, be taken into account 
and may be considerable. The reason is, as already mentioned, that speci- 
fically non-linear effects (in particular, cross-modulation) can easily be ob- 
served even, when A T,/T < 1. Moreover, this case occurs in the Earth's iono- 
sphere for waves shorter than 1 km and stations of power less than 500 kW 
(see Table 39.1). 

The amplitude of the electric field of the modulated weak wave 1 (of fre- 
quency w) is, in the approximation of geometrical optics, 


Eq, (2, t) = [6 (0)/6:(2)]* Eo, (0, 0) (1 + Ho 0082 t) exp[— 44 (2)]; (39.19) 


here & (0) and e,(z) are the values of e(z, œ) = & (z) at the points z = 0 
and z, 


Z 
2,6) = 22 fads, 
0 


2, = x(w), and the absorption is assumed to be weak [and so in the ampli- 
tude (39.19) e’ has been replaced by e (see § 16)]. 

The field of wave 1, taking account of the time factor, is 
E, = Ey, (z, t) cos(w,t — pı), where p, is some phase and E,, is given by 
(39.19). We usually have 

wR, (39.20) 
and we may suppose in determining the directed velocity r that the process 
is quasisteady. In other words, we can use the expression (38.10) for v, replacing 
E, by E,, and wt by w,t— pı. We can not do exactly the same for the tem- 
perature T,, which varies slowly, but in equation (38.11) we can, as stated in 
§ 38, omit the terms in coswé and cos 2wt. Consequently this equation becomes 

dT, Ex (2, t) vo 
di — 3mx(o$ -+ v2) 
Substituting (39.19), we find for the part of the temperature perturbation 
AT, = T, — T which varies with frequencies 2 and 20 
AoT, — 2p Ek (0,0) 1/50) ) 
T 3xTmd(wr+ v2) V (2) 





—ów(T, — T). (39.21) 





óvcos(Qt — qa) | usó % cos (20 t — pza) 
x expt 20000 area) Ta) 
Pq = tan”! (Q/à vo), 
Pza = tan”! (22/0 vo). 


| ,V (39.22) 
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The change in temperature causes a corresponding change in the collision 
frequency, so that v = v + Av. Considering only collisions with molecules, 
we havet 


v = v (T/T), | (39.23) 


Aar = n Ao T2 T. 


The amplitude of any other weak wave 2 (which we assume unmodulated) 
also has the form (39.19), of course: 
4 
Ega (s) = [£2 (0)/es (s) Eo (0) exp[— 2€ 5(3)], 
(39.24) 


X18) = f rals) ds, | 


where the integration is along the path of the ray. 

The index of absorption x depends on the collision frequency, and so the 
perturbing action of wave 1, which changes v, causes an amplitude modulation 
of wave 2: xa(v) = xa (v) + (0x5/0v,) Aor and the amplitude (39.24) of wave 2 
after passing through the perturbed region may be written 


Eis = Epa(0) a EXT a) x 


$ 


2c on T 


8 


q EIN ae) (39.25) 


where we have used the relations (39.23) and (39.24), omitted the factor 
[£a (0)/£4 (2)], and*/* assumed the depth of cross-modulation to be small, so that 


w Ox,(v) AoT 
le se fv za Dl o) T £ i 
= 0 


can be replaced by the first two terms of its series expansion. 
A comparison of the expressions (39.22) and (39.25) shows that the field is 





Ey, = constant [1 — uo cos(Qt — pa) — uza cos(2Qt — 920)], 


T In collisions with ions we have to a fairly good approximation v = v,(T/T, 3? and 
Agv=—3 1 (TP P Ao TIT, ic. the changes 40v and AoT have opposite signs. Con- 
sequently the coefficients yo and uao which characterise the depth of cross-modulation 
(see below) have opposite signs for collisions with molecules and with ions. 
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and the depth of cross-modulation is 


_ Mo e? H51(0,0) c, f Yo 02t (%)/0 yo. ô vo b &(0 . 
3xTmó c. w? + 32 ye r 4- 2?) V e ar 


8 


x exp[— 2% (s)] ds, 
ps €? E, (0, 0) A [Ot P Ô vo 








uo 


(39.26) 





H20-— 


12x Tmó c w+ MEHLE 
s 


x exp[-- 2 2£ 4 (s)] d s. 





In order to derive the final expressions for the depth of eross-modulation we 
must effect the integration along the path s and use the expression (39.8) for 
xa [= xo(w2)]. The resulting formulae [258] depend, of course, on the geometry 
of the problem: the relative position of the reflection points of waves 1 and 2, 
the angles of incidence of the two waves on the layer, etc. Here we shall 
merely note the presence of the characteristic factor Óv,/V(0?»2 + Q2), which 
indieates that the depth of eross-modulation decreases as the frequency Q 
inereases (in the range Q Z 6%). Moreover, in this approximation, if uo < 1 
then evidently poo ~. i Ha Uo «€ la- 

When the effect of the constant magnetie field H® is taken into account 
we obtain results similar to those given above; the only essential difference 
is that in (39.22) and (39.26) the expression Es, (0, 0)/(w? + »2) is replaced by 


E? (0,0) eos? B E$,(0,0)sin*8 — , — E$,(0,0)sin? 
ox + % 2[(@, — on) c» 2il + on)? + a] 


where B is the angle between E,, and H(9. If the angle f + 0, the pertur- 
bations in the plasma may increase greatly near gyromagnetic resonanee, when 
€, Og. From this, however, we can not in general draw any conelusion 
regarding resonance behaviour of the eross-modulation (i.e. an increase in 
Lg and uzo when c, — cg). The reason is that the depth of cross-modulation 
obviously depends on the size of the perturbed region as well as the magnitude 
of the perturbations AoT and 4g». Near resonanee, this region becomes 
smaller, because the waves are strongly damped, and simply do not penetrate 
into the ionosphere (for instance). Tho cross-modulation in the ionosphere there- 
fore does not in general exhibit any clearly marked resonance behaviour, al- 
though in some cases such behaviour may occur quite clearly. In this connection 
it may be noted that expressions of the type (39.27) must be used with some 
caution because of the need to take account of the change in polarisation of 
waves propagated in a magnctoactive plasma. Consequently, as shown in 
detail in $ 11, the resonance at w = wg occurs only when « = 0 (longitudinal 
propagation), whereas for other angles « the resonance frequency differs from 
cg and is given by formula (12.22). The shift in resonanee frequeney in rela- 
tion to non-linear effects is considered in [262]; in the Earth's ionosphere this 


(39.27) 
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shift is not large [263], since waves of frequency near to resonance penetrate 
only the lower part of the layer, where the plasma frequency wọ is small and 
SO Ores ~ Og. 

The nature of the cross-modulation in the ionosphere under various con- 
ditions and for various values of the parameters uo, 2, 6%, €, We, ete., has 
been considered by various authors and the results are compared in [258]. 


Non-linear interaetion of unmodulated waves. Combination frequencies 


The non-linear interaction of unmodulated radio waves, as already 
mentioned, leads first of all to a change in the absorption and refraction of a 
weak wave passing through a perturbed region of the plasma. It is in general 
fairly difficult to observe this effect for monochromatic waves. If, however, 
some kind of “label” is applied to the wave, we return essentially to the pro- 
blem of modulation and cross-modulation. Here particular attention need be 
paid only to the non-linear interaction of short pulses [264, 265]. 

An intense non-modulated wave E, of frequency w, causes in the plasma 
not only a constant perturbation but also perturbations with frequencies which 
are multiples of w,. If wave 1 may nevertheless be supposed weak (i.e. 
EQ,« Ep), then the variations of the temperature T, with frequency 2«, 
[see (38.11)] are almost the only ones to appear.f Similar harmonics occur for 
modulated waves, but when the condition (39.20) holds, the presence of modu- 
lation leads to no essentially new features, and so we shall for simplicity 
regard the intense wave as unmodulated. Moreover, we shall take only the 
simplest case, where the solution (38.11) for T, is valid, and so the changes in T, 
and o may be written 


AT — T, —T — T,,- AT, e mt-- AT, ec Piet, 
o = 09 + Ag, eet 4 Ag ec tint; 
we neglect the change in e, as is correct for a homogeneous isotropic plasma 
when c?» Thus the properties of the medium are no longer constant in 
time, and the propagation in this medium of other waves (field E,, frequency 
€) will be accompanied by the appcarance of "subsidiary" waves with the 


combination frequencies œ, + 2c. For, when the fields E, and E, are present, 
the current density due to a sufficiently weak field E, = Epa ®t is 


js (E, , E.) — Oo Eos et est + A e, Eos et (2+ 2a,)t + A o. Eos et (w~ 2a), (39.29) 


(39.28) 


Calculations using the Boltzmann equation, of which we shall not give details 
[258], lead for high frequencies (wt > vp, c» 12, (0$ — 2%)? > 12) to the 
expressions 
3e* N Ez (2) v, 1 1 
A g,-— A 0, = — 91 9 ————————— —— 
n 80m? x T w? | (cs + 20)? Y (Wy — sax í (39:30) 


t When wave 1 is strong, higher harmonics also appear, but even then the field strength 
decreases with successive harmonics owing to the presence of the parameter óv[o « 1. 
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where field 1, of amplitude E,,(z) = E$,(0) exp[ —2£(z)], is for simplicity 
supposed weak. 

When the frequency w, approaches 2w,, we have a resonance increase in 
Ác, which reach at w, = 2, their maximum values 


Ao, = 4o. = 2e* N Eb; (z) 1oz m?x T vyo. (39.31) 


It is important to note that the amplitudes Ag, are small in comparison 
with o, in strong as well as weak fields, if the condition óvj/c, « holds (see 
§ 38). 

Unlike the case of cross-modulation, wherc the condition w > Q (39.20) 
was sufficient to justify the use of the quasisteady approximation, the problem 
of the propagation of “subsidiary’’ waves requires a more detailed con- 
sideration; sec [22, $64; 258, 8 3.5b]. The procedure is to solve the field equa- 
tions or, in this particular case, the equation 


which results from them, the current j, being given by (39.29). Since the 
right-hand side of this equation involves terms of frequencies w, and w + 20, 
it is evident that the field E, likewise cannot have only the original frequency 
w. Substitution of the solution 
E, = Eos et 9st ge Eos, gi (9s * 20,)t dE Egz- gi(-2o,)t. (39.32) 

where |Z,,, | < | gs], gives the result (22, § 64] 

Es (z) = Eos (0) exp(— iw V[e' (wa)] z/c) 

4.mi (0 + 20) Mog, (1 — exp[— (i z/c) x 

x x {(w + 2€) [e (es + 2)] — w Y[e' (03) } 

(ws + 2a) &' (0 + 20) — w3 €' (w) ` 


(39.33) 
Eos + = Bs (2) 





Here the plasma has been regarded as homogeneous, and it is assumed that 
at z — 0 (the boundary of the laycr) the amplitudes of the “subsidiary”’ 
waves E, ,. = 0, i.e. the ficld E; has the form E,,(0) e^. The field 1 is assumed 
independent of z (like the ficld in a condenser). If, however, the field E, depends 
on 2, as in the propagation of radio waves in the ionosphere, then the size of 
the interaction region has a considerable cffect on the result [258]. 

As wave 2 passcs through a layer of plasma perturbed by a fairly strong 
field 1, the amplitudes EZ,,, at first increasc, and then decrease only as the 
whole ficld 2 is absorbed. At a sufficient distance from the boundary z = 
we have 





2 = |. lE, (39.34) 
Eos (w + 2 w)? E(w + 2 1) — We E(w) 








where ¢’ has also been replaccd by & in the denominator, as is legitimate if 
[e| > 40/w. In ionospheric conditions, taking account of the non-uniformity 
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of the field #,(z), estimates [258] show that 7 ~ 10-5 to 10-8 when @, & we 
7-109 to 107? and the station power is 100kW. For the same power at reson- 
ance y & 3x10-5 (when «wg = 2o, = 4 x 10°), whereas when œ, = œ, = 
2 x 109 we have 7 ~ 10-9. The smallness of the ratio 7 in the ionosphere 
explains why the appearance of combination frequencies is of no practical 
importance in radio communications and has never been observed. This effect 
is, nevertheless, quite distinctive and could certainly be detected if a special 
investigation were made. Most important, the appearance of combination 
frequencies may be of significance in conditions differing from those which 
usually hold in the propagation of radio waves in the ionosphere. 


Non-linearity due to changes in eleetron density 


Al the non-linear phenomena discussed above are ultimately due to a 
change in electron velocity brought about by the field, which in turn causes 
changes in such quantities as T,, v; = v, € and c. The non-linear inter- 
action of waves in a plasma (and, generally, the non-linear dependence of the 
current j, on the field E) may, however, be of a quite different nature: it may 
be due to a change, not of the velocity, but of the electron density [266, 258]. 
The tensor ej, depends on N and, for example, in an isotropic plasma 
ein = &' Oi = Ój [1 — 4zxe?N [mo (co — iv,qu)]. If, therefore, the electric field 
causes a change AN in the electron density, the properties of the plasma will 
depend on the field, and so the medium will become non-linear. 

Neglecting the motion of the ions, which merely compensate the mean 
charge eN of the electrons, we evidently have 


AN = le = div Ej4 ze, (39.35) 


and the non-linear effect exists if div E + 0. 

In the propagation of transverse (electromagnetic) waves in a homogeneous 
isotropic plasma, divE = 0, and this is also true, of course, in a uniform 
field; but for longitudinal plasma waves, even in a homogeneous isotropic 
plasma, div E + 0. In consequence we have, for example, Scattering of electro- 
magnetic waves by plasma waves, and in general a non-linear interaction of 
waves of these two types (sce, for instance, [136]). In an inhomogeneous 
isotropic plasma without “external” currents, curl H = twe'E/e, and so 
div (e’E) = 0. Thus (39.35) gives 


AN = —(l/4ace') E+ grad e. (39.36) 


In a magnetoactive plasma div E + 0 in general, even for a homogencous 
medium (see Chapter IIT; the condition div(D — i- 4zjjc) = a (e! rE, — 0 
signifies in the general case that div E = 0#,/0x;+ 0 even if £j; = constant) 


. 
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For a monochromatic plane wave in a homogeneous magnetoactive medium 
the elliptically polarised wave has the form E = E, cosp + Ey, sing, and 


AN = (l/4ze) divE 
= —(wn/4necN) (Eo, cos0, sing + Epo, cos, cosg). (39.37) 


Here p = w — ker, n = m,a = ck/w is the refractive index for the ordinary 
or extraordinary wave (for simplicity, absorption is neglected) and 0a, 0, are 
the angles between Egas Ey, and k. If the external magnetic field H(9 is not 
too weak and exceptional directions (ie. angles « between k and H© which 
are close to 0 or 47) are not considered, cos, and cosÓ, arc of the order of 
unity; the angles 0, and 0, are easily calculated from the formulae of $ 10. In 
such conditions the effect (39.37) is greater than (39.36) if å = cn/w = A[2zx 
is less than the characteristic length L over which the properties of the plasma 
change significantly (ie. L ~ |e'/grad e' |). 

Thus the field E, of frequency w, causes in the plasma changes in e and ø 
of the order given by Aojo ~As/e ~AN/N ~ E,/AxteN L, or changes 
Aocijslo;, ~ Ae;uleiy ~on E, [Aztec N ; for simplicity we assume that £ — ej, ~ 1. 
The frequency of these variations is, of course, the same as that of the field £. 
When another wave E; of frequency w, is propagated in a medium perturbed 
by the wave E,, "subsidiary" waves of frequencies w, + œ are produced. 
The frequency of the “subsidiary”? waves discussed previously, which are 
due to the effect of the field on the electron velocity, is w, + 2w,. The differ- 
ence arises because the change AN is proportional to the field E, [see (39.36) 
and (39.37)], whereas the changes in the random velocity, Te, v4;(7T,), € ando 
are proportional to E? and more generally to various even powers of E. 

For the effect (39.30) with w ~w, we have roughly Ao/o ~ e* E2/mxT ox; 
and o & 6, ~ e? N vmo}. Hence the ratio of amplitudes of the “subsidiary” 
waves due to the change in the clectron density (where, as already mentioned, 
Aolo ~w,nE,/4aecN) and those of the former type is 


xTmoin wn xT, Ep 
mo —— f ———— RE aE a 
ec N Ko, (2) we V med Elz)’ 


t 





(39.38) 


where a numerical factor close to unity has been omitted, n is the index of 
refraction for a wave with field E,, «x =42e2N/m, and Ep, is the “plasma 
field” (38.1) for wave 1. When l(xT,mc*ó) — 10-?(T, — 500, 6 ~ 107?), 
w/w? ~1 to 10 and E,,/Es, (z) ~1, we have € ~ 107? to 1071. Thus in this 
case the amplitude of “subsidiary” waves in the ionosphere with frequencies 
w, + €, is 10 to 100 times less than that of waves with frequencies w, + 2o. 
When é > 1, the former waves are the stronger. The condition £ œ 1 cor- 
responds to a field Ej,/Eg,(z) —10-! to 10-? for œwi/wa ~l to 10 and 
V(« T, /mc*) ~ 10-2. If the wave E, is modulated in amplitude, the additional 
cross-modulation of the wave E, due to the effect (39.37) is very small, its 
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depth being of the same order as the ratio of the amplitude of the ''subsi- 
diary" wave of frequency w, + c, to that of the wave E, itself. This result is 
entirely reasonable, since the change in density due to the field, unlike the 
change in the electron temperature, has no component which is constant or 
only slowly varying. 


APPENDIX A 


ELECTROMAGNETIC WAVE PROPAGATION 
IN AN ANISOTROPIC DISPERSIVE MEDIUMTt 


IN THE theory of electromagnetic wave propagation in homogeneous media, 
particular attention has recently been given to the allowance for the effects 
of spatial dispersion, especially in magnetoactive plasmas and in crystals. 
Such media are anisotropic, and the expressions obtained for the refractive 
index n, the index of absorption x and the group-velocity vector v,, as functions 
of the frequency « and the wave vector k are usually very cumbersome. It 
is therefore useful to bear in mind some theorems and relations of very general 
validity. We have not met some of these relations in the literature, and of 
the others we have obtained simpler or more general forms than those given 
in the papers we have seen. 


$A1. FUNDAMENTAL EQUATIONS; RELATIONS BETWEEN 
EXPRESSIONS QUADRATIC IN THE AMPLITUDES OF 
PLANE WAVES PROPAGATED IN A DISPERSIVE MEDIUM 


We begin from the following equations of the electromagnetic field: 
curl B = (1/c) 9D'/0t; | curl E = — (1/c) 0 B[t. (A 1.1) 


Here the vectors E and B are defined so that the force acting on a charge e 
moving with velocity v is 
F = e(E + v X B/c). 


Taking the medium to be homogencous in space and uniform in time, 
we shall consider monochromatic plane waves. For the electric field E we have 


E(r, t) = 1 [Ey ei(oi-k-0 4- Ef e iot - * 0). (A 1.2) 


Similar expressions are used for D' and B. In (A 1.2) the frequency w is assumed 
real, in accordance with the problem under consideration here. 


1 By B. N. Gershman and V. L. Ginzburg. Published in Izvestiya vysshikh uchebnykh 
zavedenii: Radiofizika 5, 31-46, 1962. 
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The vectors Dj and E, are related by 


" 420,;(w,k) is 
Doi = ej (m, k) Hogs Ek; (e, k) = ei (w, k) — 1 — 5 ' 5. (A1) 


Dot = ef 073 &ij (w, k) = ej (— œ, — k*), 


where the tensors £;; and o;; are Hermitian, summation over repeated suffixes 
is understood, and the last relation follows from the requirement that D' 
should be real when E is real. The relations (A 1.3) are the most general 
following from the above assumptions. In particular, if D' depends on B, 
the expressions (A 1.3) are still valid, since B can be related to E by the 
second field equation (A 1.1). Neglecting the spatial dispersion in a non- 
magnetic medium is equivalent to using the tensor 


&;(0,0) = ciz (w); (A 1.4) 


in an isotropic medium, &j;(v) = e'()Ó;. 

For a magnetic medium the passage to the limit k > 0 in &j;(c, k) is not 
entirely trivial [349]. In using equations (A 1.1) and (A 1.3) below for the case 
(A 1.4), we shall for simplicity assume the medium to be non-magnetic(u;; = j;). 
Instead of taking the limit k — 0 in the absence of spatial dispersion, we can 
use from the beginning the equations valid for magnetic media alsof: 


curl H = (1/c) 9D'[0t; eurlE = — (1/c) O B[0t; 


7 I ; (A 1.5) 
Doi = &ij(9) Eg; Boi = ui;(0) Hoz- 
For inhomogeneous waves k = k, — ik, and the real vectors kı and k, 
are not parallel. For this reason the planes of equal phase and amplitude do 
not coincide in inhomogeneous waves (the field varying in space as e^ ** r Fiker), 
In an isotropic medium without spatial dispersion, k? = w*e'(w)/c?, and in the 
absence of absorption ¢é’(w) = e(w) is real. Hence in such a non-absorbing 
isotropic medium k*k, = 0 and k? — k? = w*%e(w)/c?. In an anisotropic me- 
dium, even in the absence of absorption, the nature of inhomogeneous waves is 
less simple and needs investigation (which has not been done so far as we know). 
In what follows we shall consider only homogeneous plane waves, in which 
k = ofis/c = o(n — ix)s[c, the unit vector s being real. 





T The notation used in the literature varies, and we have therefore been compelled to 
define all quantities. In [36], for example, the form (A 1.1) is used, but with the notation 
D instead of D'. In [349] the form (A 1.1) is used, but in (A 1.3) we denote the complex 
permittivity tensor by e; (instead of e;; = ej; + isj; as in [349]; moreover, in [349] and [36] 
the form e'(*: 79!) is used instead of e'(9!-*? as here). Finally, in the present book and in 
several textbooks on the theory of fields the expression D' = D — i-4zj[o is used, 
where j is the conduction current. The authors do not regard the present notation as the 
best, but have been concerned to use for convenience’ sake a notation as close as possible 
to that found in the rest of the book and in [349]. 
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For fields of the type (A 1.2), equations (A 1.1) become 


oDj=—ckX By; wBy=ckX E, (A 1.6) 
and similarly 
@ Do* = —ch* X B; oBi—-ck*x ES, (A 1.62) 


For a transparent medium} k* = k and equations (A 1.6) and (A 1. 6a) are 
the same. It should be emphasised that so long as the complete set of field 
equations is not used [for instance, if only the relations (A 1.3) are used] 
the frequency w and the wave vector k are independent, but for solutions 
of the field equations (A 1.6) we have w = c (k). 

Multiplying equations (A 1.6) by E, and B, respectively, we have (for w + 0) 


Di: E, = By: B, — ck. E, X Bylo. (A 1.7) 
In a transparent medium 
Do: E = By: BR, (A 1.8) 
as follows from (A 1.6) and (A1.6a). From (A 1.6), after multiplication by 
Eğ and Bj respectively, we obtain 
o (Do: Ej + By: B) =c k. [E X BE + EX X Bj]. (A 1.9) 
For a transparent medium this gives, with (A 1.8), 
E, X Bj = EX X B). (A 1.10) 
From (A 1.6) and (A 1.6a) we similarly have 
[Dp x BS + Dy* X Bj] = —c[: X By) X BE + (k X E) X Dj]; (A111) 
o [Do* X B, + Do X Bj] = — c[(k* X Bj) X By + (k* x Eğ X )Do]; (A1.11a) 
oo Db; Bi; + By; Dos] = e[( X By); Bi; + (k X E) Di]. (A 1.11b) 
To complete the picture, we may mention the other obvious relations which 
follow from (A 1.6): 
k-Do=0; k-By=0; Bye Do=0; By: Ey=0. (A 1.12) 


If we have a wave packet instead of a field of the type (A 1.2), then the relations 
(A 1.6)-(A 1.12) of course remain valid for each Fourier amplitude of the 
packet. The amplitudes E, cte., however, depend on k and on w(k). Hence 
the relations derived from (A 1.7)-(A 1.12) by differentiation with respect 
to k, (| = 1,2, 3) can apply to an arbitrary monochromatic packet only if 
the derivatives of the amplitudes with respect to b; cancel. We shall scc that 
such relations do exist. 


T A transparent medium is, of course, also a non-absorbing medium, but the converse 
is not true. A well-known example of a medium which is non-absorbing but not transparent 
is an isotropic collisionless plasma in the range of frequencies where & = 1 — 
— 4nze? N[mo? < 0 (see, for example, § 7). 
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Let us differentiate (A 1.9) with respect to kj, using (A 1.3). The result is 


20 [os k)] Ey Ex, + y Bt] 
1 





Ok, Ow 
06i : 
= c[(E, X Bj), + (Eo X Bj] -o gp, Hos Boat 
d B* d B 
+ [(ck X Ey F o B): 5. + (ck X Ef — o BS) | = 
dk, di, 


dE,; 
dk, 





d Ex, 
E le (k X BR); + wel; Ej) SZ + Ce e( x By); + od; Ey) d . (A113) 


For a transparent medium k = k* and g; = ejj. Then, using (A 1.6) and 
(A 1.62), equation (A 1.13) with the upper signs becomes 


Wrg=S; vg-9ofóh; S=S,+S8'; 








Y 1 ð 
WESS los [we;;(@, k)] Eo; Ej; + B, Bj i 
_ " . An w cyl, k) y 
So= jgz (Eo X Bo + Eo X Bo); Si=— 16x E» BoBo ] 
(A 1.14) 


Thus for real k we in fact obtain, from (A 1.13) with the upper signs, the 
relation (A 1.14), which does not depend on the derivatives d E,,/d k; etc. 

For a non-transparent medium (and for a transparent medium also, if the 
lower sign is taken), equations (À 1.13) are evidently valueless, since there 
remain derivatives of the field amplitude with respect to k,. The first formula 
(A 1.14) relates the group velocity vector vg, = 0«/0 k to the time-average 
energy density W and the time-average energy flux S (see $822 and B 3, 
and also [36, 142, 349, 352]). In the absence of spatial dispersion the flux 
S = S,, the Poynting vector. The significance of the flux S' will be clear from 
the particular case considered in § A 3. 

It may be noted that, in the absence of spatial dispersion, the relation (A 1.9) 
with the upper signs becomes 


Wy = (Do: EÈ + B,- Bi)/I16z — k- S,/w. (A 1.15) 


In the absence of both spatial and frequency dispersion W = W, and equation 
(A 1.14) becomes Wo Uger = S,. From this and (A 1.15) we have k- Vg/@ = 1 
OF Ug, j = Vpn, Where vg, , is the component of vq, in the direction of k, and 
Vpn = w/k is the phase velocity. 

From (A 1.11) and (A 1.1123), by the same procedure as leads from (A 1.9) 
to (A 1.14), we obtain some relations which we shall write out here only for 
a transparent medium and with the upper signs, when the terms involving 
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the derivatives of the field amplitudes with respect to k, eancel: 
Tij = — Ji Yaj Ug —O0o[0k;; 
Tij = Tijo Ti 
k; 96,(o, k) 


a 1 1 p a 
fi = 185 (P? X Boi + (D^ x Bo):] +x dm  LD6ifm 
eee a ee EE ELTERN (A1.16) 


ó.; 
‘1 (2 By: Bj + E, X Dot + E$- DD); 





^ 32m 
a k; emiw, k) 
e p s in 
J 


Formulae (A 1.14) and (A 1.16) have been derived in [142, 352], where the 
relativistically invariant form of thc field equations was used, and the medium 
was throughout assumed transparent. The latter assumption is justified 
a posteriori, since for a non-transparent medium, equation (A 1.13) and the 
corresponding equations apparently yield no results of value. The form in 
which the equations are written and the derivation of the relations (A 1.14) 
and (A 1.15) are, of course, a matter of taste or habit, but the derivation 
given above seems to us so simple that to employ the relativistic equations, 
which are rarcly used in macroscopic electrodynamics, is to introduce a compli- 
cation greater than that of the proof itself, and is therefore not to be re- 
commended. 

It may be noted that in (142, 352] the vector g; is taken to be thc timc- 
average momentum density, and 7, the mean stress tensor. There is, however, 
now no doubt that this choicc of the four-dimensional energy-momentum 
tensor is incorrect (sce [36, $8 16 and 56; 353]). In certain conditions (in wave 
propagation in a medium) the vector g, has the significance of the total mo- 
mentum density of the field and the medium (353, 81]. Thus equation (A 1.16) 
will probably be of importance in considering the momenta and forces duc 
to electromagnetic waves in a medium. Further analysis is necessary, how- 
ever, and we have not effected this. 


$A2. INEQUALITIES WHICH FOLLOW FROM THE 
DISPERSION RELATIONS IN THE REGION OF 
TRANSPARENCY 


It is known that the dispersion relations for isotropic media in the region 
of transparency ean be used to derive certain conditions which give the manner 
of variation of the permittivity e with the frequency w. From these conditions 
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we can show that vg = |dw/dk| X c (see [36, § 64]). Below we shall give 
a similar discussion for the more complex case of an anisotropic dispersive 
medium whose electromagnetic properties are specified by the tensor ej = 
= £j — i: 420;;/w. For such media we can obtain the following formulae, 
which are a simple generalisation of the usual dispersion relations (see [349, 
351]). In (A 2.1) it is assumed for simplicity that the non-diagonal elements 
&;; are either symmetric or antisymmetric, and e;; and 9;; are assumed to be 
even functions of k: 


& (0, k) — ws [Eae 


(A 2.1) 
4z[c;;(o, k) —o,(0)] _ Es ig (9, k) — 65; ds 


w 7 w? — oq? 
0 


In (A 2.1) the integrals must be taken as principal values at œ = w’. It may 
be noted that, in the presence of spatial dispersion, formulae (A 2.1) are a 
particular case of the more general dispersion relations (see [354; 349, Ap- 
pendix]. For complex wave vectors k, the question of the significance and 
values of the tensor &;;(œw, k) in general requires further analysis. So far as 
we know, the problem has not yet been fully elucidated, and in [349], for 
example, the vector k is generally taken to be real. For a transparent medium, 
with which we shall be mainly concerned, this procedure may apparently 
be used without particular misgivings (a fact which is not quite evident, since 
in general we cannot regard the absorption as strictly equal to zero). 

Writing the tensor &j;(c) in the form c; (o) = &j(0) — i- tno; (w)/w, we 
can assume the tensors g;;(w) and o;;(c) to be Hermitian. The heat evolved 
is expressed in terms of o;;. For a monochromatic field (A 1.2), averaging 
over high frequencies, the heat per unit time and volume is (see § B 2, Appen- 
dix C and [349, 36]) 





q=— {2 qn. Di — E + Do) 
tw 
x zi (w, k) — €};(@, k)] Eo; Eg; 
= 36; E; 
= $ oij Ey; Ej. (A 2.2) 


This formula for the timc-average quantity of heat is obtained only if we 
neglect spatial dispersion, when e;; (œ, k) = e; j(@), or for an almost transparent 
medium (the passage to the limit of real k). If ¢;,(@, k) depends on k and k 
is complex, the quantity q is not the mean heat generated (Appendix C). To 
prove this, it is sufficient to show that q may be non-zero even when ab- 
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sorption is completely absent ($ A 3). In these cascs, however, the mean 
fluxes Sy and S' are not zero, and their variation in Space is responsible for 
a contribution to g. In what follows we shall use formula (A 2.2) only for real k 
or when spatial dispersion is absent. 

If the medium is in a state of thermodynamic cquilibrium, then for o; ; +0 


2q = Oi; Ej; Ej >0. (A 2.3) 


The Hermitian quadratic form (A 2.3) can be reduced to a sum of squares of 
the form 2g = A,| Ei |? + A,| E;|? + A,|#5|2 > 0. Since E is arbitrary, the 
coefficients 2,, 22, A; must all be positive. The reduction of the quadratic 
form (A 2.3) to a sum of squares is analogous to the representation of the matrix 
of the elements o; ¿in diagonal form. Using the determinant D(A) = |o;;—A0,,|, 
we can formulate the inequality (A 2.3) as a requirement that all three roots 
Ay, Ag, As of the equation 


D(A) = |a;;(@, k) — A(a, k) j| =0 (A 2.4) 

should be positive. For this it is necessary and sufficient that the inequalities 
D(A — 0) « |o;;| > 0, (A 2.5) 

A>, (A2.5a) 

0j 0 (A 2.5b) 


should hold, where 4;; are the minors of the elements o; in the determinant 
lo;;|, and A; and o;; are the respective sums over 7. 

To derive the inequalities of interest to us, we differentiate the first equation 
(A 2.1) with respect to the frequency w. The allowance for spatial dispersion 
is here unimportant, since the real vector k appears in (A 2.1) as an independent 
parameter (the field equations are not used here). To simplify the notation, 
the argument k will be omitted in the rest of this section. As in the isotropic 
case [36], for the region of transparency we may ignore the singularities of 
the integrands at w = w’. For this reason a simple differentiation with respect 
to the parameter w is possible, giving 


Seu) = 160 of ae o. (A 2.6) 


Adding the left-hand and right-hand sides of the threc relations (A 2.6) for the 
diagonal components of the tensors ¢; ps and o,;, we have 


9eu(o) — [eaten t 


Since, according to the inequality (A 2.5b), the integrand in (A 2.7) is always 
positive throughout the range of integration, wc obtain in the absence of 
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absorption at the frequency w (more precisely, when the absorption is very weak) 


0£;i(0) 281 3 Ezg + 3 E33 
900 900 ow ow 





>0. (A 2.8) 


As in the isotropic case [36], we can obtain by using (A 2.5b) another inequality 
besides (A 2.8). Multiplying both sides of the first equation (A 2.1) by w? and, 
as for (A 2.6), differentiating with respect to the frequency w without taking 
account of the singularity at w = w', we have 


E (o "2 
a5 Lo? (&;5 — 0;)]— 16a f ij KE 2 do’. (A 2.9) 
0 


(o? Je w?) 


Adding the relations (A 2.9) for i = j and using the condition (A 2.5b), we 
obtain 
3e; (o) 5s 2[3 — slo) 


ee = (A 2.10) 


For the isotropic case without spatial dispersion we must put e; = £ô;;. Then 
the inequalities (A 2.8) and (A 2.10) become the simple conditions [36] 


ðelðw > 0; de/Ow > 2(1 — eo. (A 2.11) 


Our calculations so far have been based on only one of the restrictions 
(A 2.5)-(A 2.5b). It is very difficult to derive in the general case definite 
results like (A 2.8) and (A 2.10) from the other two conditions (A 2.5) and 
(A 2.5a). The difficulties are due to the fact that the conditions (A 2.5) and 
(A 2.5a) involve combinations of products of the components of the tensor o;;. 
Hence the inequalities (A 2.5) and (A 2.5a) cannot be used in the same way 
as we have used (A 2.5b). 

The situation is more favourable for anisotropic media of certain types if 
we use the simplest forms of the Hermitian tensor ¢;;, which are obtained 
by an appropriate choice of the coordinates. 

In the absence of external magnetic fields and of spatial dispersion, the tensor 
£;,1s symmetrical (;; = &j;) and real. Such a tensor can be brought to its princi- 
pal axes, and its components with ? = j are é,, &, £4, while e; = 0 for i + j. 
We shall also consider crystallinc media in which the principal axes are fixed, 
for reasons of symmetry. Such crystals include all except those of the triclinic 
and monoclinic systems, where there is dispersion of the axes and the axes 
of the tensors ¢;; and o;; cannot be taken to coincide for all frequencies w. 
In crystals of higher symmetry, the axes of these tensors coincide for all w. 
Then we easily obtain from (A 2.1) and (A 2.5), after transforming to the 
principal axes, the inequalities 


0e,/00 > 0; 065/00 > 0; 9834/00 > 0; (A 2.12) 
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9o w aw w 0o w (A 2.13) 


When spatial dispersion is taken into account, in general ¢;;(w, k) = slw, — k), 
and only in a non-gyrotropic medium (in particular, when there is a centre 
of symmetry) &j(c, k) = €;;(@, k). In the latter case the results (A 2.12) and 
(A 2.13) sometimes hold good, but the dependence of the principal axes on k 
complicates the situation in practice; see [351] for a discussion of crystal 
optics with allowance for spatial dispersion. 

For the simplest magnetoactive medium (for instance, a plasma), taking 
the direction of the external magnetic field as the z-axis, we have 


& ig 0 
E; (w, k)=|— ig & 0j; A 2.14) 
J 1 
0 0 & 


where the quantities ¢,, £, and g are real and depend only on w and k, and 
not on k/k. From (A 2.1), (A 2.5)-(A 2.5b) we have in this case 


Ob, 0: 0(& +9) >0: 9(& — 9) 
9o Š 00 ^ Ow 


In addition, we have the inequalities 
$&. 20—59). Ate) 2(01—4—9. 9(&4—9. 20-4 +9) 


> > 


900 w 00 w 90 w 


(A 2.16) 


The inequalities for 3e;;/2w impose certain restrictions on the refractive 
index (w,s) for homogeneous plane waves propagated in a transparent 
medium (k = wns/c, n > 0). In the general case it is fairly difficult to derive 
the corresponding conditions on n, since the relation between e; and m (i.e. 
the dispersion relation) which results from the field equations is very compli- 
cated; it is well known to have the form 


le; (œ, k) — n? 0j; +n? 5; s| = 0. (A 2.17) 
In an isotropic medium without spatial dispersion, n? = ¢(w) for transverse 
waves, and it follows from (A 2.11) that 
dn|do 0; d(no)ldo >n; d(nw)/dw > ln. (A 2.18) 
Hence it is clear that the group velocity in this case, 
d (no 
uà jr a 


Š always parallel to s, and v,, < c. At first sight this proof [36] of the inequality 

g < 6 Which is evidently ‘relativistic, may appear puzzling, since the dis- 
uon relations (A 2.1) are a consequence only of the principle of causality. 
The same applies to the inequalities (A 2.11) apart from the use of the 


>0. (A 2.15) 


Ug. = OW/Ok — c | 
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condition (A 2.3), which follows from the principle of increase of entropy. In 
this case, however, the use of the relation n? = e is equivalent to using the 
field equations, which are relativistically invariant. In combination with the 
principle of causality this in fact gives immediately the result that the signal 
cannot be propagated with a velocity exceeding c. 

In the presence of spatial dispersion the use of inequalities of the type 
(A 2.11)-(A 2.13), and still more so of more complex ones, to derive any 
information about n (w, s) is especially difficult, since n then appears in the 
expression for € itself: e = ¢(w,wn/c). For an anisotropic medium without 
spatial dispersion, on the other hand, we can probably deduce from (A 2.12), 
(A 2.13), (A 2.15) and (A 2.16) the inequality 


Ug = |Oc[O k| < c. (A 2.19) 


This inequality is demonstrated in $ A 4 for uniaxial crystals. A more general 
case has not been considered, since the proof is certainly very involved and 
there is no particular reason to cast doubt on the validity of (A 2.19). For, 
from the familiar kinematic derivation of the expression for the group velocity, 
and formula (A 1.14), the significance of the vector 0«/0Kk as the velocity 
of the signal and the rate of flow of energy in a transparent medium is evident. 
Hence, from relativistic considerations, we may expect the inequality (A 2.19) 
to be valid in any transparent medium. In this respect the proof of (A 2.19) 
from the field equations and inequalities of the type (A 2.11)-(A 2.13) is of 
purely methodological interest.T 

The component of the group velocity in the direction of k is (see § 24) 


k ðw 
"mi =E i 


= 00/0k 
c 
E A 
= Ug, cos D, (A 2.20) 
where ® is the angle between v,, and k. 


T It should be noted that the signal velocity ean be identified with the veetor 
v, = 0c[0 k from kinematie eonsiderations only under eertain eonditions (for example, 
this eannot be done in a region of anomalous dispersion, where the signal is greatly de- 
formed and we may have |9c[0 k| > c). In this eonneetion the validity of inequality 
(A 2.19) for media of the class eoneerned indieates that the use of the expression 0/0 lc 
as the signal veloeity in these media is eonsistent (in a region of anomalous dispersion 
the inequality (A 2.19) may be violated on aeeount of the existenee of absorption, whieh 
in (A 2.19) has been assumed absent). The most general, simple and fairly eonvineing 
proof of the eondition (A 2.19) appears to be based on the use of the theorem (A 1.14) and 
the requirement that the veloeity of energy transfer should be less than c. The above 
argument was developed in diseussion with V. P.Silin, to whom the authors are also 
indebted for a number of other eomments. 
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From (A 2.19) and (A 2.20) it is clear that 
la (nw) ðw] > 1. (A 2.21) 


As will be seen in § A3, in the absence of spatial dispersion the angle @ is 
always acute, and 0«/0k > 0. Hence, in the absence of spatial dispersion, 


a(nw)/@w > 1. (A 2.22) 


§A3. TWO THEOREMS CONCERNING WAVE PROPAGATION 
IN THE ABSENCE OF SPATIAL DISPERSION 


We may mention here two theorems concerning the propagation of electro- 
magnetic waves in anisotropic media in the absence of spatial dispersion. 
We shall also explain the reasons why these theorems may be invalid in media 
with spatial dispersion. 

The first theorem states that in the absence of spatial dispersion the angle ® 
between the directions of the group velocity vg, and the wave vector k (the 
phase velocity) is acute, i.e. |Ø] < iz. 

To prove this, we use the relation (A 1.14), which is valid in the region 
of transparency ; in the absence of spatial dispersion this is 


Wvg = S, (A 3.1) 


where W is the time average energy density of the electromagnetic field 
(W > 0), and S, = (c/167) (E, X B* + EX X B,) = cE, X Bf$[8z[see (A 1.10)]. 


Using the field equations (A 1.6) and (A 1.6a) for the time-average flux Sọ, 
we obtain 


S, = (¢/162) (Ey X Bj + Eğ X By) 

= (c?/162w) [(k* + I) (Ey EX) — Eg(k* Eg) — Eg (k*+E,)]. (A3.2) 
Let us first consider, for generality, the propagation of waves in the presence 
of absorption, when k = k, — ik,. Taking the component of equation (A 3.2) 
in the direction of propagation of the wave, which is given by the vector k,, 

we have 

I, «Sy = (c*/167:00) {2k} (E, EF) — 2 (I, - Eo) (I, - Eg) + 

+ af (Ik + Eo) (1e, - EG) — (Fey - Eo) (Key Eg)]). (A 3.3) 


If the vectors Kk, and k, are parallel or antiparallel (homogeneous plane wave), 


the last term is zero, and we easily find that k «S, > 0. In the region of 
transparency, where k = Jc, we have 


k. S, > 0. (A 3.4) 


In the absence of absorption it is easy to show that k* Sy > 0, a morc general 
inequality than (A 3.4) (Sy being the instantaneous value of the energy flux). 
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The inequality (A 3.4) signifies that the angle ® between the directions of S, 


and k is acute (this is true of the angle between S, and k, even in the presence 
of absorption). This result, together with (A 3.1), proves that |®| < iz. 

The second theorem concerns the propagation of homogeneous plane waves 
in a non-absorbing medium (o;;— 0) in the absence of spatial dispersion. It 
states that under these conditions the square of the complex index of absorption 
fi? — (n — ix)? always takes real values. 

Various proofs are possible, but the one given below, which is mainly clear 
from [36], is one of the simplest. We use the properties of the inverse tensor 
£;;., taking into account the facts that for a non-absorbing medium E; = ¢;;'D; 
and the tensor e; is Hermitian. Substituting the second formula (A 1.6) in 
the first, we obtain 

D' = i?[E — s(s- E)J. (A 3.5) 


From (A 3.5) it follows that D’+s = 0, i.e. the longitudinal component of 
the vector D’ is zero. For the transverse components D, and D, we have from 
(A 3.5) D, = f? E,(x = 1,2) Using the relation E, = £,53D5(B = 1, 2), we 
obtain from (A 3.5) D, — $?£,3.D, = 0. The values of ñ? are determined from 
the condition for there to be a non-trivial solution of this equation: 
2 e71 -1 

1/%° — ey — €i zd (A 3.6) 
— Ez 1/7" — e54 
The discriminant of the quadratic equation (A 3.6) for 1/#?isA = (e;1 — esd)? + 
+ 4e; egi and, since the tensor e;5 is Hermitian, A = (ejt — e34)? +4] e723 |È o. 
For A 2 0 the values of 1/3?, and therefore those of #?, are real; if #2 > 0, 
then n +0 and x = 0, but if 4? < 0, then n = 0 and x + 0. In the former 
case the field oscillates in space but is not damped, while in the latter case 
it is damped without oscillations. 

In another statement of the problem, where the vector k is real and the 
frequency w = w — iy is complex, the statement that ñ? is real is equivalent 
to the conclusion that œw? = Kk? 4?/c? is real. 

The two theorems just proved] are of interest also in that their validity 
is not certain in the presence of spatial dispersion. For example, in the latter 
case we can give examples of wave propagation in a hot magnetoactive plasma 
[268] or in crystalline media [1] where the inequality k- var > O is definitely 
not satisfied. Moreover, an analysis of particular cases shows that the angle Ø 


T In the absence of spatial dispersion another theorem is also valid, concerning the pro- 
pagation of plane waves in anisotropic media with absorption: it states that nx > 0, 
i.e. n and x have the same sign. For an isotropic medium this is obvious, since (n — ix)? = 
— € — i:4no[o and nx > 0 for c > 0. The general proof makes use of the condition 
(A 2.3). It may be noted that for an emitting medium (e.g. in lasers and masers) nx < 0, 
since ø < 0. When spatial dispersion is taken into account, the inequality nx > 0 may 
not be valid even for an absorbing medium (see e.g. [91]) 
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may have any value. For example, it is possible for the vectors k and vg, 
to be antiparallel, i.e. Ø = x. 


We may mention the reasons why the above proof of the inequality Ic - vg, >0 
becomes invalid. When spatial dispersion is taken into account, the relation 
(A 3.1) does not follow from the equation Wo, — S [see (A 1.14)], since 
the total energy flux of the electromagnetic field is S = S, + S'. The com- 
ponents of the vector S', it will be recalled, are given by 


w 0&3 (o, k) 
16x Ok, 








Ši = Ej; Eo. 
If S' + 0, we of course cannot be sure of the validity of statements derived 
from the approximation S — S,. 

The above expression for S' was obtained in deriving formula (A 1.14). 
For media with weak spatial dispersion (1] we can make the form of the func- 
tion ¢;;(w, k) somewhat more specific, and sometimes its explicit form need 
not be used. For instance, in an isotropic non-gyrotropic non-magnetic medium 
the allowance for weak spatial dispersion amounts to using the relations 
(with e, « and f functions of wœ) 


D' =£ E + « grad div E + f curl curl E; B — H. (A 3.7) 


We substitute these expressions in the general relation which follows from 
the field equation (A 1.1): 


1 0D' ] oH? 
m LR. D ————— — ———— => — i S, ©. S = E H . E 
d E 2: + 2270 div Sọ; S,—cE X H/Ax (A 3.8) 


Then, if for simplicity we neglect the dependence of e, « and f on œw, we have 





e Wot = — div S; ] 
82W = c E? + H? — «(div E)? + p (curl E); 
æ . OE p dE 
= — ———— — E -——— * 
S=S,+ ae ry ne x curl ar? 


(A 3.9) 
l6z W = £E,- EX + Hy: Hà — a(k- Ej) (k Ef) + (k X E)+(k X EQ); 
1625 = c(EX X I, + E, X HE) + xo [E(k EX) + EX (I E)] — 

— Be [E, X (k X Ej) + Eğ X (k X Ej], 


where in taking the time-average values W and S we have substituted a field 
of the type (A 1.2) with real k. 

The use of the relation (A3.7) is equivalent to using the pcrmittivity 
cij = (e + BE?)0;; — (x + B) k;k;. If we substitute this ¢,; in (A 1.14), neglect- 
ing the derivatives of e;; with respect to c, the result is (A 3.9), as it should be. 
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Let us now consider the case of a plasma, for which it is particularly easy 
to see the physical significance of the additional flux S'. We shall use the 
Boltzmann equation for the electron distribution function: 


0f[0t + v - grad, f + (e/m) (E +v X H/c)-grad,f=0. (A 3.10) 


In (A3.10) collisions have been neglected, and in addition we ignore the 
motion of the ions, i.e. consider only high-frequency ficlds ($ 10). The spatial 
dispersion in the plasma arises on account of the thermal motion, and is taken 
into account by the term v- grad, f in (A 3.10). Multiplying (A 3.10) by im 
and integrating over velocities, we obtain in the usual manner (see, e.g., $ B 3, 
where spatial dispersion is not taken into account) 
i; (EE «fs metde) = — div (cx x H/4n +[zmeretde).(A 3.11) 
Thus the total energy flux S = S, + f i mv?v f dv consists of the field energy 
flux and the particle (electron) energy flux. In this case also, of course, the flux S' 
can be expressed in terms of ¢,,(w, k) for the plasma. 

On averaging over time (for a monochromatic field) the first term in (A 3.11) 
gives zero. If we furthermore consider the propagation of homogeneous plane 
waves in the z-direction, (A 3.11) gives for the mean values 


a(S, + S')fóz = 0S[0z = 0. 


Hence we have the obvious result that, when the thermal motion of the 
particles in a non-absorbing medium is taken into account, the time-average 
total energy flux is conserved: 


S = S, + S' = constant. (A 3.12) 


The relation (A 3.12) is of interest in that it clearly indicates the possibility 


of a variation of the time-average Poynting vector flux S, despite the absence 
of absorption. This result is closely related to the invalidity of the second 
of the above theorems when spatial dispersion is taken into account. 

In solving particular problems of wave propagation in magnetoactive 
plasmas (Chapters III and V) and in crystalline media [1] with allowance 
for spatial dispersion we sce why the second theorem, i.e. the statement that 
fi? is real in à non-absorbing medium, may cease to be valid: it is found that 
in such a medium the propagation of waves with complex 7? (and therefore 
complex %) is possible. In the above proof that ñ? is real we used the properties 
that the tensor ¢,3(w) is Hermitian and independent of £j. When spatial dis- 
persion is present, however, &;5(o, k) = €,3(@, w/c), and the squares of the 
roots of equation (A 3.6) necd not be real. 

If # is complex the field will oscillate with an amplitude which varies in 
space. At the same time, according to (A 3.12) the timc-average total energy 
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flux S is constant. If the medium occupies the half-space z > 0 and S tends 
to zero as z => oo, we must have S = 0 everywhere. Consequently, for a half- 
space and waves with complex ñ? in the absence of absorption S) = — S', 


ie. the mean field energy flux S, is balanced by the flux S' of non-electro- 
magnetic origin in the medium. For a plasma, as we have seen, this non- 
electromagnetic flux is simply the kinetic energy flux. (We call it the 
non-electromagnetic flux S' because a corresponding flux can exist even when 
the field is absent; if we consider the flux S' in the wave field, it is of course 
determined by the field E,, in accordance with (A 1.14).) It may be noted 
that the problem of the nature of waves in a non-absorbing medium with 
complex ñ? has recently been discussed also, on a slightly different basis, 
in [355]. 


$44. THE PROOF OF THE INEQUALITY (A 2.19) 


We shall prove the inequality |@w/0k| = v4, < c for the example of pro- 
pagation of a group of waves in a uniaxial crystal. In the system of principal 
axes of the symmetrie tensor e;; the dispersion relation (A 2.17) becomes 


2 
k? (e ki + £s ky + Ez k3) — ^ [^ £4 (Eg + &) + 


wt 
+ K2 e (& + €) + kz e (e + €)] + a 55-0. (A 4.1) 


For uniaxial crystals e, = £% = £} and eg = ej . Then (A 4.1) for the ordinary 
wave gives the equation 


K = We, = tfe, (A 4.2) 
and for the extraordinary wave 
e, ke + ek? = e; ky = we, eyl[c?. (A 4.3) 


In deriving equations (A 4.2) and (A 4.3) we have, without loss of gencrality, 
put k, = 0. The dispersion relation (A 4.2) for the ordinary wave has the 
same form as for an isotropic medium, with & replaced by e. The proof of 
the inequality v,, < c is here entirely similar to that given in [36] for an iso- 
tropic medium (see also § A 2). 

For the extraordinary wave the proof of (A 2.19) is a little more complex. 
Differentiating equation (A 4.3) with respect to k, and k,, we find the com- 
ponents of the group velocity, @w/@k, and 0w/0k,, and its magnitude 
vger = |V[Ow/Ak,)? + (9/0 k,*]]. Thus we have 


_ en V[G/eF,) sin? x +- (M63) cos? a] 


E (A44) 


[is] 
1 
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where 











n? [costa de sinta de 
tana = k,/k,; pas ( + L), 


2 & do ef, do 


Using the inequalities (A 2.12), which in this case take the form dé /dw > 0 
and de,/dw > 0, we find that vg, < c if 
sinx costa _ sin?« $ Cos? " i. (A 4.5) 
efi ei 8l e, n 
In deriving (A4.5) we have used equation (A4.3) With the identity 
d[w?(e — 1)]/dw — 2w(e — 1) = w*de/dw, we can represent the quantity B 
in (A 4.4) as 





Bn? foosta l — shat ia geet el. all 
EL Eil 
1 [cos?« d sinx d 
2 "A 2 e 
T. ew io € (e — UI VI Zg [2E nij}. 


Using the inequalities (A 2.13) and (A 4.3) we see that vg, < cif the inequality 
opposite to (A 4.5) holds. Thus we have proved that vg < c for the extra- 
ordinary wave also. 

It may be noted that the condition |0c/0 k| = vg, < c can also easily be 
demonstrated for a magnetoactive medium whose properties are given by 
the tensor (A 2.14), if propagation occurs along the constant magnetic field 
or perpendicular to it. 
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THE CONSERVATION LAW AND THE EXPRESSION 
FOR THE ENERGY DENSITY IN THE 
ELECTRODYNAMICS OF AN ABSORBING 
DISPERSIVE MEDIUM} 


Despite the fact that the problem of the conservation law and the ex- 
pression for the energy density in electrodynamics is a fundamental one, 
there are certain aspects of it which have not yet been elucidated, in particular 
for the case of an absorbing dispersive medium. For example, the familiar 
expression 


t 
W,- x [®-@ppoat, 


even when reduced to the form constant x H?, cannot be regarded as the total 
energy density when absorption is present, if only because the value of Wg 
may be negative (see below). Moreover, in the modern work [36] ($61) the con- 
cept of internal energy is regarded as meaningless in the presence of absorption. 
On the other hand, with the microscopic approach, using particular models 
of simple media (plasmas, or assemblies of oscillators), and also for certain 
equivalent circuits, we can derive simple expressions'for the energy density, 
which at first sight appear entirely reasonable [22, § 68; 143, 144]. The relation 
between this model approach and the phenomenological approach has never 
been discussed so far as we know.TT Furthermore, some other cognate topics 
usually receive insufficiently precise treatment (as, for example, in the very 
recent paper [356]) Thus we may hope that the publication of the present 
discussion is justificd, even though the matters discussed arc essentially very 
simple; the author is aware that others besides himself have for long been 
unclear concerning these matters. 


t By V. L. Ginzburg. Published in Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 4, 


74-88, 1961. 
Tf An exception occurs in § 22 of the present book, where the author was able to make 


corrections in proof to incorporate some of the arguments here given. 
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§B1. THE BASIC EQUATIONS AND ENERGY RELATIONS 


We write the fundamental field equations in the usual form: 
curl H = 47 j/c + (1/() 2D/0t; curl E = — (1/c) 0 Hjet, (B 1.1) 


where for simplicity the medium is assumcd non-magnetic (B = H)1, and the 
external (extraneous) currents are assumed absent. In [36] the two terms 
4a j|c + (1/c) 9 DJ0t are written together as (1/c) 9 D/0t, while here we use the 
customary notation. From (B 1.1) we have Poynting's theorem: 


1 oD ð (= 


ac OE OE Sa 





) +j B= -$ div(ex H), (B 1.2) 


where real quantities are implied. 
For harmonic fields, proportional to e*®’, in a linear medium at rest, and 

neglecting spatial dispersion, 
Df? = elo) Eg? ; jlo) = olo) BO; | 


(B 1.3) 
Eik = Ejip — 1- Á tou / o, 


where summation over repeated suffixes is understood. If the medium is 
also isotropic, then 


D — e(w) EC; j = c (o) dE 


. : (B 1.4) 
E — & — te= € — i- Anoo. 


The allowance for anisotropy merely complicates the notation slightly, and 
we shall therefore regard the medium as isotropic (but see $ B 4). 

In certain frequency ranges it is possible to neglect dispersion or absorption, 
and sometimes both. For instance, in à plasma 


e£ —1— obo(o—iv); e=1—w2/(w? + 2); 
Holo — i») Wo? + 9%) | gee 


c — op v/An(o? + r); w= Ane? N/m. 
Here N is the electron density and y the frequency of collisions between 
electrons and other particles. Formulae (B 1.5) are strictly valid when the 
collision frequency is independent of the velocity; in general, formulae (B 1.5) 
with v = verp correspond to the “elementary theory” (§ 3). 
If œ? < »?, the dispersion (i.e. the dependence of £ and o on w) may be 
neglected in a first approximation: 
€ = 1 — ov; o = oltar; ot «wt. (B 1.6) 
In the opposite limiting case we have 
£ —]1] — exo? ; o¢=0; v0, (B 1.7) 


1 For à medium with complex permeability u’ (œ) or tensor itf (c) not equal to unity 
the results are derived exactly as below for & medium with permittivity e’ (w) or ej, (w) 
and u'- 1 (see also $ B 4). 
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i.e. absorption is absent, but the dispersion cannot be neglected if ¢ is appre- 
ciably different from unity. 
In the absence of dispersion, the theorem (B 1.2) takes the form 
a ( €F? + H? 


c 
Diez. . 
T 2x )+oz ge div (E X H), (B 1.8) 


which is often used; the expression 
H eE Ff 


2 
Wo — WO = = 
B+ 8x 8x 8x 


(B 1.9) 


is sometimes interpreted as the field energy density in the medium. The 
general expression (1/42) E * 0 D/ét reduces to the form @W j/0t for an arbitrary 
medium, but for a quasimonochromatic field and with averaging over high 
frequencies (denoted by the bar). The derivation is generally known (see, 
e.g., §22 and [22, 36, 143]), but in order to effect some generalisation and 
refinement the proof is also given in § B 4. 
For an isotropic and non-magnetic medium (see § B 4) 
1 4, 9D Wer, 


in Ott’ 
— 1 d(we) 
Ve= s dw 


W= Wet H*/8m. 


In the absence of absorption (i.e. for ¢ = 0) the entropy of a system otherwise 
isolated is constant in a variable electromagnetic field. Hence the quantities 
W9 and W [sce (B 1.9) and (B 1.10)] can be regarded as the internal energy T 
of the field in the medium, in the thermodynamic sense of the term. In the 
presence of absorption the entropy is not constant, and (B 1.2) involves two 
volume terms, namely (1/4z) E - 0 DJ0t + (0/0t) H?/8z and j - E. It is therefore 
incorrect to speak of the thermodynamic internal energy, and the distinction 
between energy changes and losses (dissipation) at least requires special 
analysis. This wili be especially clear from the subsequent discussion. Here 
we may note that in the presence of absorption-the quantities WO and Wy 
may be negative. For instance, in a plasma in the casc (B 1.6) we have 
24 go 
(1. 99) ^ 
rP-0- 3) 


y2 
and evidently W® < 0 for 1? < w = 4neNjm. 
This result does not contradict the principle of increase of entropy, since 
W® is not the internal energy. Nevertheless, we shall consider this point 


l dwe) (B 1.10) 


gaà o0. 
2 16x do 





W= W, (B1.11) 


+ For constant temperature (and not entropy) we have the free energy. 
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in a little more detail in order to preclude misunderstandings. For a closed 
system or for any region to which there is no inflow of energy (i.e. 
f(E X H), dS = 0), we have from (B 1.8) the relation 


" 
f(W w- WOW] dV = — f f oz*av at. 
tv 


If all field sources are cut off at time t, say, then as t' — oo the field is entirely 
damped, W (co) = 0, and by the law of increase of entropy all the energy 
must be converted into heat, i.e. 


oo 
[wowar= ( E av- f fomava>o. (B 1.12) 


Hence it followsf that ø > 0 and e > 0 (we assume that in the process under 
consideration the field H is sufficiently weak in comparison with the field E). 
The condition (B 1.12) does not contradict what was said above concerning 
plasmas, since (B 1.12) has been derived from (B 1.8) by considering the 
process of cutting off the field. Here it is not at all certain that dispersion 
can be neglected and the relation (B 1.8) used. For example, in the absence 
of sources and with the condition eurl H — 0 we obtain from (B 1.1) the equation 


ŽP Ani e eL Ana E —0, (B 1.13) 
where in the second expression we assume that dispersion is absent. According 
to (B 1.13), E = E(0)e-*7*l*, and for o > 0 and e < 0 the field would increase. 
In a quasiequilibrium system this is, of course, impossible. Equation (B 1.13) 
simply cannot, however, be used for à plasma: it is clear from this equation 
or its solution that the characteristic time of variation of the field is T ~ &/47:6, 
ie. the frequencies w in the spectral resolution are mainly ~4zo/e. It is 
easily seen that at such frequencies the condition œw? < v? for dispersion to 
be absent and the condition e < 0 cannot both be satisfied [see (B 1.6)]. 

The above diseussion shows only that the validity of (B 1.8) is obviously 
restricted. But these restrictions on the properties of the medium and on the 
characteristic frequencies of variation of the ficld in the processes considered 
(the field in a condenser, the wave field in free space, etc.) do not in themselves 
prevent wo and Wp from being interpreted (even in the presence of ab- 
sorption) as some density or mean density of energy in conditions where 
(0/42) E- 0 D[0t = 0W$9[0t or (1/4n) E-0 D[0t = OWy/dt. For the quantity 
W appears in (B 1.8) as some function of state, differentiated with respect 
to time, and the same is true of Wp in (B 1.10). In this respect absorption 


T The condition c(t) =o > 0 is necessary only for equilibrium and quasiequilibrium 
systems, where the field # is monotonically damped when the sources are cut off. 
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does not affect the situation. Furthermore, for sufficicntly weak absorption 
the quantities W and Wy are almost the same as the corresponding ex- 
pressions for the internal energy in the absence of absorption. On the other 
hand, when there is considerable absorption WI? and Wy arc in general not 
equal to the total energy density in the system, but only to part of it which 
has a distinctive character (namely, that of the corresponding term in (B 1.8) 
or (B 1.10)). Apart from a possible question of terminology (whether or not 


to call WY and Wy the energy density) the phenomenological theory raises 
no problems here. It is, however, undoubtedly of interest to analyse the energy 
relations on the basis of the microscopic picture or of various models of the 
medium. 

§B2. THE RESULTS FOR A MODEL PLASMA 


Let us consider a model “plasma” consisting of free particles of charge e 
and mass m, moving with velocity w in an electric field E and also subject 
to a frictional force; the space charge is assumed to be compensated by a 
“background” of ions. Then 

mou/dt = eE — mvu; (B 2.1) 


here u depends only on t, and the derivative is written in the form 0/0t only 
for convenience; in using (B 2.1) below, we also assume the field and the partiele 
density independent of the coordinates. This equation is widely used in plasma 
physics in the approximation of the “clementary theory” (see above and § 3). 
From (B 2.1) we obtain the expression (B 1.5) for e’. If we add to (B 2.1) the 
force u x H/c, where H® is the external magnetic ficld, we have a model 
of a magnetoactive plasma. This generalisation is not important in the present 
discussion, and we shall consider below only an isotropic plasma. It may 
also be noted that by adding to (B 2.1) some foree grad U, we can take into 
account also bound electrons" (e.g. for an oscillator U = $mo?1?, u = Or/dt; 
a medium oonsisting of such oscillators is considered in $3 and [143, 144]). 
The use of (B 2.1) for a plasma is more justified than for any other medium, 
in particular because the field acting in a plasma is cqual to the mean macro- 
scopic field (§ 3 and [22]). We are concerned with the behaviour of the medium 
in a quasimonochromatic field 


E(t) T 4(E,(é) et Me + E, (t) e- ient]; | 


i ; (B 2.2) 
H (t) = 4 [H (t) eit + nt) ec 5t, 


f The distinguishing feature of these eases is that the more general expression 
t 
1 
7 == 7.0 Dj0t 
We= ga [fon 
-0 
depends on the value of the field not only at the time ¢ eonsidered but also at previous 


times, i.e. on the history as well as on the state of the system. 
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where E(t) and H,(t) vary slowly with time (relative to the period 27t/wo)- 
For a steady process we can put E,(t) = constant; then we have from 
(B 2.1) and (B 2.2) 
e E, eit ES eg ict , 
"yu ers 3) IE 
K = d mu = e Eo Ej[Am (cg + ?*); 


eu. E — mv u= è y E,- Ej[2m (o0 + 1°). 


(B2.3) 


Let us now consider the sum of the kinetic energy of all the partieles N K 
and the field energy (without the particles) E?/8x = E: E§/162. Evidently 


Wg-NK-4EWSx 
4a e? N | E,: Eo 


—————- | ———- . B 2.4 
m(oà-4-7)]| 16% ( ) 


di 


In the absence of absorption (when v = 0) it is seen from (B 1.5) and (B 1.10) 
that 





W= [i+ kna E, Ex 
16x 


- |" Ey): Ey 
(i do Jo, 16x 


= Wr. (B 2.5) 


mos 





The quantity Wz is always positive; for v = 0 it is equal to the internal 
energy Wg, and in the presence of absorption it also has an evident physical 
significance as the sum of the kinetie energy and the field energy in the absence 
of the particles. It therefore scems quite natural to regard the energy Wy 
as the mcan energy density of the electric field in the medium, as has been 
done in [22, 143, 144]. There arises, however, the question of the relation 
between the expression (B 2.4) and the phenomenological quantities in the 
presenee of absorption, in particular the quantity 
W,- | d (w£) | E, Ej 
i do jo, 162 
470 e?(og — 5?) N | Ey: EX 











=|1 
| + a (B 2.6) 


where we have used formula (B 1.5) for e. This Appendix is mainly coneerned 
with the resolution of the question just raised. 
In the model (B 2.1) the total current density due to the motion of charges is 


eNwuzj,-j--0Pot 
=j + (1/42) 0(D — Eyf0t, (B 2.7) 
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where P = (D — E)/4z is the polarisation. Henec, multiplying (B 2.1) by Nu, 
we have for any field E 


KA (s nr Nw) -—-eNwu.E-—mNwvwu* 





at V2 
o / F l oD 
Lj. E— ——E.—— — mN yw? . 
j alse) em No (B2.8) 
or 
ə E? ð 
ar (YE + gq) = ay 
1 0D 
=j. E +—— E ———-— e . 
j E+ s Y mN vu (B 2.9) 
Together with Poynting’s theorem (B 1.2), (B 2.9) gives 
E FP c 
m— SS i J 4 arsi LA . 
T eu 8x + ix] a div(E x H)—mNvu (B 2.10) 


This relation has an entirely evident significance: it expresses the law of 
conservation of energy, — m N vu? being the work done by the force of friction 
on the particles, which is converted into heat. For the quasimonochromatic 
field (B 2.2), after averaging over high frequencies, equation (B 2.10) becomes 
[see also (B 2.3) and Ae 4] 





a 
dua ads 
Ot x (¥ Pu 87 S az) 
E ( 4x eN | EQ. Ex mm 
— et m(w + vv) ] 162 162 
c Tax div (Ey x Hg + EX x 44) — mN vu. (B 2.11) 
Tt 


From the phenomenological equation (B 4.9), for a medium with e and o 
given by (B 1.5), we obtain [see also (B 2.6)] 


0 lfi d | 

















Ob m (cg + v)? 16 zx 16z 
2 je E, ane 

Site Bo Bt + ye (St oppo 28 
2m(w + 1?) 2m (we + v2)? \ at al 

c : a * ^E : 

CETT div (E x H + EX x Mh); (B 2.12) 

4a e? N (od — »?) - [592 . 

m (o "s »5 i dw Wo l 

eNv 2e N wo?’ (=) 
— a 0; ea 
m(w + 1°) m (we + v? dw Jw 


16* 
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Equations (B 2.11) and (B 2.12) pertain to the same model and cannot be 
contradictory. Hence it is clear that for a quasimonochromatic process (B 2.2), 
when equation (B2.1) is used, the work done by the frictional force (to be 
equated to the amount of heat generated) per unit time is 





ne ae eNy uq... BECAS. oð (A 
PU Em(eb4oó 9 779^  m(oi4 9 0t. 16x ) 
ie? N og v CE, 3 EF 
pels See a n fare, UN ; 
2m(we + 12)? ( at? ° 2t ) (Pa 


The same result is easily obtained directly from (B 2.1). For we have from 





this equation, for any field E which vanishes at t = — œ, 
t 
uet i Eet dr. (B 2.14) 
- oo 
Substituting the field (B 2.2), squaring and averaging, we find (with t = t" — t) 
t t 
Es gi"! = [ fime- e (t!) ef molt’ - €) grt) y 


-0 -oo 
+ complex conjugate] dt' dt” 
: pj 
En [av | [By (t = T) y Ex (£^) e (og +r) re2vt" + 
= 00 at 
+ complex conjugate] dt 


: eo 
= | [Ep (t) - EX (t) e2t" J e7 Gm rd a 
E CST, 


+ complex conjugate] dt” — 


t eo 

oE (t) » . 

- f REM gene f retardar 
- 00 


é 


t-a 
+ complex conjugate] dt”. (B 2.15) 
Here we have used the fact that the function E(t” — v) varies so slowly 
that we need only integrate over a small range of values of t near the point t”. 


Effecting the integrations with respect to t in (B 2.15), putting È = t — t" 
and again expanding: 


E(t") = Es(t— &) 
= Bolt) — E3 E (fot, 
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we obtain (B 2.13); the terms such as (0* E/0t?) - EX and (@E,/dt)- (0 E&J0t) 
are omitted, since on account of the assumed slow variation of the function 
E(t) these terms are small. 

From the preceding discussion the picture is now clear. In the phenomeno- 
logical equation (the averaged Poynting's theorem) (B 4.9) or (B 2.12) there 
can enter (and in fact do enter) as characteristics of the medium only the 
frequency-dependent functions e, o and their derivatives. The usual inter- 
pretation of the term j- E = c E? as the heat generated per unit time and 
volume is in general incorrect. In a harmonic (monochromatic) field, where 
E(t) = constant, we in fact have 


1 eNy 
—gE . E* = — m E .E* 
2 9 9  2m(oi4-9) 9 ? 


=mN vu? 


[see (B 2.12) and (B 2.13)]. In the more general case, and in particular in a 
quasimonochromatic field (B 2.2), 1o Ey* Eo + mN vu?. In other words, in 
a phenomenological equation such as (B 4.9) [and, in particular, in (B 2.12)] 
each term on the left-hand side has in general no definite significance as 
regards energy (change of internal energy, dissipation, etc.). It is for this reason, 
as already mentioned in § B 1, that in the presence of absorption the expression 


d(we) E: E 
dw 16x 





may be negative, and this result involves no paradox. 

In the absence of absorption, on the other hand, we can phenomenologically 
find an expression for the mean density of internal energy in a quasimono- 
chromatic field in the medium, simply because there is no term other than 


9W|0t on the left-hand side in Poynting’s theorem (B 4.9). It is also not 
surprising, of coursc, that the use of a certain model permits the derivation 
of an expression for the energy density and the dissipation, i.e. of a more 
detailed picture of the course of processes in the medium. Making the model 
more specific obviously involves additional assumptions which take us beyond 
the limits of macroscopic electrodynamics. This'is seen, in particular, from 
the fact that systems with the same (w) and o(w) + 0 may have entirely 
different energies, depending on the nature and mechanism of the dissipation. 


T These remarks are in accordance with the following result in the theory of electrical 
circuits, communicated to the author by L. A. Vainshtein: for a given impedance 
Z(w) = R+ iX (where E 4-0) the inductance L and the capacity C of a circuit, and 
therefore its energy, may have various values. An example is the circuit in Fig. B.1, whose 
impedance is always Z = R for L = xR, © = x/R, R = y(L/C) for all x. It may also 
be noted that the above discussion of equation (B 2.1) is evidently applicable in its entirety 
to the LCR circuit. 
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For a plasma, the model used here, which is based on equation (B 2.1), is 
suitable for finding € and ø (for »(v) = constant), and also for determining 
the temperature of the plasma in steady-state conditions (see, for instance, 


R L 
R C 
Fic. B.1. 


$8 3 and 38, and [258]). The model is not suitable, however, for considering 
more general cases. 


§B3. THE APPLICATION OF THE BOLTZMANN EQUATION 


In order to elucidate and develop certain points discussed above, and also 
on account of the great importance of plasmas, we shall here consider the energy 
relations when the Boltzmann equation is used.T 

The electron distribution function f(t, r, v) satisfies the equation 


0 
ÎI 5 (v x Hio) grade f 4 S — 0, (B 3.1) 


where S is the collision integral, f fdv = N and the term v- grad,f has been 
omitted; to include this term would correspond to taking account of spatial 
dispersion. The formulae used here and below are described in more detail 
in § 4 and [258]. Neglecting the motion of the ions, as we shall do hencefor- 
ward, we have 

4, 1 D-E) 

Jim du WU 


=e f vfdv. (B 3.2) 
The kinetic energy of the electrons and its time derivative are respectively 
K,= f imi? fdv, 


OK, T: OF | (B 3.3) 
ài = f zm - dv. | 








T To describe a gaseous plasma containing electrons, ions and neutral particles (mole- 
cules) the Boltzmann-equation method is applicable to a very wide extent (see $4 and 
[349]). 
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We may note also that the following relation is easily obtained on integration 
by parts: 
f? ev? (E +v x Hlc) - grad,f dv 


=—efv-Efdv 
] oD : ð / H? 
-daFUap PE ass) (B34) 


[see (B 3.2); in integrating terms of the type f div, F (v) dv we have used the 
fact that the respective functions F (v) decrease sufficiently rapidly as v > oo]. 
Multiplying equation (B 2.1) by 4mv? and integrating with respect to velocity, 
we find, using (B 3.3) and (B 3.4), 





ə E l oD 1 
n —] = — E. — «rex 
5, (x+ | ELD the [5v Sdv. (B 3.5) 
Together with Poynting's theorem (B 1.2) this gives 
0 (EH? + H? CE o. ne 
a pm +K,) = x NIE x m- [mo Sdv. (B 3.6) 


This expression for the law of conservation of energy has an evident significance. 
Hence, apart from the form of the last term, we can immediately write down 
a similar equation for any gas, replacing K, by the sum of the kinctic and 
internal energies of the particles. 

The last term in (B 3.6) is the energy transmitted by the electrons to the 
heavy particles (ions and molecules of mass M >m). This is a slow process, 
and for elastic collisions its rate is proportional to the ratio m/M. In certain 
conditions the transfer of energy to the heavy particles in a given time can be 
entirely neglected. This, however, does not mean that collisions can be entirely 
neglected and the conductivity o equated to zero. The reason is, of course, 
that the transfer of momentum by an electron is a fast process (not invol- 
ving the ratio m/M) and the conductivity is in fact determined by the effec- 
tive collision frequency for momentum transfer. 

For a very wide range of problems the electron distribution function can 
be put in the form 


f(t, T, V) = fo (t. r, V) + f(t, r, v): v/v, (B 3.7) 


and the Boltzmann equation, omitting terms involving spatial derivatives, 
becomes the two equations 


2 fo e 3 a 

E. = F 
3t Bme ov ET 999205 d 
Of, eE ofp 
ak. ——H S, = B3.8 
dt m ov E icis s ( a) 
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Here S, = v(v) fa, and roughly speaking So (m/M) v(fo — foo), foo being 
the equilibrium (Maxwellian) distribution function and v the frequency of 
collisions which cause an appreciable change in momentum; it is this quantity, 
when independent of velocity, which appears in formula (B 1.5). 

From (B 3.8), and qualitatively also from the problem itself, we see that 
in the absence of collisions the kinetic energy does not increase in a variable 
field of constant amplitude.When collisions are taken into account, however, 
and S, is zero, the function f, and the kinetic energy K, contain terms which 
increase with time. This heating of the plasma by the field is limited either by 
the transfer of energy to the heavy particles (when S, + 0) or by processes 
neglected in (B 3.8) and (B 3.8a) (thermal conduction, radiation, etc.). 

Let us now consider an isotropic plasma (external magnetic field H® = 0) 
in the linear approximation. In equation (B 3.8a) the function fy may then 
be taken as the unperturbed function foo = folt = — oo) (in a state of equi- 
librium, of course, fy, is the Maxwellian function), and we can also put H = 0. 
The result is 


of, i eE afyo(v) 
ot m Qv 


h--— et de [s E(t)e et dt'. | 





+ v(v) fi, =9; | 
(B 3.9) 


We shall now assume a quasimonochromatic field [see (B 2.2)] and put 
E,(t = — œ) = 0. Substituting (B 2.2) and (B 3.9) in equation (B 3.8) and 
immediately averaging over high frequencies, we obtain 





dfo e 0 2 [foo 
ELLEN TERRE. EEN 2 (io, v) (t -t) 
00 Smit Ov eg e [sg batte ue 


+ complex conjugate] dt’ + S, = 0. (B 3.10) 


Putting v = t — ¢’ as in (B 2.15), we use the fact that the slowness of the 
variation of E(t’) = E(t — t) makes it possible to consider only small values 
of t in (B 3.10), i.e. to put E(t — t) = E(t) — v0 E,(t)/0t. This gives 


x e 
LI ^ ]2m?v d 





of, e 2 eL 


3t Omu dv | o? »*(v) 


3 u Ofoo (w0 — 1?) (Ey: Eg)0t — 2ieyv((0 Egf0t) - EX — Ey (0 EzJ0t)] 
av || àv (o + 95: | v 
i (B3.11) 
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Hence we have, using (B 3.3), 


ak, fl. af 
ot =[5m 2/94 


= l » fo 

= [zm mas 

| (op —99)N 90 " 
= Fn (ak + FF orbe Pe 


ie No [5 
2m(of + 9) V dt 





e& Nv 
— ——- E.. E* 
2m (we + 1) ° Po 


x 
Ex — E, A) fne S,de,  (B3.12) 
Ot 2 

where, in integrating with respect to velocity, we have put v(v) = v = con- 

stant and used the normalisation condition f [dv = 4x f foo dv = N. 
From (B 3.12) and (B 3.6) we obtain (B 2.12). This was to be expected, since 

for »(v) = v = constant the kinetic theory leads to the same expressions 

(B 1.5) for e and o as the “elementary theory" based on equation (B 2.1). 
If we compare (B 3.12) and (B 2.13), we easily see that 


OK," @NK ð| 4n&?N E, Ex 
et et = 57 E 1?) 16x | (eR 
only if 


mNvu = f 3mv S, dv. (B 3.14) 


In other words, the change in the total kinetic energy K, of the electrons is 
equal to the change in the kinetic energy NK due to the directed velocity 
u only for a quite definite heat removal process: the condition (B 3.14) signifies 
that the work done by the frictional force (after averaging over high frequencies) 
is exactly equal to the energy transmitted by the clectrons to the heavy par- 
ticles. This requirement corresponds entirely, of course, to the mechanical 
significance of equation (B 2.1), in which the force of friction has been included. 
But in a real plasma, apart from the stcady-state casc E, = constant, the 
relation (B 3.14) in general does not hold. 

The characteristic time for the transfcr of energy by electrons to heavy 
particles in elastic collisions is tg = l/óv = 17+ 2m/M, where v = l/r is 
the collision frequency in formulae (B 1.5) and elsewherc. When rg > T 
(where T is the characteristic time of variation of the amplitude E,(t)), we 
cannot say that the relation (B 3.14) is exactly valid; if rg < T this relation 
is possible, but a special analysis is necessary: it is clear from (B 2.13) that the 
expression for m.N yu? is relatively complicated when the terms involving time 
derivatives are taken into account, as thcy must be in this case, and so the 
conditions for equation (B 3.14) to hold are not obvious. We have not cxamined 
this problem thoroughly, but thc general situation is not dependent on what- 
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ever the answer may be in this respect. If the Boltzmann equation is solved, 
the law of conservation of energy need not be used, and it will automatically 
be satisfied; but we evidently cannot proceed conversely and find the energy K, 
of the electrons in a given quasimonochromatic field without making a detailed 
analysis of the process of energy removal from the electrons. In other words, 
the expression (B 2.4) for the energy density Wy, is a particular form valid 
only under certain conditions. 

In conclusion, we may consider the problem of calculating the "energy 
velocity" of a quasimonochromatic signal in an absorbing medium. This is 
taken as 


Von = S,/W (B 3.15) 
(see § 22 and [143, 144]), where S, is the mean value of the energy flux 
S, = cE x H/4x in a plane wave and W is the mean field energy density in 


the medium. 
Using for Wg = W — £H?/8z the expression (B 2.4), we obtain from (B 3.15) 
2cre Ye 
t7 Teeth 
cn 

(olx! 
where e' = e — i- 4zto[o = (n — ix)? with n and x the indices of refraction 
and absorption respectively. 

It is not clear, however, why we must use in (B 3.15) the expression (B 2.4), 
which represents a very particular case (see above), although there is some 
justification for taking the energy Wy, in the hypothesis that this expression 
is à minimum [144]. 

The complete solution of the problem of the signal velocity, in our opinion, 
can be found only by analysing the propagation of the signal in the medium 
(in this case an absorbing plasma) by considering the appropriate Fourier 
integral. The integrand in question (see e.g. $ 22) for à homogeneous isotropic 
medium is entirely determined by the functions e(w) and co(w). Hence, in 
principle, we can always ascertain (independently of energy considerations) 
whether it is meaningful to speak of any definite signal velocity in the medium 
concerned when appreciable absorption in present.| In conditions where this 
concept of velocity is used with equation (B 3.15) (here we are really using this 
equation as a definition) we can find some “energy” Wen = Sol ten: Thus the 


(B 3.16) 


T If the coefficient of absorption 2«x[cis independent of frequency, the signal velocity for 
any absorption is equal to the group velocity v,, = c + d(wn)/dw ($22). This is, however, 
a very exceptional case; as a rule, a signal propagated in a medium with strong absorption 
will be considerably distorted. It is then necessary to specify more precisely what is meant 
by the velocity of the signal, and it is not clear a priori whether this concept is meaningful. 
In [143, 144] the *'centre of energy” of the signal is considered. 
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expression proposed in [143, 144] for ven, which for a plasma becomes (B 3.16), 
will be valid if W,, = Wg + H?/8z (see above). At present the problem of 
the value of the signal velocity in an absorbing medium (in particular, in a 
plasma with v + 0) is still unclear. 


$B4. THE FORM OF POYNTING'S THEOREM FOR A 
QUASIMONOCHROMATIC FIELD IN AN ARBITRARY 
LINEAR MEDIUM AT REST 


Let us consider quasimonochromatic real fields: 


E(t) = 3 [Es (0 ef! + Eg (0 ei] = f [g(o) dt + g*() iY do; 

a (B 4.1) 
H(t) = à [Hy(t) ét e HE (0) ei] = f [g lo) e^ + gf (a) ei do, 

0 


where E,(t) and H,(t) are slowly varying functions of time (the characteristic 
frequency of variation of E, and H, being small compared with the “high 
frequency" w). Any dependence of E, and H, on the coordinates is un- 
important, because thé discussion below applies entirely to any one point in 
space. Then we have for a linear medium at rest without spatial dispersionf 
and for constant E, and Hj, 

Dj = $ [eir (e) Bone’! + ef (y) Egg e ^]; — ) 


. 


4; = 4 [044 (eX) Eott + complex conjugate]; 
Eir = Erik — begin = Eip — i An Guo; 
0BJ0t = 9 Bot + Ax Bs; (B4.2) 
B; = 4 [uix (09) Hoy €! + complex conjugate]; 
D, = 1[A; a (09) Hope’! + complex conjugate]; 
Hir = Prik — eig = Min — in Aigo. 


T The presence of spatial dispersion signifies that D and B at a given point depend on E 
and H not only at that point but also in some neighbourhood of it (see e.g. § 8 and [349]). 
The allowance for spatial dispersion is in a homogeneous medium always [349] and in 
crystals only under certain conditions [357] equivalent to using tensors ej,(w, k) and 
Hk (o, Ic), where k is the wave vector (all quantities E, D, etc. are assumed proportional 
to ef(9* k-r); in the presence of spatial dispersion the tensors e; and jj, are not independent 


[349, 357]). When the tensors ej, (co, Ie) and ui, (c, Kk) are used in (B 4.2) the results obtained 
below are directly applicable only to fields whose dependence on the coordinates is given 
by a factor e7f*:r. It is also casy to repeat the calculations for fields of the type 

E(t, v) =} [By (t v) evt hoor) 4- Eg (t, T) et s 0], 


where E, varies only slowly in time and space. This problem is discussed in Appendix C, 
where an equation is derived which generalises (B 4.10) to the case where spatial dis- 
persion is present. 
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Here D, j, B,, B, are real (when E and H arc real). This requirement gives 
the conditions [already used in (B 4.2)] 


&x(— @) = e&(o), ou(— o) = OF; (@), (B43) 
Hs, 2ik(— ©) = ut ou (0)- 


In a gyrotropic (magnetoactive) medium ej, = efi, Cik = oň; and similarly 
for uj. »;,. In a non-gyrotropie but anisotropic medium €;;, oj; and Hi gig are 
real quantities, with e;, = &;;, etc. Finally, in an isotropic medium, £j; = &0i;, 
etc. 

In what follows, in order to avoid many suffixes, we shall give the calcula- 
tions for an isotropic medium with u' = 1, and finally write out the general 
result. 

In an isotropic medium, using the relations (B 4.3) for real e and o we have 


)- f «to ) [g (o) ét + g* (v) ei**1do; 
ò 


)- e (w) [g (w) é** + g* (v) et] do; 


1 oD 1 . 

dae "ae . NG i(o t o')t 

4r = ot 1 f ftat g (0) 1o £(o)e + 
00 


g(w) -g*(w') ie e(o) e(?- 9?! + complex conjugate] dw dw’; 


(B 4.4) 


j-E— f f a(o)to(o) go é* 9 + g(o) -g*(w') i - 9t 4- 
00 


+ complex conjugate] d.c d.»' . 


We now average these expressions over high frequencies, i.e. over times long 
compared with 2x/w, but short compared with the characteristic time of 
variation of the amplitude E,(t). This averaging is equivalent to neglecting 
terms in et !(?* 9)! in comparison with those in et(*-??', and is denoted by 
a bar]f; we take into account also the fact that for a quasimonochromatic 


t The separation of £j, into e, and o,; in a gyrotropic medium is made on the basis of 
the requirement that the tensor ¢,, should not contribute to the absorption. This gives 
immediately the condition &, = eki. The absorption is then proportional to of, + ox, 
i.e. the anti-Hermitian part of o;, makes no contribution to the absorption and can be 
assigned to £g. 


Tt Formally, this averaging denotes, for a function f (t) of the type (B 4.1), 


f0-— 





(520-1, T »7,—7;»2n]o), 


where T' is the characteristic time of variation of the amplitude. Evidently 0//0t = ð fjðt. 
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field the function g(w) has a sharp maximum near the frequency w,. As a 
first approximation we can therefore put in (B4.4) we(w) = woe(wo) + 
+ [e(@o) + w (de/dw)] Q and o= e(o), + (do/dw), 2, where w = w, + Q2. 
The result is 


atv ue f [69 0) g* (ax + Q") ei? -90t 


=00 -00 


_ + complex conjugate] dQ dQ’; 


Ds f f [eos H isl, 2) totes - 9)- g* (w + Q") e - 9t 


-00 -00 


+ complex conjugate] dR dQ", (B 4.5) 


where the lower limit — wọ has been replaced by — co and we have used the 
fact that 


oo oo 

f f [ig (c, + Q) - g* (o, + Q') &G-29t + complex conjugate] dQ dQ’ — 0. 
-č -00 (B 4.6) 
From (B 4.1) we have 


EP = } EQ) - Ej (t) 


= ff tale. + 9) g*(o, + 9) 69-14 


+ complex conjugate] d 2 d Q'; 
oR  0E* 
"row ws sno 


= Í f [: (42 EA £9") g (o, + Q) : g* (Wo di Q') gc - 2t 
Rome (B 4.7) 
+ complex conjugate] dQ dQ’ 


-2 f fiiQg(ost Q)-g* (wy + 960-7 


+ complex conjugate] dQ dQ’; 








co oo 
-œ -œ 


+ complex conjugate] dQ dQ’, 
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since d 
Ed = 2 f g (o) e@tda, 
ò 


0( Eye?!) 


"TO OE 
apo o Ebei = iog Ey BS + —— Ej 


ot 


co oo 
= iw) E,-Et 4i | f2 glwt Q):g*(o, + 2) x 
x ei(?-9YqOgqQ'. 
It is clear from (B 4.5) and (B 4.7) that for a quasimonochromatic field 


1 0D 1 d(we) (Ey Ef). 











4n Ot 16x do ott (B4.8) 
— i , 1,de (= „ 2E ) l 
B EE E s ; z - Ey), 
jb he aaa ae ee 7» 


where the derivatives with respect to w are taken at the frequency wọ- 
The averaged equation (B 1.2) now becomes 








a CUI ee CE) 1 
Pe Tro to "0 — ogE,. E* — 
zi 16x mg o^ Po 
Le (er. "T E) 
4 00V 0t ^? ° ey 
[4 n 
= — 46; div (Bo x H* + Et x Hy). (B 4.9) 


Apart from the term in do/d o, which is sometimes of slight importancef, 
equation (B 4.9) is essentially that which is commonly used. 

It may be noted that in [356] an equation of the type (B 1.2) has erroneously 
been written for the total field E (t). This incorrect result was obtained because 
in [356] the functions g(w) and g(— c) are assumed to have sharp maxima 
only at w = wọ. For g (w) this is truc, but g(— c) has a maximum at w = — wọ 
which leads to the retention in the expression (1/4) E - 0 D/0t of high-frequency 
terms which give zero on averaging. 

We shall now write out equation (B 1.2) averaged over high frequencies 
for the general case (B 4.2)11: 


T Nevertheless, this term cannot justifiably be omitted. The author's thanks are due to 
V. P. Silin for pointing this out and for discussion of the whole problem. 
Tt Here, of course, the term (1/82) 0 H?/0t in (B 1.2) is replaced by (1/4x) H-dB/dt. 
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d[o (uf, + ui] 
19 Ey EQ, + DUMP ggg) T 


Te + (ot + ori) Ey; BG, + 400 + Api) Hoi Hj — 


l = et Ex) ] 
32x 0t 














dof, 9E; i 0 Ej; 
SU a aes o Ey) — 

daž, 0H. Q, då Hg; ) 
— et Hà — dw ôt Hox 

















- = x Hy + E, x Hi). (B 4.10) 


Since all the tensors are Hermitian we can here, of course, replace e£, + &; 
by 2e,, (or, interchanging suffixes, by 2¢;,), and likewise for the other tensors. 


APPENDIX C 


THE LAW OF CONSERVATION OF ENERGY 
IN THE ELECTRODYNAMICS OF MEDIA WITH 
SPATIAL DISPERSIONT 


So FAR as the author is aware, the problem of the law of conservation of 
energy in the electrodynamies of media with spatial dispersion has not yet 
been considered with sufficient completeness in the literature. For example, 
in [349] only an expression for the heat evolved in all space per unit time was 
derived. In this case, for fields of the type e(^*'-*«? with real o and Kp, 
the heat per unit volume is (see [349, formula (4.10)]) 





tO, ' 
q-—-— Tm [eit (e, Ko) — &ji(o; kj] Es; Eo; 
= $oi;(0,, Ko) Eo; Ei. (C. 1) 
In the present discussion, as in [349], the field equations are used in the form 
1 oD' 1 0B 
B = — —_ E = — — ——. .2 
curl E, curl 2 0i (C. 2) 


For a non-magnetic medium without spatial dispersion we have B = H and 
0D'[0t = 0 D[0t + 4xj, where j is the conduction current density. We shall 
also, however, use a notation differing from that in [349]: the real field is 
written in the form (C.4) (see below), and we put D;(k,co) = e; E(k, w), 
cij (w, k) = ej;(o, k) — i - 4mo; (w, k)/w, with ej; and o;; Hermitian tensors. 

Since (C. 1) is an averaged quantity, the question arises of the local expression 
for the heat and other quantities. Moreover, when there is absorption which 
does not tend to zero or the medium is non-absorbing but not transparent, 
the vector K, is complex. If, therefore, we relate the expression (C. 1) to a small 
volume element, we must consider its significance and the possibility of using 
it for complex kọ; for example, in the absence of absorption the quantity q 
certainly does not represent the heat when kg is complex. 

The problem hcre is to take account of spatial dispersion in deriving the 
expression for the law of conservation of energy in electrodynamics or, more 
precisely, in averaging over high frequencies Poynting’s relation 

1 oD əə ( B 
az Eg gz)-- ae ee x B), (C. 3) 


T By V. L. Ginzburg. Published in Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 5, 
473-477, 1962. 
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which follows from the field equations (C. 2). 

The calculations below are similar to those which neglect spatial dispersion 
and which are described in Appendix B, and so some details ofthe procedure 
may be omitted. 

Let us consider a quasimonochromatic field 


E(v, t) =} UE (r, t) ett) 4 Eè (r, t) e-i t-m] 
= f [g(w, 1) et-*-? 4 g*(co, k)e-i(t-k*-]do dk. — (C.4) 


Here the amplitude E, varies only slightly in a time of the order of l/o. 
The spatial variation of E, however, is subject to a less stringent condition: 
we shall suppose that E,(r, t) = Eyo(r, t) e^ "**, where the amplitude and 
phase of Ey, vary only slightly over distances of the order of 1/|k,| and 
l/|k,| respectively (in other words, the field E depends on r almost as 
eiker — eker eiker, where ky = k, — ik,, with the vectors k) and k, 
real) The frequency wọ is assumed real, which corresponds to a particular 
formulation of the physical problem. Calculations similar to the following 
may be made for a complex frequency w and real ky, with space averaging, 
but we shall not pause to discuss this problem. It may also be noted that the 
expressions given below are meaningful only if the corresponding integrals 
exist and the function ¢;;(@, k) can be represented by the first two terms of 
an expansion in series about the point ky. 

On the above assumptions, the function g (œ, k) has a sharp maximum at 
w = w and k =k, = k, — ik,. The integration with respect to w in (C.4) 
must be taken along the real axis from 0 to oo, and in integrating with respect 
to k the contour or region of integration must include the point ky. We shall 
also put 








' ð (w E; ;) del, 
welw, k) aj; = Oo(£i5)o + ( TUS )2 se ox( 25 | qi; 
where w = œ + Q, k = ky + g, and the suffix 0 denotes values for w = wo 
and k = k,. Evidently 
aD 
ot 





1 
i = ftiosto. k) g;(o, kc) ei (@t- kor) — 
—iwe;t (a, k) g; (o, k) e^ (ot - k*-7)] dodi. (e " 


We substitute (C. 4) and (C. 5) in (C. 3) and effect the averaging over a time inter- 
val large compared with 27/w) but small compared with the characteristic 
time of variation of the function E,(r, t). The result is 

1 ð D' ] e $ 1 29 T ? -20'Yyft- -g'*).r 
LT 3 2; =z | 6o. q) 93 (€, q )e 2k, oil(0 - 0) t-(q-a'*)- v] — 
— tat; gF (Q, q) 9:(Q', q') e?r e-e- 0*7 a0 dO dqdq'.— (C.6) 
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It is easy to see that 
Ey; Ej; — 4 f 9:(Q, a) gf (2's q') x 
x e-2heréil0-2)t-(a-a'- 0 OdQ' dqdq'; 


o Eğ; 
Ei 0 2 





ed i lig — ka) 9:(2', 4’) 9* (Q, q) x 


x e- 29:7 g- il(9-9)t- (a*- 4)-71 dO dQ' dqdq'; (C.7) 


A Bai BS) =4 [ at o^, a FO, a) x 


x g- 29i T g- il(2 - 0)t- (q* - q') r] = (tq, + 2 ks 1) x 
x gi (Q, q) gf (Q', q") e- 2er ei2795t- (4779-7) dd O' dq dq’. 


The corresponding expressions for E,; 0 Ej;/0t and 0(E,,E;)/0t will not be 
given here (see Appendix B). 

It now remains to separate the tensor a,; = bi; — ic;;in (C. 6) into Hermitian 
and anti-Hermitian parts in accordance with the formula ¢;;(w, k) = &; — 
— i- 4zoj;o, where e;; and o;; are Hermitian. For this purpose we put 


(A50) = (34) i 4r (Su) , 
0k, o ok, 0 Wo ok; "n 

00; ( 00}; i) 

EH ef tc. 

ak, . de the 
although for complex k, we need only take the Hermitian and anti-Hermitian 
parts of (06;,/0 kj), and their complex conjugates, and not derivatives such as 
(8&;/0k;)y. Our notation is in some ways convenient, since for real k, we do in 
fact have the derivatives of ¢;; and o,; with. respect to k, (the same is true, of 


course, regarding derivatives with respect to œ when the frequency «y is 
real). Then, using (C. 7) we have the final result 


E 











(0 €;;) 





1 a 1 
docs puce 
0 


| 
"ubera ah a Be] + 
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00i; 2 9045 \ OH, 
nx, — (290) 95e y | _ 
i ( ky i) - On, oj — E). Ox, E, 
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0 
OE: 
m Es (By; E) + 2, Bo, E 
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cl. : 
= — dez Sv LE? x Bo + E, x Bj]. (C. 8) 
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This equation can, of course, be written in a somewhat different form, using 
the equations 

















00 Jo 0t D? V8w]g at 9$ 
00;;\ OE 


In the absence of spatial dispersion, for a non-magnetic medium, @0,,/0k, = 0, 
0&;;/0k, = 0; and the expression (C. 8) of course takes the familiar form, e.g. 
formula (B 4.10) with B — H. 

The significance of (C.8) when k, = 0, i.e. when k) = k is real, is also 
entirely evident. In that case (ejj)g, (0;;9 and the corresponding derivatives 
are taken for realf«, and ky. The field E may, of course, be slightly damped 
or amplified in time and space; in particular, formula (C. 8) with real « and 
Kk, is valid for fields of the type Ege! (?*f- Fe? e- eT evt with |y] « wo 
and k,« ky. = 

The expression 8S; = — (9/162) (05; 5/8 ko, k, Es; Eğ; for a transparent 
medium is the time-average energy flux due to the motion in the medium. 
The total flux is S' + $,, where S, = (c/16zx)(Ej x B, + E, X BẸ) is the 
averaged Poynting vector; see also Appendix A and [352]. 

It follows from (C. 8) and Appendix B that the expression (C. 1) may be 
regarded as the heat evolved only for à monochromatic field (i.e. 0 £,;/0t = 0) 
and when terms involving derivatives with respect to x, are neglected or, in 
certain conditions, after integration over the volume (as in [349]). 

The invalidity of generally interpreting (C. 1) as the heat is especially clear, 
apart from the above discussion and Appendix B, from formula (C.8) with 
k,--0, when (oio = 0;;(@o, k, — i kp). For example, let ¢;(w, k) = 
= ef (v) + iji (00), ks, with real ef and &ijım (and real w) [1]. Then there 
is no dissipation, and for real k we have ei; (0, k) = ej;(c, k), but when k is 
complex the tensor o;;(«, k) is not zcro for such a medium. For a field 


E (r, t) = 1 [Ego e7 7 ei(0st- 15-7 4- complex conjugate] 





where Ej, = constant and E, = E,,e~“*"", equation (C. 8) becomes 
l c : A : 2 
9» (0ij)o Eo; Eği == 16x div (EŠ x D, + I, x BŽ) ; 


Thus when dissipation is absent the expression 4$(0;;)) Lo; £j; here represents 
the divergence of energy flux; in the absence of both spatial dispersion and 
dissipation, (0;;)) = 0 and in this example we must suppose that k, = 0 or 


S, = 0; this also follows automatically, of course, on using the field equations. 


T The value of o,, may not be zero when wọ and ky are real, since in the absence of spatial 
dispersion o;, is independent of k. 
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It may be mentioned, to avoid misunderstanding, that we have assumed 
external sources to be absent, although it is sometimes necessary to take them 
into account. 

The author’s thanks are due to V. P. Silin for a discussion of this problem. 


REFERENCES 


[1] V. L. Ginzpura: Electromagnetic waves in isotropic and crystalline media charac- 
terized by dielectric permittivity with spatial dispersion, Soviet Physics: JETP 
34 (7), 1096-1103, 1958 (Ob élektromagnitnykh volnakh v izotropnykh i kristal- 
licheskikh sredakh pri uchete prostranstvennoi dispersii diélektricheskoi pronitsa- 
emosti, Zhurnal éksperimental’noi i teoreticheskoi fiziki 84, 1593-1604, 1958). 

[2] I. E. Tamm: Fundamentals of the Theory of Electricity (Osnovy teorii élektrichestva), 
Gostekhizdat, Moscow 1957; or see [36]. 

[3] L. I. MANDELSTAM (Mandel'shtam): The refractive index of media with bound and 
free electrons (Uber den Brechungsexponenten von Medien mit gebundenen und 
freien Elektronen), Journal of Physics 4, 9-11, 1941. 

[4] C. G. Darwin: The refractive index of an ionized medium, Proceedings of the Royal 
Society A182, 152-166, 1943; A 146, 17-46, 1934. 

[5] V. L. Ginzpura: The refractive index for an ionized gas (the ionosphere) (K vop- 
rosu o pokazatele prelomleniya dlya ionizirovannogo gaza (ionosfery)), Izvestiya 
Akademii Nauk SSSR, Seriya fizicheskaya 8, 76-84, 1944. 

[6] V. L. GiNzBURG: The Theory of Radio Wave Propagation in the Ionosphere (Teoriya 
rasprostraneniya radiovoln v ionosfere), Gostekhizdat, Moscow 1949. 

[7] G. BunxHanDT: Dispersive power and eigenoscillations of an ionised gas (Dis- 
persionsvermógen und Kigenschwingung eines ionisierten Gases), Annalen der 
Physik [6] 5, 373-380, 1950. . 

[8] B. B. Kapomtszv: On the effective field in a plasma, Soviet Physics: JETP 6, 
117-122, 1958 (O deistvuyushchem pole v plazme, Zhurnal éksperimental’not i teo- 
reticheskot fiziki 93, 151-157, 1957). 

[9] W. HEITLER: The Quantum Theory of Radiation, 3rd edition, Oxford 1954. 

[10] F. BLocs: The molecular theory of magnetism (Molekulartheoric des Magnetismus), 
Handbuch der Radiologie, 2nd edition, 6 (II), 375-484, Akademische Verlagsgesell- 
schaft, Leipzig 1934. 

[11] S. CHAPMAN and T. G. Cowrrxo: The Mathematical Theory of Non-Uniform Gases, 
2nd edition, Cambridge 1952. 

[12] A. SOMMERFELD: Thermodynumics and Statistical Mechanics, Academic, New York 
1956 (Thermodynamik und Statistik, Dietrich, Wiesbaden 1952). 

(13] B. Davypov: On the theory of the motion of electrons in gases and scmi-conductors, 
Physikalische Zeitschrift der Sowjetunion 12, 269-300, 1937. 

[14] A. V. GunzvicR: The effect of the electric field on the electron velocity distribu- 
tion in a molecular plasma (the ionosphere) (Vliyanie élektricheskogo polya na ras- 
predelenie po skorostyam élektronov v molekulyarnoi plazme (ionosfere)), Izvestiya 
vysshikh uchebnykh zavedenii: Radiofizika 2, 355-369, 1959. 

[15] K. F: Nizsszn: The absorption of the Debye-Falkenhagen relaxation force in a 
neutral partly ionised gas (Über die Absorption der Debye-Falkenhagenschen 
Relaxationskraft in eincm neutralen, teils ionisierten Gase), Physikalische Zeit- 
schrift 38, 105—718, 1932. 

[16] L. D. Lanpav and E. M. Lrrsurrz: Quantum Mechanics, Pergamon, London 1958 
(Kvantovaya mekhanika, part I, Gostekhizdat, Moscow 1948). 

[17] M. H. Jounson and E. O. HurBunT: Diffusion in the ionosphere, Physical Review 9, 
802-807, 1950. 


501 


502 References 


[18] B. N. Gersuman: Diffusion in the ionosphcre (O diffuzii v ionosfere), Rudiotekhnika 
i éektronika 1, 720-731, 1956. 

[19] L. Sprrzer, JR.: Physics of Fully Ionized Gases, Interscience, New York 1956. 

[20] S. K. Mirra: The Upper Atmosphere, 2nd edition, Asiatic Society, Calcutta 1952. 

[21] H. S. W. Massey and E. H.S. Bornop: Electronic and Ionic Impact Phenomena, 
Oxford 1956. 

[22] Ya. L. Av’pert, V. L. GINZBURG and E. L. FEINBERG: Propagation of Radio Waves 
(Rasprostranenie radiovoln), Gostekhizdat, Moscow 1953. 

[23] Ya. L. ALPERT: Radio Wave Propagation and the Ionosphere, Consultants Bureau, 
New York 1963 (Rasprostranenie radiovoln i ionosfera, USSR Academy of Sciences, 
Moscow 1960). 

[24] A. H. von ENGEL: Ionized Gases, Oxford 1955. 

[25] R. H. Heaney and J. W. REED: The Behaviour of Slow Electrons in Gases, Amal- 
gamated Wireless, Sydney 1941. 

[26] L. G. H. Huxtey and A. A. Zaazou: Experimental and theoretical studies of the 
behaviour of slow electrons in air. I, IL, Proceedings of the Royal Society A 196, 
402-426, 427-435, 1949; see also R. W. Crompton, L.G. H. HoxrEv and D.J. 
Sutton: Experimental studies of the motions of slow electrons in air with application 
to the ionosphere, Proceedings of the Royal Society A 218, 507-519, 1953; L. G. H. 
HuxnEY, A synopsis of ionospheric cross-modulation, Nuovo Cimento [9] 9, Supple- 
ment, 59-89, 1952. 

[27] G. DRuxaREV: On the mean energy of electrons released in the ionization of gas, 
Journal of Physics 10, 81-84, 1946. 

[28] A. V. GunEVICH: On the effect of radio waves on the properties of plasma (iono- 
sphere), Soviet Physics: JETP 3, 895-904, 1957 (O vliyanii radiovoln na svoistva 
plazmy (ionosfery), Zhurnal éksperimental’noi i teoreticheskoi fiziki 30, 1112-1124, 
1956). 

[29] V. Ginssure (V. L. Ginzburg): On the absorption of radio waves and the number 
of collisions in the ionospherc, Journal of Physics 8, 253-256, 1944. 

[30] R. C. Masumpar: Theory of the ionosphere. I (Die Theorie der Ionosphire. I. Teil), 
Zeitschrift für Physik 107, 599-622, 1937. 

[31] V. L. GiNzBvuRG: The effect of collisions between electrons on the absorption of 
radio waves in the F layer and in the solar corona (O vliyanii mezhduélektronnykh 
soudarenii na pogloschenie radiovoln v /-sloe i solnechnoi korone), Zhurnal 
tekhnicheskoi fiziki 21, 943-947, 1951. 

[32] R. Lanpsuorr: Transport phenomena in a completely ionized gas in presence of 
a magnetic field, Physical Review 76, 904-909, 1949; Convergence of the Chapman- 
Enskog mcthod for a completely ionized gas, Physical Review 82, 442, 1951. 

[33] N. C. GERSON: A critical survey of ionospheric temperatures, Reports on Progress 
in Physics 14, 316—365, 1951. 

[34] A. V. GunEvicH: The temperature of plasma electrons in a variable electric field, 
Soviet Physics: JETP 35 (S), 271-277, 1959 (O temperature élektronov v plazme 
v peremennom élektricheskom pole, Zhurnal éksperimental’not i teoreticheskoi fiziki 
35, 392-400, 1958). 

[35] R. C. Hwa: Effects of electron-electron interactions on cyclotron resonances in 
gaseous plasma, Physical Review 110, 307-313, 1958. 

[36] L. D. Lanpav and E. M. Lirsnirz: Electrodynamics of Continuous Media, Pergamon, 
London 1960 (Zlektrodinamika sploshnykh sred, Gostekhizdat, Moscow 1957). 

[37] A. A. Vrasov: Vibrational properties of an electron gas (O vibratsionnykh svoistvakh 
élektronnogo gaza), Zhurnal éksperimental not 1 teoreticheskol fiziki S, 291-318, 1938. 

[38] L. D. Lanpav: On the vibrations of the electronic plasma, Journal of Physics 10, 
25-34, 1946. 


References 503 


[39] N. G. van Kampen: On the theory of stationary waves in plasmas, Physica 91, 
949-963, 1955. 

[40] I. B. Bernstern, J. M. GREENE and M. D. KnvskAr: Exact nonlinear plasma oseil- 
lations, Physical Revicw 108, 546—550, 1957. 

[41] F. Berz: On the theory of plasma waves, Proccedings of the Physical Society 69 B, 
939-952, 1956. 

[42] P. C. CLemmow and A. J. WirrsoN: The dispersion equation in plasma oscillations, 
Proceedings of the Royal Society A 237, 117-131, 1956. 

[43] D. Boum and E. P. Gross: Theory of plasma oscillations. A, Physical Review 75, 
1851-1864, 1949; E. P. Gross: Plasma oscillations in a static magnetie field, Physical 
Review 82, 232-242, 1951. 

[44] V. P. Simin: Investigation of the spectrum of a many-particle system using the 
quantised Boltzmann equation (Issledovanie spektra sistemy mnogikh chastits 
metodom kvantovogo kineticheskogo uravneniya), Trudy Fizicheskogo instituta 
Akademii Nauk SSSR 6, 199-268, 1955; The excitation spectrum of an electron-ion 
system (O spektre vozbuzhdeniya sistemy élektronov i ionov), Zhurnal éksperimen- 
tal’noi i Leoreticheskoi fiziki 23, 649-659, 1952. 

[45] G. DRESSELHAUS, A. F. Kip and C. KrrrErL: Plasma resonance in crystals: obser 
vations and theory, Physical Review 100, 618—625, 1955; see also Cyclotron resonance 
of electrons and holes in silicon and germanium crystals, Physical Review 98, 368-384, 
1955; G. DnzEssELHAUS, A. F. Kip, C. KITTEL and G. Waconer: Cyclotron and spin 
resonance in indium antimonide, Physical Review 98, 556-557, 1955. 

[46] D. Pirnes: Collective energy losses in solids, Reviews of Modern Physics 28, 184-198, 
1956; see also Electrons and plasmons, Nuovo Cimento [10] 7, Supplement, 329-352, 
1958. . 

[47] E. L. FEINBERG: Collective oscillations of electrons in crystals, Soviet Physics: 
JETP 34 (7), 780-787, 1958 (Kollektivnye kolebaniya élektronov v kristalle, Zhurnal 
éksperimental noi i teoreticheskoi fiziki 34, 1125-1137, 1958). 

[48] G. V. GorpEEV: Low-frequency plasma oscillations (Nizkochastotnye kolebaniya 
‘plazmy), Zhurnal éksperimental’noi i teoreticheskoi fiziki 27, 19-23, 1954. 

[49] I. B. Bernstein: Waves in a plasma in a magnetic field, Physical Review 109, 10-21, 
1958. 

[50] B. N. Gersuman: Longitudinal waves in a non-isothermal plasma (O prodol’nykh 
volnakh v neizotermicheskoi plazme), Izvestiya vysshikh uchebnykh zavedcnii: Radio- 
fizika 2, 654-656, 1959. 

[51] K. N. Stepanov: Low-frequency oscillations of a plasma in a magnetic field, Soviet 
Physics: JETP 35 (8), 808-811, 1959 (Nizkochastotnye kolebaniya plazmy v magnit- 
nom pole, Zhurnal éksperimental noi i teoreticheskot fiziki 35, 1155-1160, 1958). 

[52] L. M. KOVRIZHNYKH: Oscillations of an electron-ion plasma, Soviet Physics: JETP 
37 (10), 1198-1201, 1960 (O kolebaniyakh élektronno-ionnoí plazmy, Zhurnal éksperi- 
mental not i teoreticheskoi fiziki 37, 1692-1696, 1959). 

[53] L. R. O. Sronzv: An investigation of whistling atmospherics, Philosophical Trans- 
actions of the Royal Society A 246, 113-141, 1953; see also A method to detect the 
presence of ionized hydrogen in the outer atmosphere, Canadian Journal of Physics 
34, 1153-1163, 1956; A method for interpreting the dispersion curves of whistlcrs, 
Canadian Journal of Physics 35, 1107-1122, 1957. 

[54] B. N. GERSHMAN and Yv. S. Korosxov: The theory of propagation of whistlcrs 
(K teorii rasprostraneniya svistyashchikh atmosferikov), Izvestiya vysshikh uchebnykh 
zavedentt: Radtofizika 1 (2), 51-58, 1958. 

[55] E. V. APPLETON and G. BuiLpER: The ionosphere as a doubly-refracting medium, 
Proceedings of the Physical Society 45, 208-220, 1933. 

[56] H. G. Booxer: Some general properties of the formulae of the magneto-ionic theory, 


504 References 


Proceedings of the Royal Society A 147, 352-382, 1934; see also The application of the 
magneto-ionic theory to the ionosphere, Proceedings of the Royal Society A 150, 
267-286, 1935. 

[57] G. GovBAv: The dispersion theory of the ionosphere (Zur Dispersionstheorie der 
Ionosphüre), Hochfrequenztechnik und Elektroakustik 45, 179-185, 1935; Dispersion 
in a mixture of electrons and ions in an external magnetic field (Dispersion in einem 
Elektronen-Ionen-Gemisch, das unter dem Einfluß eines äußeren Magnetfeldes 
steht), Hochfrequenztechnik und Elektroakustik 46, 37-49, 1935. 

[58] J. C. W. Scorr: The Poynting vector in the ionosphere, Proceedings of the I.R.E. 38, 
1057-1068, 1950. 

[59] K. C. Wesrrotp: The interpretation of the magneto-ionic theory, Journal of Atmo- 
spheric and Terrestrial Physics 1, 152-186, 1951. 

[60] V. A. BAILEY: Some methods for studying wave-propagation in a uniform magneto- 
ionic medium, Journal of Atmospheric and Terrestrial Physics 12, 118-125, 1958. 

[601] E. A. BENEDIKTOV: Quasilongitudinal propagation of radio waves in the ionosphere 
(O kvaziprodol’nom rasprostranenii radiovoln v ionosfere), Uchenye zapiski Gor’ kovs- 
kogo universiteta 27, 43-, 1954. 

[62] V. L. Ginzpure and V. V. ZHELEZNYAKOV: Absorption and emission of electro- 
magnetic waves by a magnetoactive plasma (O pogloshchenii i izluchenii élektro- 
magnitnykh voln magnitoaktivnoi plazmol), Izvestiya vysshikh uchebnykh zavedenti: 
Radiofizika 1 (2), 59-65, 1958. 

[63] V. Ya. Eipman: The radiation from an electron moving in a magnetoactive plasma, 
Soviet Physics: JETP 34 (7), 91-95, 1958; 36 (9), 947, 1959 (Izluchenie élektrona, 
dvizhushchegosya v magnitoaktivnol plazme, Zhurnal éksperimental noi i teoreticheskot 
fiziki 34, 131-138, 1958; 36, 1335-1336, 1959); The radiation reaction force in a 
magnetoactive plasma (O sile reaktsii izlucheniya v magnitoaktivnoi plazme), 
Izvestiya vysshikh uchebnykh zavedenti: Radiofizika 3, 192-198, 1960. 

[64] A. I. AKHIEZER and L. É. PARGAMANIK: Free oscillations of an electron plasma in 
a magnetic field (Svobodnye kolebaniya élektronnoi plazmy v magnitnom pole), 
Uchenye zapiski Khar'kovskogo gosudarstvennogo universiteta 27, 75-104, 1948. 

[05] B. N. Gersuman: Propagation of electromagnetic waves in a plasma in a magnetic 
field, taking account of the thermal motion of the electrons (O rasprostranenii élek- 
tromagnitnykh voln v plazme, nakhodyashcheisya v magnitnom pole, pri uchete 
teplovogo dvizheniya élektronov), Zhurnal éksperimental noi i teoreticheskot fiziki 24, 
659—672, 1953. 

[66] G. V. GogDzzv: Plasma oscillations in a magnetic field (Kolebaniya plazmy v magnit- 
nom pole), Zhurnal éksperimental noi i teoreticheskot fiziki 28, 660-668, 1952; Ex- 
citation of plasma oscillations (Vozbuzhdenie kolebanii plazmy), Zhurnal éksperi- 
mental not i teoreticheskoi fiziki 27, 24-28, 1954. 

[67] A. G. SrrENKO and K. N. Stepanov: On the oscillations of an electron plasma in a 
magnetic field, Soviet Physics: JETP 4, 512-520, 1957 (O kolebaniyakh élektronnoi 
plazmy v magnitnom pole, Zhurnal éksperimental’not i teoreticheskoi fiziki 81, 642-651, 
1956); see also K. N. Stepanov and V. S. TKALICR: On the oscillations of an electron 
plasma in external electric and magnetic fields, Soviet Physics: Technical Physics 8, 
1649-1659, 1959 (O kolebaniyakh élektronnoí plazmy vo vneshnikh élektricheskom 
i magnitnom polyakh, Zhurnal tekhnicheskoi fiziki 28, 1789-1800, 1958); K. N. 
Stepanov: On the damping of electromagnetic waves in a plasma situated in a 
magnetic field, Soviet Physics: JETP 35 (8), 194-196, 1959 (O zatukhanii élektro- 
magnitnykh voln v plazme, nakhodyashcheisya v magnitnom pole, Zhurnal éksperi- 
mental not i teoreticheskoi fiziki 86, 283-284, 1958). 

[68] T. PRapHAN: Plasma oscillations in steady magnetic field: circularly polarized 
electromagnetic modes, Physical Review 107, 1222-1227, 1957. 


References 505 


[69] B. N. GeRsHMAN: Normal waves in a homogencous plasma in a magnetic field 
(O normal’nykh voinakh v odnorodnoi plazme, nakhodyashcheisya v magnitnom pole), 
Sbornik pamyati A. A. Andronova, p.599, USSR Academy of Sciences, Moscow 
1955; see also Note on waves in a homogeneous magnetoactive plasma, Soviet Physics: 
JETP 4, 582-585, 1957 (Zamechaniya o volnakh v odnorodnoi, magnitoaktivnoi 
plazme, Zhurnal éksperimentalnot i teoreticheskot fiziki 31, 707—109, 1956). 

[70] B. N. GERsHMAN, V.L.Ginzpurc and N.G.Dzwisov: Propagation of electro- 
magnetic waves in a plasma (the ionosphere) (Rasprostranenie élektromagnitnykh 
voln v plazme (ionosfere)), Uspekhi fizicheskikh nauk 61, 561-612, 1957. 

[71] V. L. GiNzBuna: Hydromagnetic waves in a gas (O magnito-gidrodinamicheskikh 
volnakh v gaze), Zhurnal éksperimental’noi i teoreticheskoi fiziki 91, 788-794, 1951. 

[72] J. H. PippiNGTON: Hydromagnetic waves in ionized gas, Monthly Notices of the 
Royal Astronomical Society 115, 671-683, 1955; see also The four possible waves in 
a magneto-ionic medium, Philosophical Magazine [7] 46, 1037-1050, 1955. 

[73] V. L. GinzBura: Electrodynamics of an anisotropic medium (Ob élektrodinamike 
anizotropnoi sredy), Zhurnal éksperimentalnoi i teoreticheskoi fiziki 10, 601—607, 1940. 

[74] A. A. Kotomensxii: The electrodynamics of a gyrotropic medium (Ob élektro- 
dinamike girotropnoi sredy), Zhurnal éksperimental’not i teoreticheskoi fiziki 24, 
167-176, 1953. 

[75] Yu. A. Rxznov: Hamilton’s method in the electrodynamics of anisotropic absorbing 
media (Metod Gamil’tona v élektrodinamike anizotropnykh pogloshchayushchikh 
sred), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 2, 869-875, 1959. 

[76] V. L. GiNzBURG and V. Ya. Efpman: The radiation reaction in the motion of a charge 
in a medium, Soviet Physics: J ET P 86 (9). 1300-1307, 1959 (O sile reaktsii izlucheniya 
pri dvizhenii zaryada v srede, Zhurnal éksperimental'noi i teoreticheskoi fiziki 36, 
1823-1833, 1959). 

[77] V. V. ZHELEZNYAKOV: Magnetic bremsstrahlung and instability of a system of 
charged particles in a plasma (O magnitotormoznom izluchenii i neustoichivosti 
sistemy zaryazhennykh chastits v plazme), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika 2, 14-27, 1959; The instability of a magnetoactive plasma with respect 
to high-frequency electromagnetic perturbations (O neustoichivosti magnitoaktivnoi 
plazmy otnositel’no vysokochastotnykh élektromagnitnykh vozmushchenii). I, Iz- 
vestiya vysshikh uchebnykh zavedenit: Radiofizika 8, 57-66, 1960. 

[78] V. L. Ginspure (Ginzburg): Some contribution to quantum electrodynamics III, 
Comptes rendus (Doklady) de l'Académie des Sciences de 'U RSS 24, 131-134, 1939. 

[79] I. M. FRANk: Doppler effect in a refractive medium, Journal of Physics 7, 49-67, 1943. 

[80] V. L. Grnzpura and I. M. FRANx: The Doppler effect at velocities exceeding that of 
light (Ob éffekte Dopplera pri sverkhsvetovoi skorosti) Doklady Akademii Nauk 
SSSR 56, 583-586, 1947; see also V. L. GiNzBURG and V. M. Fain: Radiation of 
a multilevel system moving in a medium with a velocity greater than the velocity 
of light, Soviet Physics: JETP 35 (8), 567-568, 1959 (Ob izluchenii sistem s mnogimi 
urovnyami, dvizhushchikhsya v srede so sverkhsvetovoi skorost'yu, Zhurnal éksperi- 
mental’noi 4 teoreticheskoi fiziki 35, 817-818, 1958). 

[81] V. L. GiNzBuna: Certain theoretical aspects of radiation due to supcrluminal motion 
in a medium, Soviet Physicss Uspekhi 2, 874-893, 1960 (Nekotorye voprosy teorii 
izlucheniya pri sverkhsvetovom dvizhenii v srcde, Uspekhi fizicheskikh nauk 69, 
537-564, 1959). 

[82] V: D. SHarranov: Propagation of an electromagnetic field in a medium with spatial 
dispersion, Soviet Physics: JETP 34 (7), 1019-1029, 1958 (Rasprostrancnie élektro- 
magnitnogo polya v srede s prostranstvennol dispersici, Zhurnal éksperimental noi i 
teoreticheskoi fiziki 34. 1475-1489, 1958). 


17 PEW 


506 References 


[83] Proceedings of the Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva 31, 32, United Nations, Geneva 1958. 

[84] M. E. GeRTSENSHTEIN: Permittivity of a plasma in a steady magnetic field (Diélek- 
tricheskaya pronitsaemost’ plazmy, nakhodyashcheisya v statsionarnom magnitnom 
pole), Zhurnal éksperimentalnoi i teoreticheskoi fiziki 27, 180-188, 1954. 

[85] V. V. ZHELEZNYAKOV: Resonance absorption in a magnetoactive plasma (O rezo- 
nansnom pogloshchenii v magnitoaktivnoi plazme), Izvestiya vysskhikh uchebnykh 
zavedenii; Radiofizika (in press). 

[86] B. A. TruBNiKov: Plasma radiation in a magnetic field, Soviet Physics: Doklady 3, 
136-140, 1958 (Izluchenie plazmy v magnitnom pole, Doklady Akademii Nauk 
SSSR 118, 913-916, 1958). 

[87] J. E. DRUMMOND: Microwave propagation in hot magneto-plasmas, Physical Review 
112, 1460-1464, 1958. 

[88] Plasma Physics and the Problem of Controlled Thermonuclear Reactions, Pergamon, 
London 1959-1961 (Fizika plazmy i problema upravlyaemykh termoyadernykh reaktsii, 
USSR Academy of Sciences, Moscow 1958). 

[89] V. L. Ginzpure and V. V. ZHELEZNYAKOV: On the propagation of electromagnetic 
waves in the solar corona, taking into account the influence of the magnetic field, 
Soviet Astronomy: AJ 8, 235-246, 1959 (O rasprostranenii élektromagnitnykh voln 
v solnechnoi korone pri uchete vliyaniya magnitnogo polya, Astronomicheskii zhurnal 
36, 233-246, 1959). 

[90] B. N. GeRsSHMAN and M.S. Kovner: Some features of wave propagation in a 
magnetoactive plasma which appear when collisions are taken into account (O 
nekotorykh, svyazannykh s uchetom soudarenii osobennostyakh rasprostraneniya 
voln v magnitoaktivnoi plazme), Izvestiya vysshikh uchebnykh zavedenti: Radio- 
fizika 2, 28-36, 1959. 

[91] B. N. Gersaman: Nonresonance absorption of electromagnetic waves in a magneto- 
active plasma, Soviet Physics: JETP 37 (10), 497-503, 1960 (O nerezonansnom 
pogloshchenii élektromagnitnykh voln v magnitoaktivnoi plazme, Zhurnal éksperi- 
mental noi i Leoreticheskoi fiziki 37, 695-704, 1959). 

[92] B. N. Gersuman: The propagation of whistlers in the upper atmosphere (K voprosu 
o rasprostranenii svistyashchikh atmosferikov v verkhnei atmosfere), Izvestiya 
vysshikh uchebnykh zavedenii: Radiofizika 1 (5-6), 49-59, 1958. 

[93] B. N. GERSHMAN: Gyromagnetic resonance absorption of electromagnetic waves in 
a plasma, Soviet Physics: JETP 11, 657-665, 1960 (O girorezonansnom pogloshchenii 
élektromagnitnykh voln v plazme, Zhurnal éksperimental’not i teoreticheskoi fiziki 38, 
912-924, 1960). 

[94] H. Atrven: Cosmical Electrodynamics, Oxford 1950. 

[95] S. I. Syrovat-sk1I: Magnetic hydrodynamics (Magnitnaya gidrodinamika), Uspekhi 
fizicheskikh nauk 62, 247-303, 1957. 

[96] D. MonrcomEry: Development of hydromagnetic shocks from large-amplitude 
Alfvén waves, Physical Review Letters 9, 36-37, 1959. 

[97] J. BAZER and W. B. Ericson: Hydromagnetic shocks, Astrophysical Journal 129, 
758-785, 1959. 

[98] Plasma Dynamics (Dinamika plazmy), a symposium of translations into Russian in 
the series Problemy sovremennot fiziki, No. 2, 1956; Magnetic Fluid Dynamics (Mag- 
nitnaya gidrodinamika), in the same series, No. 2, 1954; No. 7, 1957. See also 
A. SCHLÜTER, Plasma dynamics (Dynamik des Plasmas). I, IT, Zeitschrift für Natur- 
forschung 5a, 12—18, 1950; 6a, 73-78, 1951. 

[99] B. N. Gersuman and V. L. GiNzBURG: The effect of a magnetic field on convective 
instability in stellar atmospheres and in the Earth's ionosphere (O vliyanii magnit- 
nogo polya na konvektivnuyu neustoichivost’ v atmosferakh zvezd i v zemnoi 


- 


References 507 


ionosfere), Astronomicheskii zhurnal 32, 201-208, 1955; Uchenye zapiski Gor’ kovskogo 
gosudarstvennogo universiteta, Seriya fizicheskaya 30, 3-29, 1956 (Trudy Gor kovoskogo 
issledovatel’skogo fiziko-tekhnicheskogo instituta i radiofizicheskogo fakul’teta Gor’ kovs- 
kogo gosudarstvennogo universiteta). 

[100] S. CHANDRASEKHAR, A. N. KAUFMAN and K. M. Watson: Properties of an ionized 
gas of low density in a magnetic field. III, IV, Annals of Physics 2, 435-470, 1957; 
5, 1—25, 1958. 

[101] G. F. CuEw, M. L. GOLDBERGER and F. E. Low: The Boltzmann equation and the 
one-fluid hydromagnetic equations in the absence of particle collisions, Proceedings 
of the Royal Society A 936, 112-118, 1956. 

[102] B. N. GERsHMAN and V. L. GixzBURG: The formation of ionospheric inhomogenities 
(Ob obrazovanii ionosferykh neodnorodnostei), Izvestiya vysshikh uchebnykh za- 
vedenii: Radiofizika 2, 8-13, 1959. ` 

[103] E. Åström: On waves in an ionized gas, Arkiv för Fysik 2, 443-457, 1951. 

[104] S. I. BRAGINskKI: On the modes of plasma oscillations in a magnetic field, Soviet 
Physics: Doklady 2, 345-349, 1958 (O tipakh kolebanii plazmy v magnitnom pole, 
Doklady Akademii Nauk SSSR 115, 475-478, 1957). 

[105] B. N. GeRSHMAN and M.S. Kovner: Properties of quasitransverse propagation 
of hydromagnetic waves in plasmas (Ob osobennosti kvazipoperechnogo rasprostra - 
neniya magnitogidrodinamicheskikh voln v plazme), Izvestiya vysshikh uchebnykh 
zavedenii: Radiofizika 1 (3), 19-24, 1958. 

[106] B. N. GERsHMAN: The kinetic theory of hydromagnetic waves (Kineticheskaya 
teoriya magnitogidrodinamicheskikh voln), Zhurnal éksperimental not i teoreticheskoi 
fiziki 24, 453-465, 1953. 

[107] K. N. Stepanov: Kinetic theory of magnetohydrodynamic waves, Soviet Physics: 
JETP 34 (7), 892-897, 1958 (Kineticheskaya teoriya magnitogidrodinamicheskikh 
voln, Zhurnal éksperimental’not i teoreticheskot fiziki 34, 1292-1301, 1958). 

[108] B. N. GeRsHMAN: The kinetic theory of propagation of hydromagnetic waves 
in plasmas (K kineticheskoi teorii rasprostraneniya magnitogidrodinamicheskikh 
voln v plazme), Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 1 (4), 3-20, 1958; 
On the problem of the propagation of magnetohydrodynamie waves in cosmic 
conditions, Soviet Astronomy: AJ 3, 193-195, 1959 (K voprosu o rasprostranenii 
magnitogidrodinamicheskikh voln v kosmicheskikh usloviyakh, Astronomicheskii 
zhurnal 36, 190—193, 1959). 

[109] T. H. Srix: Generation and thermalization of plasma waves, Physics of Fluids 1, 
308-317, 1958. i 

[110] R. Gans: Propagation of light in an inhomogeneous medium (Fortpflanzung des 
Lichtes durch ein inhomogenes Medium), Annalen der Physik [4] 47, 709-736, 1915. 

[111] D. R. HARTREE: Optical and cquivalent paths in a stratified medium, treated 
from a wave standpoint, Proceedings of the Royal Society A 131, 428-450, 1931. 

[112] L. A. ZHEKuLIN: Investigation of the propagation of an clectromagnetic wave 

l in an inhomogeneous ionised medium (Issledovanie rasprostrancniya élcktromagnit- 
noi volny v negomogennoi ionizirovannoi srede), Zhurnal éksperimental noi í teore- 
ticheskot fiziki 4, 76-95, 1934. 

[113] Ya. L. ALPERT and V. L. GiNzBURG: Absorption of radio waves in the ionosphere 
(O pogloshchenii radiovoln v ionosfere), Izvestiya Akademii Nauk SSSR, Seriya 
fizicheskaya 8, 42-67, 1944. 

[114] O. E. H. RvpBEck: The reflexion of electromagnetic waves from a parabolic ionized 
layer, Philosophical Magazine [7] 34, 342-348, 1943; The propagation of electro- 
magnetic waves in an ionized medium and the calculation of the true heights of 
the ionized layers of the atmosphere, Philosophical Magazine [7] 30, 282-293, 1940. 


17* 


508 References 


[115] P. S. EPrsrEIN: Reflection of waves in an inhomogeneous absorbing medium, Pro- 
ceedings of the National Academy of Sciences 16, 627-637, 1930. 

[116] K. RAwzR: Electric waves in a stratified medium (Elektrische Wellen in einem 
geschichteten Medium), Annalen der Physik [5] 85, 385-416, 1939; 42, 294-296, 1942. 

(117] J. Wattor: Passage of electromagnetic waves normally through a layer with 
spatially varying permittivity (Der senkrechte Durchgang elektromagnetischer 
Wellen durch eine Schicht räumlich veründerlicher Dielektrizitatskonstante), 
Annalen der Physik [4] 60, 734—762, 1919. 

[118] K. FónsTERLING: The propagation of light in inhomogeneous media (Über die 
Ausbreitung des Lichtes in inhomogenen Medien), Annalen der Physik [5] 11, 
1-39, 1931. 

[119] G. J. Erias: Reflection of electromagnetic waves at ionized media with variable 
conductivity and dielectric constant, Proceedings of the Institute of Radio Engineers 
19, 891-907, 1931. 

[120] S. M. Rytov and F. S. Yupnevicu: The reflection of electromagnetic waves from 
a layer of negative permittivity (Ob otrazhenii élektromagnitnykh voln ot sloya 
s Otritsatel'noi dielektricheskoi postoyannoi), Zhurnal éksperimental'noi i teore- 
licheskoi fiziki 10, 887-902, 1940. 

[121] L. M. BREKHOVSKIKH: Waves in Layered Media, Academic, New York 1960 (Volny 
v sloistikh sredakh, USSR Academy of Sciences, Moscow 1957). 

[122] H. BREMMER: Propagation of electromagnetic waves, Handbuch der Physik 16, 
423-639, Springer, Berlin 1958. 

[123] W. Korink: Reflection of electromagnetic waves from an inhomogeneous layer 
(Reflexion elektromagnetischer Wellen an einer inhomogenen Schicht), Annalen 
der Physik [6] 1, 119-132, 1948. 

[124] N. G. Denisov: Theory of propagation of radio waves in the ionosphere (K teorii 
rasprostraneniya radiovoln v ionosfere), Uchenye zapiski Gor' kovskogo gosudarstven- 
nogo universiteta 35, 3—, 1957 (Trudy Gor kovskogo issledovatel'skogo fiziko-tekhni- 
cheskogo instituta i radiofizicheskogo fakulteta Gor'kovskogo gosudarstvennogo uni- 
versiteta). 

[125] R. O. Kuzmin: Bessel Functions (Besselevy funktsii), Moscow 1935; Q. N. Watson: 
A Treatise on the Theory of Bessel Functions, 2nd edition, Cambridge 1944. 

[126] V. A. Fox: Tables of Airy Functions (Tablitsy funktsit Eiri), Moscow 1946; J.C. P. 
MILLER: The Airy Integral, British Association for the Advancement of Science, 
Mathematical Tables, Part-Volume B, Cambridge 1946. 

(127] O. E. H. Rypsxcx: On the propagation of radio waves, Transactions of the Chalmers 
University of Technology, Gothenburg (34), 1944. 

[128] E. T. WHITTAKER and G. N. Watson: A Course of Modern Analysis, 4th edition, 
Cambridge 1927. 

{129] J. W. STRUTT, third Baron Rayleigh: The Theory of Sound, vol.l, § 148b, 2nd 
edition, Macmillan, London 1929. 

[130] K. FónsrERLING: The propagation of electromagnetic waves in a stratified medium 
for oblique incidence under the action of a magnetic field (Die Ausbreitung elektro- 
magnetischer Wellen in einem geschichteten Medium unter der Mitwirkung eines 
Magnotfeldes bci schiefer Inzidenz), Archiv der elektrischen Übertragung 3, 115-120, 
1949; Wave propagation in the ionosphere for oblique incidence, taking account 
of the Earth's magnetic field (Wellenausbreitung in der Ionospháre bei Berück- 
sichtigung des Erdmagnetfeldes bei schiefer Inzidenz). II, Archiv der elektrischen 
Übertragung 5, 209-215, 1951. 

[131] K. FónsTERLING and H.-O. WüsrER: The formation of harmonics in the ionosphere 
(Über die Entstehung von Oberwellen in der Ionosphire), Journal of Atmospheric 
and Terrestrial Physics 2, 22-31, 1951. 


Referenees 509 


[132] N. G. Denisov: On a singularity of the field of an electromagnetie wave propagated 
in an inhomogeneous plasma, Soviet Physics: JETP 4, 544-553, 1957 (Ob odnoi 
osobennosti polya élektromagnitnoi volny, rasprostranyayushcheisya v neodno- 
rodnoi plazme, Zhurnal éksperimental’noi i teoreticheskoi fiziki 31, 609-619, 1956). 


[133] V. V. ZAELEZNYAKOV: The theory of the sporadic radio emission from the Sun 
(K teorii sporadieheskogo radioizlucheniya Solntsa), Radiotekhnika i élektronika 1, 
840-845, 1956. 

[134] V. Fock (V. A. Fok): An approximate representation of the wave functions of 
penetrating orbits (Angenáherte Darstellung der Wellenfunktionen durchdringender 
Bahnen), Comptes rendus de l Académie des Sciences de l'U RSS 1, 241-247, 1934. 


[135] V. L. GINZBURG and G. P. MorurEvicn: Optieal properties of metals (Optieheskie 
svolstva metallov), Uspekhi fizicheskikh nauk 55, 469—535, 1955. 


[136] V. L. GINZBURG and V. V. ZHELEZNIAKoV: On the possible mechanisms of sporadic 
solar radio emission (radiation in an isotropic plasma), Soviet Astronomy: AJ 2, 
653-668, 1958 (O vozmozhnykh mekhanizmakh sporadicheskogo radioizlucheniya 
Solntsa (izluchenie v izotropnot plazme), Astronomicheskii zhurnal 85, 694—112, 1958). 


[137] V. L. GINZBURG: On the refleetion of an eleetromagnetic impulse from the Heaviside 
layer, Journal of Physics 6, 167-174, 1942; see also Theory of the propagation of 
radio waves in the ionosphere (Teoriya rasprostraneniya radiovoln v ionosfere), 
Uspekhi fizicheskikh nauk 28, 155-201, 1946. 


[138] A. SoMMERFELD and L. Brittouin: The propagation of light in dispersive media 
(Über die Fortpflanzung des Lichtes in dispergierenden Medien), Annalen der 
Physik [4] 44, 177-202 and 203-240, 1914. 

[139] N. G. Denisov: Propagation of eleetromagnetic signals in an ionised gas (Ras- 
prostranenie élektromagnitnykh signalov v ionizirovannom gaze), Zhurnal éksperi- 
mental'noi i teoreticheskoi fiziki 21, 1354-1363, 1951. 

[140] L. A. ZugkuLiN : Reflection ofa pulse from aninhomogeneousionised layer (Otrazhenie 
impul’sa ot neodnorodnogo ionizovannogo sloya), Izvestiya Akademii Nauk SSSR, 
Seriya fizicheskaya 4, 409-414, 1940. 

[141] B. N. Gersuman: The spreading of electromagnetic pulses propagated in the 
ionosphere (O rasplyvanii élektromagnitnykh impul’sov, rasprostranyayushchikhsya 
v ionosfere), Zhurnal tekhnicheskol fiziki 22, 101-104, 1952. 

[142] S. M. Rytov: Some theorems on the group velocity of electromagnetic waves (Neko- 
torye teoremy o gruppovoi skorosti élektromagnitnykh voln), Zhurnal éksperimen- 
tal’not i teoreticheskoi fiziki 17, 930—936, 1947. 

[143] L. A. VainsuTeIn: Electromagnetic Waves (Elektromagnitnye volny), Moscow 1957. 


[144] L. A. VaixsHTEIN: Group velocity of damped waves, Soviet Physics: Technical 
Physics 2, 2420-2428, 1958 (Gruppovaya skorost’ zatukhayushchikh voln, Zhurnal 
tekhnicheskoi fiziki 27, 2606-2614, 1957). 

[145] V. L. GixsBURaG (Ginzburg): On the influence of the terrestrial magnetie field on the 

j reflection of radio waves from the ionosphere, Journal of Physics 7, 289-304, 1943. 

[146] V. L. GiNzBURG: The investigation of stresses by an optical method (Ob issledo- 
vanii napryazhenii opticheskim metodom), Zhurnal tekhnicheskoi fiziki 14, 181-192, 
1944. 

[147] Ya. L. Av’pert: Ray paths in a magnetoactive ionised medium, the ionosphere 
(O traektorii luchet v magnitoaktivnol ionizovannoi srede — ionosfere), Izvestiya 
Akademii Nauk SSSR, Seriya fizicheskaya 12, 241-266, 1948; Experimental in- 
vestigations of the ‘ionosphere anisotropy effect” (Éksperimental'nye issledovaniya 
tak nazyvaemogo éffekta anizotropii ionosfery), Izvestiya Akademit Nauk SSSH, 
Seriya fizicheskaya 12, 267-287, 1948. 


510 References 


[148] V. L. GiNzBuRG: The theory of electromagnetic wave propagation in a magneto- 
active medium (K teorii rasprostraneniya élektromagnitnykh voln v magnito- 
aktivnoi srede), Zhurnal éksperimentalnoi i teoreticheskoi fiziki 18, 487—500, 1948. 

[149] K. FónsTERLING: The propagation of electromagnetic waves in a magnetised medium 
at normal incidence (Über die Ausbreitung elektromagnetischer Wellen in einem 
magnetisierten Medium bei senkrechter Inzidenz), Hochfrequenztechnik und Elektro- 
akustik 59, 10-22, 1942. 

[150] H. Bremner: Terrestrial Radio Waves, Theory of Propagation, Elsevier, New York 
and Amsterdam 1949. 

[151] Ya. L. Av'PERT: Propagation of Low-Frequency Electromagnetic Waves Above the 

l Earth’s Surface (O rasprostranenii élektromagnitnykh voln nizkot chastoty nad zemnoi 
poverkhnostyu), USSR Academy of Sciences, Moscow 1955. 

[152] J. Sumoys: Long-range propagation of low-frequency radio waves between the 
earth and the ionosphere, Proceedings of the I.R.H. 44, 163-170, 1956. 

[153] W. O. Scoumanw: The effect of the Earth's magnetic field on the propagation of 
very long electric waves (Der Einfluß des Erdmagnetfeldes auf die Ausbreitung 
elektrischer Làngstwellen), Zeitschrift fiir angewandte Physik 7, 284—290, 1955. 

[154] J. HEADING: The reflexion of vertically-incident long radio waves from the iono- 
sphere when the earth's magnetic field is oblique, Proceedings of the Royal Society 
A 931, 414-435, 1955. . 

[155] K. G. Buppen: The numerical solution of differential equations governing reflexion 
of long radio waves from the ionosphere, Proceedings of the Royal Society A 227, 
516-537, 1955. 

[156] T'he Physics of the Ionosphere; report of the conference held at Cambridge, 1954, 
Physieal Society, London 1955. 

[157] H. PoEvERLEIN: Low-frequency reflection in the ionosphere — I, Journal of Atmo- 
spheric and Terrestrial Physics 12, 126-139, 1958. 

[158] H. G. BookEn: Oblique propagation of electromagnetic waves in a slowly-varying 
non-isotropic medium, Proceedings of the Royal Society A155, 235-257, 1936. 

[159] J. J. GisBoNs and R. J. Nertney: Wave solutions, including coupling, of iono- 
spherically reflected long radio waves for a particular H-region model, Journal of 
Geophysical Research 57, 323-338, 1952. 

[160] K. G. Buppen: The theory of the limiting polarization of radio waves reflected 
from the ionosphere, Proceedings of the Royal Society A 915, 215-233, 1952. 

[161] N. Davips and R. W. PAnEINSON: Wave solutions for critical and near-eritical 
coupling conditions in the ionosphere, Journal of Atmospheric and Terrestrial 
Physics 7, 173-202, 1955. 

[162] R. Roy and J. K. D. Verma: Polarization of electromagnetic waves for vertical 
propagation in the ionosphere, Journal of Geophysical Research 60, 457-482, 1955. 

[163] O. E. H. RYDBECK: On the propagation of radio waves, Transactions of the Chalmers 
University of Technology, Gothenburg (34), 1944. 

[164] O. E. H. Rypnecx: Magneto-ionic triple splitting of ionospheric waves, Journal 
of Applied Physics 21, 1205-1214, 1950; Thetheory of magneto ionic triple splitting, 
Communications on, Pure and. Applied Mathematics 4 (1). 129—160, 1951; The Theory 
of Electromagnetic Waves, a Symposium, 193—224, Interscience, New York 1951. 

[165] J. M. Kerso: On the coupled wave equations of magneto-ionic theory, Journal 
of Geophysical Research 58, 431—436, 1953. 

[166] P. C. CLEMMow and J. HEADING: Coupled forms of the differential equations 
governing radio propagation in the ionosphere, Proceedings of the Cambridge Philo- 
sophical Society 50, 319-333, 1954; K. G. BUDDEN and P. C. CLEMMOW: Coupled 
forms of thc differential equations governing radio propagation in the ionosphere. 
IL, Proceedings of the Cambridge Philosophical Society 53, 669-682, 1957. 


References 511 


[167] K.G. Buppen: The non-existence of a “fourth reflection condition” for radio waves in 
the ionosphere, The Physics of the Ionosphere, 320-331, Physical Society, London 1955. 

[168] N. G. Denisov: The effect of a constant magnetic field on the resonance effect 
observed in the reflection of an electromagnetic wave from an inhomogencous 
plasma (Vliyanie postoyannogo magnitnogo polya na rezonansnyi éffekt, nablyu- 
dayushchiisya pri otrazhenii élektromagnitnoi volny ot neodnorodnol plazmy), 
Radiotekhnika i élektronika 1, 132—138, 1956. 

[169] N. G. Denisov: The absorption of radio waves in resonance regions of an inhomo- 
geneous plasma, Radio Engineering and Electronics 4 (3), 51-65, 1960 (O poglosh- 
chenii radiovoln v rezonansnykh oblastyakh neodnorodnoi plazmy, Radiotekhnika 
i élektronika 4, 388-397, 1959); briefly reported in Resonance absorption of electro- 
magnetic waves by an inhomogeneous plasma, Soviet Physics: JETP 84 (7), 364-365, 
1958 (K voprosu o pogloshcheniiélektromagnitnykh voln v rezonansnykh oblastyakh 
PM EE plazmy, Zhurnal éksperimental’not i teoreticheskot fiziki 34, 528-529, 

58). 

[170] T. L. ECKERSLEY: Coupling of the ordinary and extraordinary rays in the ionosphere, 
Proceedings of the Physical Society 63B, 49-58, 1950. 

[171] W. Becker: The problem of triple splitting in the ionosphere (Ein Beitrag zur 
Frage der Dreifachaufspaltung in der Jonosphare), Zeitschrift für angewandte 
Physik 8, 83-88, 1951. 

[172] W. PristerR: Magneto-ionic multiple splitting determined with the method of 
phase integration, Journal of Geophysical Research 58, 29-40, 1953. 

[173] N. G. Denisov: The interaction of extraordinary and ordinary waves in the iono- 
sphere and the effect of multiplication of reflected signals, Soviet Physics: JETP 
2, 342-343, 1956 (O. vzaimodeistvii neobyknovennoi i obyknovennoi voln v ionosfere 
i éffekte umnozheniya otrazhennykh signalov, Zhurnal éksperimental’noi i teoreti- 
cheskoi fiziki 29, 380-381, 1955). 

[174] V. V. ZugLEzNYAEOv: The interaction of electromagnetic waves in plasmas (O 
vzaimodeistvii élektromagnitnykh voln v plazme). I, II, Izvestiya vysshikh uchebnykh 
zavedenii: Radiofizika 1 (4), 32-45, 1958; 2, 858-868, 1959. 

[175] N. D. Butatov: Ionospheric-magnetic perturbations (Ob ionosferno-magnitnykh 
vozmushcheniyakh), Trudy Sibirskogo fiziko-tekhnicheskogo instituta 6, 122—, 1940. 

[176] V. M. Driatsxii: Magneto-ionic splitting in the sporadic E layer (O magnito- 
ionnom rasshcheplenii v sporadicheskom sloe E), Doklady Akademii Nauk SSSR 
58, 775-778, 1947. 

[177] G. R. Erus: F-region triple splitting, Journal of Atmospheric and Terrestrial 
Physics 3, 263-269, 1953. 

[178] G. R. ErLıs: The Z propagation hole in the ionosphere, Journal of Atmospheric 
and Terrestrial Physics 8, 43-54, 1956. 

[179] J.C. W. Scorr: Longitudinal and transverse propagation in Canada, Journal of 
Geophysical Research 55, 65-84, 1950. 

[180] H. Pozvertein: Radio wave ray paths in the ionosphere (Strahlwege von Radio- 
wellen in der Ionosphàre). II, II], Zeitschrift für angewandte Physik 1, 517-525, 
1949; 2, 152-160, 1950. 

[181] J. E. TrrugnuiDGE: Ray paths in the ionosphere. Approximate calculations in the 
presence of the earth's magnctic field, Journal of Atmospheric and Terrestrial Physics 
14, 50-62, 1959. 

[182] G. Mintineton: Ray-path characteristics in the ionosphere, Proccedings of the 
Institution of Electrical Engineers 101 (IV), 235-249; (III), 193-196, 1954. 
[183] N. A. Mrtyakov: Oblique incidence of radio waves on an anisotropic ionosphere 
(O naklonnom padenii radiovoln na anizotropnuyu ionosferu), Izvestiya vysshikh 

uchebnykh zavedenii: Radiofizika 2, 159-166, 1959. 


512 References 


[184] R. Courant and D. Hitsert: Methods of Mathematical Physics 1, chapter 4, 
Interscience, New York 1953 (Methoden der mathematischen Physik I, 2nd edition, 
Springer, Berlin 1931). 

[185] E. C. G. STUECKELBERG: Theory of inelastic collisions between atoms (Theorie 
der unelastischen StéBe zwischen Atomen), Helvetica physica acta 5, 369—422, 1932. 

[186] W. H. Furry: Two notes on phase-integral methods, Physical Review 71, 360—371, 
1947. 

[187] D. E. Kerr, editor: Propagation of Short Radio Waves, McGraw-Hill, New York 1951, 
p. 70. 

[188] L. A. ZugKuLIN: Propagation of electromagnetic waves in an ionised magneto- 
active medium (Rasprostranenie élektromagnitnykh voln v ionizirovannoi magnito- 
aktivnoi srede), Vestnik élektrotekhniki 2, 63-, 1930. 

[189] H. G. Booxer: Propagation of wave-packets incident obliquely upon a stratified 
doubly refracting ionosphere, Philosophical Transactions of the Royal Society A 237, 
411-451, 1938; see also Application of the magneto-ionic theory to radio waves 
incident obliquely upon a horizontally-stratified ionosphere, Journal of Geophysical 
Research 54, 243-274, 1949. 

[190] Radio Wave Propagation and Physics of the Ionosphere (Rasprostranenie radiovoln 
€ fiztka ionosfery), symposia of translations into Russian in the series Problemy 
sovremennoi fiziki No. 6, 1950; No. 12, 1952; No. 5, 1953; No. 4, 1954; No. 7, 1952; 
No. 10, 1957. 

[191] Symposium on radio-wave propagation in the ionosphere, Proceedings of the I.R.E. 
47 (2), 1959. 

[192] L. I. MANDEL'sHTAM: Lectures on selected problems in optics (Lektsii po izbrannym 
voprosam optiki), in Complete Works (Polnoe sobranie trudov) 5, 87, USSR Academy 
of Sciences, Moscow 1950. 

[193] G. GovBAv: Reciprocity of wave propagation in magnetically doubly-refracting 
media (Reziprozitát der Wellenausbreitung durch magnetisch doppelbrechende 
Medien), Hochfrequenztechnik und Elektroakustik 60, 155-160, 1942. 

[194] K. G. Buppew: A reciprocity theorem on the propagation of radio waves via the 
ionosphere, Proceedings of the Cambridge Philosophical Society 50, 604-613, 1954. 

[195] Ya. L. AL’PERT: Radio-Wave Propagation, a Specialist Bibliographical Guide (Ras- 
prostranenie radiovoln (spetsializirovanny! bibliograficheskiit spravochnik)), USSR 
Academy of Sciences, Moscow 1949. 

[196] Plasma and Gas-Discharge Bibliography 1955-1957 (Plazma i gazovyi razryad 
(bibliograficheskit ukazatel na 1955-195799.)), USSR Academy of Sciences Library, 
Moscow 1958. 

[197] A. N. Kazantsev: USSR research into radio wave propagation in the ionosphere, 
Radio Engineering and Electronics 2 (11), 62-83, 1958 (Issledovanie ionosfernogo 
rasprostraneniya radiovoln v SSSR, Radiotekhnika i élektronika 2, 1360-1374, 1957). 

[198] J. A. RATOLIFFE: Some aspects of diffraction theory and their application to the 
ionosphere, Reports om Progress in Physics 19, 188-267, 1956. 

[199] L. A. Cuernov: Wave Propagation in a Random Medium, McGraw-Hill, New York 
1960 (Rasprostranenie voln v srede so sluchainymi neodnorodnostyami, USSR Aca- 
demy of Sciences, Moscow 1958). 

[200] D. I. Vysokovsxii: Some Problems of Distant Tropospheric Propagation of Very 
Short Radio Waves (Nekotorye voprosy dal'nego troposfernogo rasprostraneniya 
ul'trakorotkikh radiovoln), USSR Academy of Sciences, Moscow 1958. 

[201] V. I. Tararsxit: Wave Propagation in a Turbulent Medium, McGraw-Hill, New York 
1961 (Teoriya fluktuatsionnykh yavlenit pri rasprostranenti voln v turbülentnoi 
atmosfere, USSR Academy of Sciences, Moscow 1959). 


References 513 


[202] V. L. Ginzpure and V.V.PisAREVA: The nature of oscillations in the intensity 
of the Sun's radio emission and inhomogeneities in the solar corona (O prirode 
kolebanii intensivnosti solnechnogo radioizlucheniya i neodnorodnostyakh v sol- 
nechnoi koronc), Trudy 5-go soveshchaniya po voprosam kosmogonii, USSR Academy 
of Sciences, Moscow 1956, p. 229. 

[203] V. V. VITKEvIcH: Observation of the scattering of radio waves by electron inhomo- 
geneities in the solar corona (Nablyudenie rasseyaniya radiovoln na élektronnykh 
neodnorodnostyakh solnechnoi korony), T'rudy 5-go soveshchaniya po voprosam 
kosmogonii, USSR Academy of Sciences, Moscow 1956, p. 203. 

[204] A. HEwISH: The scattering of radio waves in the solar corona, Monthly Notices 
of the Royal Astronomical Society 118, 534—546, 1958. 

[205] R. N. BRACEWELL, editor: IAU and ISRU Paris Symposium on Radio Astronomy 
1958, Stanford 1959. 

[206] H. ScHEFFLER: Scattering of radio waves in the solar corona and the centre-limb 
variation of the metre-wavelength radiation from the quiet Sun (Streuung von 
Radiowellen in der Sonnenkorona und die Mitte-Rand-Variation der ruhigen solaren 
Meterwellenstrahlung), Zeitschrift für Astrophysik 45, 113—148, 1958; see also Astro- 
nomical scintillation and atmospheric turbulence (Astronomische Szintillation und 
atmosphárische Turbulenz), Astronomische Nachrichten 282, 193—205, 1955. 

[207] V. V. PisAREVA: The diffraction of radio waves by random nonuniformities, und 
intensity variations of solar and cosmic radio emission, Soviet Astronomy: AJ 9, 
97-111, 1958 (O difraktsii radiovoln na khaoticheskikh neodnorodnostyakh i 
kolebaniya intensivnosti solnechnogo i kosmicheskogo radioizlucheniya, Astro- 
nomicheskii zhurnal 35, 112-128, 1958); see also Limits of applicability of the method 
of smooth" perturbations in the problem ofradiation propagation through a medium 
containing inhomogeneities, Soviet Physics: Acoustics 6, 81-86, 1960 (O granitsakh 
primenimosti metoda ‘“‘plavnykh” vozmushchenii v zadache o rasprostranenii 
izlucheniya cherez sredu s neodnorodnostyami, Akusticheskii zhurnal 6, 87-91, 1960). 

[208] Ya. L. Ar'PERT: Some problems in the physics of the ionosphere. I. Fluctuations 
of electron density and scattering of radio waves (Nekotorye voprosy fiziki ionosfery. 
I. Fluktuatsii élektronnoi plotnosti i rasseyanie radiovoln), Uspekhi fizicheskikh 
nauk 61, 423—450, 1957. 

[209] M. L. V. Pirreway: The reflexion of radio waves from a stratified ionosphere 
modified by weak irregularitics. I, II, Proceedings of the Royal Society A 246, 556-567, 
1958; 254, 86-100, 1960. 

[210] N. G. Denisov and V. A. ZVEREV: Some problems in the theory of wave propagation 
in media with random inhomogeneities (Nekotorye voprosy tcorii rasprostraneniya 
voln v sredakh so sluchainymi neodnorodnostyami), Izvestiya vysshikh uchebnykh 
zavedenti: Radiofizika 2, 521—542, 1959. 

[211] N. G. Denisov: Wave propagation in a plane-parallcl medium containing statistical 
inhomogeneities (O rasprostranenii voln v ploskosloistoí srede, soderzhashchei 
statisticheskie neodnorodnosti), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 
1 (5-6), 34-40, 1958. 

[212] N. G. Denisov: Scattering of waves in a plane-parallel medium (Rasseyanie voln 
v ploskosloistoi srede), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 1 (5-6), 
41-48, 1958; The effect of the reflection region on the scattering of radio waves in 
the ionosphere (O vliyanii oblasti otrazheniya na rasseyanic radiovoln v ionosferc), 
Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 8, 208-215, 1960. 

[213] N. G. Denisov: Amplitude and phase fluctuations in a wave passing through 
a layer with random inhomogeneities (O flyuktuatsiyakh amplitudy i fazy volny, 
proshedshei cherez sloi so sluchainymi neodnorodnostyami), Izvestiya vysshikh 
uchebnykh zavedenit: Radiofizika 2, 316-318, 1959; seo also Diffraction of electro- 


17a PEW 


514 References 


magnetic waves in a gyrotropic laycr containing random inhomogeneities (Diffrakt- 
siya élektromagnitnykh voln v girotropnom sloe, soderzhashchem sluchainye neo- 
dnorodnosti), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 8, 393—404, 1960; 
Diffraction of waves by a random screen (O diffraktsii voln na khaoticheskom ékrane), 
Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 4, 630-638, 1961. 


[214] E. A. BENEDIETOV and N. A. Mitryaxov: The scattering of radio waves in the 
ionosphere (O rasscyanii radiovoln v ionosfere), Izvestiya vysshikh uchebnykh zave- 
denii: Radiofizika 2, 344-354, 1959. 

[215] V. L. Pokxnovsxii, S. K. SavviNvkg and F. R. UriN1cn: Reflection from a barrier 
in the quasi-classical approximation, Soviet Physics: JETP 34 (7), 879-882, 1119 
—1120, 1958 (Nadbar'ernoe otrazhenie v kvaziklassicheskom priblizhenii, Zhurnal 
éksperimental'noi $ teoreticheskot fiziki 84, 1272-1277, 1629-1631, 1958). 


[216] K. ARTMANN: Calculation of the lateral shift of the totally reflected ray (Berech- 
nung der Seitenversetzung des totalreflektierten Strahles), Annalen der Physik [6] 
2, 87-102, 1948; see also C. von FnaasTEIN: The lateral shift of the totally reflected 
ray (Zur Seitenversetzung des totalreflektierten Lichtstrahles), Annalen der Physik 
[6] 4, 271-278, 1949. 

[217] E. CuvosKovd: The passage of radio waves round the Earth (refraction of short 
waves in a non-parabolic layer) (Über den Weltumlauf der Radiostrahlen (Re- 
fraktion der Kurzwellen in nichtparabolischer Schicht)), Bulletin of the Astronomical 
Institutes of Czechoslovakia 5, 104—108, 110-111, 1954; Refraction of radiowaves 
in an ionized medium. I. Waves from radiostars crossing spherical layers, Bulletin 
of the Astronomical Institutes of Czechoslovakia 9, 1-5, 1958; Propagation of radio 
waves from cosmical sources, Nature 181, 105, 1958; E. Work (E. Cuvozxová): 
The refraction of radio waves by a spherical ionized layer, Journal of Atmospheric 
and Terrestrial Physics 16, 124—135, 1959. 


[218] M. M. Kowzsanorr and C. A. SHarw: Refraction of extra-terrestrial radio waves 
in the ionosphere, Nature 183, 1584-1585, 1959. 


[219] Ya. L. Av’pert, F. F. DOBRYAKOVA, É. F. CHupsEsENKO and B. S. SuaPIRO: Some 
results of the determination of electron density in the outer ionosphere from obser- 
vations of radio signals from the first artificial Earth satellite (O nekotorykh rezul’- 
tatakh opredeleniya élektronnoi kontsentratsii vneshnei oblasti ionosfery po nablyu- 
deniyam za radiosignalami pervogo sputnika Zemli), Uspekhi fizicheskikh nauk 
65, 161-174, 1958; see also Ya. L. AL’pERT: Investigation of the ionosphere and 
of the intcrplanetary gas with the aid of artificial satellites and space rockets, 
Soviet Physics: Uspekhi 3, 479—503, 1961 (Izuchenie ionosfery i mezhplanetnogo 
gaza 8 pomoshch’yu iskusstvennykh sputnikov i kosmicheskikh raket, Uspekhi 
fizicheskikh nauk 71, 369-409, 1960). 


[220] G. A. GRINBERG: The propagation of radio waves from a vertical emitter in an 
atmosphere where € and o vary with height (O rasprostranenii radiovoln ot 
vertikal’nogo izluchatelya v atmosfere s menyayushchimisya po vysote £ i o) Izvestiya 
Akademii Nauk SSSR, Seriya fizicheskaya 4, 401-406, 1940; The propagation of 
radio waves over the Earth's surface, taking into account its sphericity ard the 
inhomogeneity of the atmosphere (O rasprostranenii radiovoln nad poverkhnost'yu 
zemli pri uchete sferichnosti ee i neodnorodnosti atmosfery), Izvestiya Akademii 
Nauk SSSR, Seriya fizicheskaya 7, 99-113, 1943. 

[221] A. N. Sucuuxin: The Physical Basis of Radio-Wave Propagation in the Ionosphere 
(Fizicheskie osnovy rasprostraneniya radiovoln v ionosfere), Svyaz'izdat, Moscow 1940. 

[222] S. P. TsELISHCHEV: Reflection of radio waves from the ionosphere (Otrazhenie 
radiovoln ot ionosfery), Trudy Sibirskogo fizikotekhnicheskogo instituta 6 (1), 105—, 
1941. 


References 515 


[223] G. GovBAv: The relation between the apparent and true height of the ionospherc, 
taking account of magnetie double refraction (Zusammenhang zwischen scheinbarer 
und wahrer Höhe der Ionospháre unter Berücksichtigung der magnetischen Doppel- 
brechung), Hochfrequenztechnik und Elektroakustik 44, 17-23, 138-139, 1934. 

[224] K. G. BuppEN: A method for determining the variation of electron density with 
height (N (z) curves) from curves of equivalent height against frequency ((h’, f) 
curves), The Physics of the Ionosphere, 332—339, Physical Society, London 1955. 

[225] H. G. Booxer and L. V. BERKNER: An ionospheric investigation eoncerning the 
Lorentz polarization-correction, Terrestrial Magnetism and Atmospheric Electricity 
48, 427-450, 1938. 

[226] E. A. BENEDIKTOV: Some properties of high-frequency characteristics of the iono- 
sphere near the gyration frequency (O nekotorykh osobennostyakh vysokochastot- 
nykh kharakteristik ionosfery vblizi giromagnitnol chastoty), Uchenye zapiski 
Gor'kovskogo universiteta 27, 32-, 1954. 

[227] G. G. GerMANTsEV, V. L. GINZBURG and I.S.Snmkrovskri: Radio astronomical 
observations with the aid of artificial satellites, Soviet Physics: Uspekhi 66 (1), 
65-67, 1959 (Radioastronomicheskie issledovaniya s pomoshch’yu iskusstvennykh 
sputnikov Zemli, Uspekhi fizicheskikh nauk 66, 157-161, 1958). 

[228] E. A. BENEDIKTOV: The passage of radio waves through the ionosphere (O prokhozh- 
denii radiovoln cherez ionosferu), Izvestiya vysshikh uchebnykh zavedenii: Radiofiziku. 
3, 33-38, 1960. 

[229] J. L. Pawsey and R.N. BRACEWELL: Radio Astronomy, Oxford 1955. 

[230] D. E. BLACKWELL: A study of the outer solar corona from a high altitude aircraft 
at the eclipse of 1954 June 30. II. Electron densities in the outer corona and zodiacal 
light regions, Monthly Notices of the Royal Astronomical Society 116, 56-68, 1956. 

[231] Proceedings of the Fifth Conference on Problems of Cosmogony, (Trudy 5-go sovesh- 
chaniya po voprosam kosmogonii) USSR Academy of Sciences, Moscow 1956. 

[232] I. S. Suxtovsxy (Shklovskii): Cosmic Radio Waves, Harvard, Cambridge (Mass.) 
1960 (Kosmicheskoe radioizluchenie, Gostekhizdat, Moscow 1956). 

[233] V. L. Giwznuna: The origin of cosmic rays (Proiskhozhdenie kosmicheskikh luchei), 
Uspekhi fizicheskikh nauk 62, 37-98, 1957; see also V. L. GINZBURG and S. I. SYRO- 
VAT-SKII: Present status of the question of thc origin of cosmic rays, Soviet Physics: 
Uspekhi 8, 504-541, 1961 (Sovremennoe sostoyanie voprosa o proiskhozhdenii 
kosmicheskikh luchel, Uspekhi fizicheskikh nauk 71, 411-469, 1960). 

[234] V. V. ZHELEZNYAKOV: The radio emission of the Sun and planets (Radioizluchenie 
Solntsa i planet), Uspekhi fizicheskikh nauk 64, 113—154, 1958. 

[235] K. L. FRANKLIN and B.F. Burke: Radio observations of the planet Jupiter, 
Journal of Geophysical Research 63, 807-824, 1958. 

[236] G. P. Kutrer, editor: The Solar System. I. The Sun, Chicago 1953. 

[237] H. G. Booxer: The use of radio stars to study irregular rcfraction of radio waves 
in the ionosphere, Proceedings of the I.R.E. 46, 298-314, 1958. 

[238] E. A. BENEDIKTOV: A radio-astronomie method of determining the absorption of 
radio-waves in the ionospherc, Radio Engineering and Electronica 4 (7), 200—203, 
1960 (Ob odnom radioastronomicheskom metode opredeleniya pogloshcheniva 
radiovoln v ionosfere, Radiotekhnika i élektronika 4, 1201-1202, 1959). 

[239] V. V. Virxevicu: Investigation of ionosphcric inhomogencities by radioastronomio 
methods, Radio Engineering and Electronics 3 (4), 27-40, 1959 (Issledovanie ionos- 
fernykh neodnorodnostei radioastronomicheskimi metodami, Radiotekhnika $ élek- 
trontka 8, 478-486, 1958). 

[240] C. G, Lirr. and H. Lernsacu: Some measurements of high-latitude ionospheric 
absorption using extraterrcstrial radio waves, Proceedings of the I.R.E. 46, 334-348, 


1958. 
17a * 


516 References 


[241] R. Hine: Waves in a heavy, viscous, incompressible, electrically conducting fluid 
of variable density, in the presence of a magnetic field, Proceedings of the Royal 
Society A 238, 376-396, 1955. 

[242] V. C. A. Ferraro and C. Prumpron: Hydromagnetic waves in a horizontally 
stratified atmosphere, Astrophysical Journal 127, 459-476, 1958; see also C. PLUMP- 
ton: The propagation of hydromagnetic waves of finite amplitude in a horizontally 
stratified atmosphere, Astrophysical Journal 129, 152—151, 1959. 

[243] H.C. van pe Hurst: Zodiacal light in the solar corona, Astrophysical Journal 
105, 471-488, 1947. 

[244] S. F.Smerp: Radio-frequency radiation from the quiet sun, Australian Journal 
of Scientific Research A 8, 34-59, 1950. 

[245] C. W. ALLEN: Astrophysical Quantities, Athlone, London 1955. 

[246] V. L. GINSBURG (Ginzburg): On solar radiation in the radio-spectrum, Comptes 
rendus (Doklady) de l? Académie des Sciences de l'U RSS 52, 487—490, 1946. 

[247] I. S. SH&rovsxit: Radio emission from the Galaxy and the upper layers of the 
Sun's atmosphere (Ob izluchenii radiovoln Galaktikoi i verkhnimi sloyami atmosfery 
Solntsa), Astronomicheskii zhurnal 23, 333-347, 1946. 

[248] D. F. Martyn: Temperature radiation from the quiet sun in the radio spectrum, 
Nature 158, 632—633, 1946; see also Solar radiation in the radio spectrum. I. Radiation 
from the quiet sun, Proceedings of the Royal Society A 198, 44-59, 1948. 

[249] V. L. Ginzsura: The absorption of radio waves in the solar corona (O poglosh- 
chenii radiovoln v solnechnoi korone), Astronomicheskii zhurnal 26, 84-96, 1949. 

[250] I. S. SHKLOVSKII and S. B. PIKEĽLNER: Thermal radio emission from the Sun 
(Teplovoe radioizluchenie Solntsa), Izvestiya Krymskoi astrofizicheskot observatorii 
6, 29-44, 1950. 

[251] M. Ya. Artas: Propagation of radio waves in the Sun’s atmosphere (Raspro- 
stranenie radiovoln v atmosfere Solntsa), Uchenye zapiski Gor’kovskogo universiteta 
21, 69-, 1951. 

[252] V. L. GINZBURG and V. V. ZHELEZNYAKOV: Noncoherent mechanisms of sporadic 
solar radio emission in the case of à magnetoactive coronal plasma, Soviet Astronomy: 
4J 5,1-13,1961 (O nekogerentnykh mekhanizmakh sporadicheskogo radioizlucheniya 
Solntsa v sluchae magnitoaktivnoi koronal’noi plazmy, Astronomicheskit zhurnal 
88, 3-20, 1961). 

[253] M. WALDMEIER: Kesults and Problems of Solar Research (Ergebnisse und Probleme 
der Sonnenforschung), 2nd edition, Akademische Verlagsgesellschaft, Leipzig 1955. 

(254] S. A. KAPLAN: Interstellar Gas Dynamics, Office of Technical Services, U.S. Depart- 
ment of Commerce, Washington 1960 (Mezhzvezdnaya gazodinamika, Fizmatgiz, 
Moscow 1958). 

[255] L. D. Lanpau and E. M. Lirsurrz: The Classical Theory of Fields, Pergamon, 
London 1959 (Teoriya polya, 3rd edition, Fizmatgiz, Moscow 1960). 

[256] Q. Q. Germantsev and V. A. Razin: The polarisation of the non-thermal cosmic 
radio emission (K voprosu o polyarizatsii neteplovogo kosmicheskogo radioizluche- 
niya), T'rudy 5-go soveshchaniya po voprosam kosmogonii, USSR Academy of Sciences, 
Moscow 1956, p. 496. 

[257] V. A. Razin: The polarization of cosmic radio radiation at wavelengths of 1-45 
and 3-3 meters, Soviet Astronomy: AJ 2, 216-225, 1958 (Polyarizatsiya kosmi- 
cheskogo radioizlucheniya na volnakh 1-45 i 3-3 m, Astronomicheskii zhurnal 85, 
241—252, 1958). 

[258] V. L. GINZBURG and A. V. Gurevicn: Nonlinear phenomena in a plasma located in 
an alternating electromagnetic field, Sovict Physics: Uspekhi 8, 115—146, 175-194, 
1960 (Nelincinye yavleniya v plazme, nakhodyashcheisya v peremennom élektro- 
magnitnom pole, Uspekhi fizicheskikh nauk 70, 201—246, 393—428, 1960). 


References 517 


[259] V. E. GorAwT: Gas discharges at very high frequencies (Gazovyi razryad na sverkh- 
vysokikh chastotakh), Uspekhi fizicheskikh nauk 65, 39-86, 1958. 

[260] V. L. GiNzBuRG: The theory of the Luxembourg-Gor'kií effect (K teorii lyuksem- 
burg-gor'kovskogo éffekta), Izvestiya Akademii Nauk SSSR, Seriya fizicheskaya 
12, 293-309, 1948. 


[261] I. M. Virensxii: The theory of the interaction of radio waves in the ionosphere 
(K teorii vzaimodeistviya radiovoln v ionosfere), Zhurnal éksperimental noi i teoreti- 
cheskoi fiziki 22, 544-561, 1952; The effect of the Earth's magnetic field on the inter- 
action of radio waves in the ionosphere (O vliyanii magnitnogo polya Zemli na 
vzaimodeistvie radiovoln v ionosfere), Zhurnal éksperimentalnoi i teoreticheskoi 
fiziki 26,42—56, 1954; see also I. M. VILENSKII , V. P. CHERNYSHOV and D. I. SugiNMAN. 
The distortion of the modulation of intense radio waves during propagation in the 
ionosphere (an experimental study) (Ob iskazhenii modulyatsii moshchnykh radio- 
voln pri ikh rasprostranenii v ionosfere (éksperimental'noe issledovanie)). I, Izve- 
stiya vysshikh uchebnykh zavedenii: Radiofizika 3, 367-374, 1960. 


[262] V. V. ZHELEZNYAKOV: Non-linear effects in magnetoactive plasmas (K voprosu 
o nelineinykh éffektakh v magnitoaktivnoi plazme), Izvestiya vysshikh uchebnykh 
zavedenti: Radiofizika 1 (5-6), 29-33, 1958. 

[263] A. V. Gurevic: The theory of the cross-modulation of radio waves (K teorii 
krossmodulyatsii radiovoln), Izvestiya vysshikh uchebnykh zavedemii: Radiofiztka 
1 (5-6), 17-28, 1958. 

[264] J. A. FEJER: The interaction of pulsed radio waves in the ionosphere, Journal of 
Atmospheric and Terrestrial Physics 7, 322-332, 1955. 


[265] L. GorpsrEIN, J. M. ANDERSON and G. L.CLARK: Interaction of microwaves 
propagated through a gaseous discharge plasma, Physical Review 90, 151-152, 1953; 
Quenching of afterglow in gaseous discharge plasmas by low power microwaves, 
Physical Review 90, 486-487, 1953; see also V. A. BAILEY and L. GOLDSTEIN: 
Control of the ionosphere by means of radio waves, Journal of Atmospheric and 
Terrestrial Physics 12, 216-217, 1958. 


[266] V. L. GinzBure: Nonlinear interaction of radio waves propagating in a plasma, 
Soviet Physics: JETP 85 (8), 1100-1101, 1959 (O nelineinom vzaimodeistvii radio- 
voln, rasprostranyayushchikhsya v plazme, Zhurnal éksperimental noi i teoreticheskoi 
fiziki 85, 1573-1575, 1958). 

[267] B. N. GERsSHMAN: Propagation of electromagnetic waves in a weakly relativistic 
magnetoactive plasma (K voprosu o rasprostranenii élektromagnitnykh voln v 
slabo relyativistskoi magnitoaktivnol plazme), Izvestiya vysshikh uchebnykh zavedenii : 
Radiofizika 8, 534—537, 1960. 

[268] B. N. Gersnman: The group velocity of plasma waves in the presence of a magnetic 
field (O gruppovoi skorosti plazmennykh voln pri nalichii magnitnogo polya), 
Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 3, 146—148, 196p. 

[269] E. L. FeinBERG: Radio Wave Propagation Along the Earth's Surface (Rasprostranenic 
radiovoln vdol' zemnoi poverkhnosti) Chapter X, USSR Academy of Sciences, 
Moscow 1961. 


References added n proof 


[270] M. NicorzT: Collision frequency of electrons in the terrestrial atmosphere, Physics 
of Fluids 2, 95-99, 1959. 

[271] A. J. DEssLER: Ionospheric heating by hydromagnetic waves, Journal of Geo- 
physical Research 64, 397—401, 1959. 

[272] J. A. RATCLIFFE: The Magneto-Ionic Theory and its Applications to the Ionosphere, 
Cambridge 1959. 


518 References 


[273] L. M. TANNENWALD: Coulomb scattering in a very strong magnetic field, Physical 
Review 118, 1396-1405, 1959. 

[274] H. K. KALLMANN: A preliminary model atmosphere based on rocket and satellite 
data, Journal of Geophysical Research 64, 615—623, 1959. 

[275] T. F. Vorkov: Ion oscillations in a plasma, Soviet Physics: JETP 37 (10), 302-304, 
1960 (O ionnykh kolebaniyakh v plazme, Zhurnal éksperimental’noi i teoreticheskot 
fiziki 37, 422-426, 1959). 

[276] K. A. Bansvkov and A. A. KOLOMENSKII; Doppler effect in an electron plasma 
ina magnetic field, Soviet Physics: Technical Physics 4, 868-870, 1960 (Effekt Dopplera 
v élektronnoi plazme s magnitnym polem, Zhurnal tekhnicheskoi fiziki 29, 954-957, 
1959). 

(277] S. Brown: Utilization of high-frequency electromagnetic fields for plasma investi- 
gation, Radio Engineering and Electronics 4 (8), 17-29, 1960 (Ispol’zovanie vyso- 
kochastotnykh élektromagnitnykh polei dlya issledovaniya plazmy, Radiotekhnika 
i élektronika 4, 1244-1252, 1959). 

[278] V. P. Srxin: On the electromagnetic properties of a relativistic plasma. I, IT, Soviet 
Physics: JETP 11, 1136-1140, 1960; 18, 430-435, 1961 (Ob élektromagnitnykh 
svoistvakh relyativistskoi plazmy. I, II, Zhurnal éksperimental'nol i teoreticheskoi 
fiziki 38, 1577-1583, 1960; 40, 616—625, 1961); see also A. A. RUEHADZE and V. P. 
Sinn: On the magnetic susceptibility of a relativistic electron gas, Soviet Physics: 
JETP 11, 463-464, 1960 (O magnitnoi vospriimchivostirelyativistekogo élektronnogo 
gaza, Zhurnal éksperimental' noi i teoreticheskoi fiziki 38, 645-646, 1960). 

(279] J. W. DunaEy: Cosmic Electrodynamics, Cambridge 1958. 

[280] Yu. L. Kutmonrovics: Relativistic transport equations for a plasma. I, II, Soviet 
Physics: JETP 37 (10), 524-530, 1960; 11, 876-882, 1960 (Relyativistskie kineti- 
cheskie uravneniya dlya plazmy. I, IL, Zhurnal éksperimental’not i teoreticheskot 
fiziki 37, 135—144, 1959; 38, 1212-1221, 1960). 

[281] Yu. L. Kuimontovicu: Charged particle energy losses due to excitation of plasma 
oscillations, Soviet Physics: JETP 36 (9), 999-1007, 1959 (Poteri énergii zaryazhen- 
nykh chastits na vozbuzhdenie kolebanii v plazme, Zhurnal éksperimental'noi 
i teoreticheskot fiziki 36, 1405-1418, 1959). 

[282] T. G. Cowrrisa: Magnetohydrodynamics, Interscience, New York 1957. 

[283] R. Löst: Wave propagation in plasmas (Über die Ausbreitung von Wellen in einem 
Plasma), Fortschritte der Physik 7, 503—558, 1959. 

284] A. V. PugrLPs and J. L. Pack: Electron collision frequencies in nitrogen and in 
the lower ionosphere, Physical Review Letters 3, 340-342, 1959. 

[285] H. Dreicrr: Electron and ion runaway in a fully ionized gas. I, II, Physical Review 
115, 238-249, 1959; 117, 329-342, 1960. 

[286] V. P. Sın: Kinetic equation for rapidly varying processes, Soviet Physics: JETP 
11, 1277-1280, 1960 (Kineticheskoe uravnenie dlya bystroperemennykh protsessov, 
Zhurnal *éksperimental noi 4 teoreticheskoi fiziki 88, 1771-1777, 1960). 

[287] S. A. CoraavE: Collisionless plasma shock, Physics of Fluids 2, 485-493, 1959. 

[288] V. L. Ginzpura: The possibility of determining the magnetio field strength in the 
outer corona from transmission of polarised radio emission from discrete sources 
(O vozmozhnosti opredeleniya napryazhennosti magnitnogo polya vo vneshnei 
solnechnoi korone pri ee prosvechivanii polyarizovannym radioizlucheniem diskret- 
nykh istochnikov), Izvestiya vysshikh uchebnykh zavedenil: Radiofizika 8, 341-342, 
1960. 

[289] D. W. Barron: The "waveguide mode” theory of radio wave propagation when 
the ionosphere is not sharply bounded, Philosophical Magazine (8] 4, 1068-1081, 1959. 

[290] International symposium on fluid mechanics in the ionosphere, Journal of Geo- 
physical Research 64 (12), 1959. 


References 519 


[291] L. Oster: Spectral and angular distribution of eyclotron radiation emitted by 
colliding partieles, Physical Review 116, 474—480, 1959. 

[292] M.S. SopHa: Transport phenomena in slightly ionized gases: low electric fields, 
Physical Review 116, 486-488, 1959; high electric ficlds, Physical Review 118, 
378-381, 1960. 

[293] L. Mower: Conductivity of a warm plasma, Physical Review 116, 16-18, 1959. 

[294] É. E. Miryaxova, N. A. Mıryagov and V.O. Rapoport: Measurement of the 
eleetron density in the ionosphere and in interplanetary spaee (K voprosu ob 
izmerenii élektronnoi kontsentratsii v ionosfere i mezhplanetnom prostranstve), 
Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 3, 949-956, 1960. 

[295] L. M. KOVRIZHNYKH and A. A. RUxHADZE: Instability of longitudinal oseillations 
of an eleetron-ion plasma, Soviet Physics: JETP 11, 615-616, 1960 (O neustoichi- 
vosti prodol'nykh kolebanii élektronno-ionnoi plazmy, Zhurnal éksperimentalnoi 
$ teoreticheskot fiziki 88, 850—853, 1960). 

[296] C. B. WHarTON and D. M. SLAGER: Mierowave determination of plasma density 
profiles, Journal of Applied Physics 31, 428-430, 1960. 

[297] S. V. Boropina, Yv. K. Karın, G. A. MikHaiLovA and D.S. FLiGEUL': Review 
of the present state of studies on the propagation of very long electromagnetic 
waves (Obzor sovremennogo sostoyaniya issledovanii rasprostraneniya sverkhdlin- 
nykh élektromagnitnykh voln), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 
8, 3-32, 1960. 

[298] N. R. Nirssox, editor: Proceedings of the Fourth International Conference on Ioni- 
zation Phenomena in Gases (Uppsala 17-21 August 1959), North Holland, Amsterdam 
1960. 

[299] C. B. HasgLGRovE and J. HAsELGROVE: Twisted ray paths in the ionosphere, 
Proceedings of the Physical Society 75, 351-363, 1960. 

[300] Propagation of Long and Very Long Radio Waves (Rasprostranenie dlinnykh i sverkh- 
dlinnykh radiovoln), a symposium of translations into Russian, Moscow 1960. 

[301] V. V. Virxevicu: On the degree of homogeneity of the quiet ionosphere, Soviet 
Astronomy: AJ 8, 609-611, 1959 (O stepeni odnorodnosti spokoinoi ionosfery, 
Astronomicheskii zhurnal 36, 623-625, 1959). 

[302] K. M. Case: Plasma oscillations, Annals of Physics 7, 349-364, 1959. 

[303] G. H. MiLLMAN: The geometry of the earth’s magnetic field at ionospheric heights, 
Journal of Geophysical Research 64, 717-726, 1959. 

[304] Yu. L. Kokunis: Interference between the magneto-ionie eomponents of a signal 
refleeted from the ionosphere, Radio Engineering and Electronics 4 (9), 30-36, 1960 
(Interferentsiya mezhdu magnito-ionnymi komponentami signala, otrazhennogo 
ot ionosfery, Radiotekhnika i élektronika 4, 1434-1438, 1959). 

[305] O. M. ATAEV: The determination of the number of collisions in the ionosphere, 
Radio Engineering and Electronics 4 (9), 37-45, 1960 (Opredelenie chisla soudarenii 
v ionosfere, Radiotekhnika i élektronika 4, 1439-1443, 1959). 

[306] S. B. PIKEL’NER: Structure of a magnetohydrodynamie shoek wave in a partially 
ionized gas, Soviet Physics: JETP 36 (9), 1089-1093, 1959 (Struktura magnito- 
gidrodinamicheskoi udarnoi volny v chastichno ionizovannom gaze, Zhurnal 
éksperimentalnoi i teoreticheskoi fiziki 86, 1536-1541, 1959). 

[307] D. B. Bearp: Cyelotron radiation from magnetieally confined plasmas, Physics 
of Fluids 2, 379-389, 1959; Relativistic caleulation for eyelotron radiation from 
hot plasmas, Physics of Fluids 9, 324, 1960. 

[308] J. Bazer and O. FLEISCHMAN: Propagation of weak hydromagnetie discontinuities. 
Physics of Fluids 2, 366-378, 1959. 

[309] P. H. Doyte and J. NEUFELD: On the behavior of plasma at ionic resonance, 
Physics of Fluids 2, 390-392, 1959. 


520 References 


[310] H.S. Green: Ionic theory of plasmas and magnetohydrodynamics, Physics of 
Fluids 2, 341-349, 1959. 

[311] K. D. Core: Electro-hydromagnetic waves in a fully ionized gas — I, Planetary 
and Space Science 1, 319—324, 1959. 

[312] Proceedings of the All-Union Universities’ Conference on Radio Physics Methods 
of Investigating the Ionosphere (Trudy Vsesoyuznogo mezhvuzovskogo sovesh- 
chaniya po radiofizicheskim metodam issledovaniya ionosfery), Trudy Sibirskogo 
fiziko-tekhnicheskogo instituta (37), 1959. 

[313] Proceedings of the Fifth Meeting of the Mixed Commission on the Ionosphere of 
ICSU, Journal of Atmospheric and Terrestrial Physics 15 (1-2), 1959. 

(314] P. A. Sweet: Coulomb scattering in a magnetic field, Philosophical Magazine [8] 4. 
1155-1159, 1959. 

[315] B. Lax and G. B. Wricut: Magnetoplasma reflection in solids, Physical Review 
Letters 4, 16-18, 1960. 

[316] D. R. Bates: Some problems concerning the terrestrial atmosphere above about 
the 100 km level, Proceedings of the Royal Society A 253, 451—462, 1959. 

[317] H. Dreicer: Electron velocity distribution in a partially ionized gas, Physical 
Review 117, 343-354, 1960. 

[318] A. H. Krirz and D. MINTZER: Propagation of plasma waves across a density dis- 
continuity, Physical Review 117, 382-386, 1960. 

[319] W. E. Drummonp and M. N. RosENBLuTH: Cyclotron radiation from a hot plasma, 
Physics of Fluids 8, 45-51, 1960. 

[320] F. G. Bass and S. I. Kuangina: Theory of propagation of electromagnetic waves 
in an inhomogeneous medium with fluctuations of permittivity (K teorii raspro- 
straneniya élektromagnitnykh voln v neodnorodno! srede s flyuktuatsiyami diélek- 
tricheskoi pronistaemosti), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 8, 
216-225; Fluctuations of the electric field in a gyrotropic medium with random 
inhomogeneities in the approximation of geometiical optics (Flyuktuatsii élektri- 
cheskogo polya v girotropnoi srede so sluchainymi neodnorodnostyami v pribli- 
zhenii geometricheskoi optiki), Izvestiya vysshikh wchebnykh zavedenii: Radiofizika 
8, 384—392, 1960. 

[321] B. N. Gersuman and V. A. UcARov: Propagation and generation of low-frequency 
electromagnetic waves in the upper atmosphere, Soviet Physics: Uspekhi 8, 743-764, 
1961 (Rasprostranenie i generatsiya nizkochastotnykh élektromagnitnykh voln 
v verkhnei atmosfere, Uspekhi fizicheskikh nauk 72, 235-271, 1960). 

[322] O. K. Garriott: The determination of ionospheric electron content and distri- 
bution from satellite observations. Parts 1 and 2, Journal of Geophysical Research 65, 
1139-1150, 1151-1157, 1960. 

[323] K. N. Sreranov and V.I. PaxHomov: Magnetic bremsstrahlung of a confined 
plasma, Soviet Physics: JETP 11, 1126-1129, 1960 (O magnitno-tormoznom iz- 
Juchenii ogranichennoi plazmy, Zhurnal éksperimental’noi i teoreticheskoi fiziki 38, 
1564-1568, 1960). 

[324] M. D. Raizer and JI.S.Supice.’: Microwave investigation of plasmas (Issledo- 
vanie plazmy pri pomoshchi mikroradiovoln), Uspekhi fizicheskikh nauk 64, 641-667, 
1958. 

[325] D. MontcomeEry: Stability of large amplitude waves in the one-dimensional plasma, 
Physics of Fluids 8, 274-277, 1960. 

[326] P. A. G. SCHEUER: The absorption coefficient of a plasma at radio frequencies, 
Monthly Notices of the Royal Astronomical Society 190, 231—241, 1960. 

[327] B. N. Gersuman: Regarding some singularities in the transverse propagation of 
high-frequency waves in magnetoactive plasma, Soviet Physics: Doklady 6, 314-316, 
1961 (O nekotorykh osobennostyakh poperechnogo rasprostraneniya vysokocha- 


References 521 


stotnykhvoln v magnitoaktivnoi plazme, Doklady Akademii Nauk SSSR 137, 
822-825, 1961). 

[328] V. V. Pisareva: The polarisation of the non-thermal radio emission of the Galaxy 
and that of the Crab nebula (K voprosu o polyarizatsii neteplovogo radioizlucheniya 
Galaktiki i radioizlucheniya Krabovidnoi tumannosti), Izvestiya vysshikh uchebnykh 
zavedenii: Radiofizika 8, 165-179, 1960. 

[329] G. Karman: Nonlinear oscillations and nonstationary flow in a zero temperature 
plasma. I, II, Annals of Physics 10, 1-28, 29-61, 1960. 

[330] N. ANDERSON: Compression waves in a plasma in a static magnetic field, Proceedings 
of the Physical Society 75, 905-912, 1960. 

[331] S. L. Kanatas: Magnetohydrodynamic wave propagation in the ionosphere, 
Physics of Fluids 8, 372-378, 1960. 

[339] H. W, WYLD, JR.: Radiation by plasma oscillations in a bounded plasma in a 
magnetic field, Physics of Fluids 3, 408-415, 1960. 

[333] D. A. FRANK-KAMENETSEII: Magnetic sound in three-component plasma, Soviet 
Physics: Technical Physics 5, 842-846, 1961 (Magnitnyi zvuk v trekhkomponentnol 
plazme, Zhurnal tekhnicheskot fiziki 30, 893-898, 1960). 

[334] G. Francis: Ionization Phenomena in Gases, Butterworth, London 1960. 

[335] D. C. KELLY: Microwave conductivity of a plasma in a magnetic field, Physical 
Review 119, 27-39, 1960. 

[336] J. D. CRAGGs and H.S. W. Massey: The collisions of electrons with molecules, 
Handbuch der Physik 87/1, 314-415, Springer, Berlin 1959. 

[337] W. C. Horrman: Conditions for the persistence of purely longitudinal or purely 
transverse propagation, Journal of Atmospheric and Terrestrial Physics 18, 1-7, 
1960. : 

[338] G. R. A. ELLIS: Gyro splitting of ionospheric echoes, Journal of Atmospheric and 
Terrestrial Physics 18, 20-28, 1960. 

[339] E. P. Srrotina and S. I. SYROVAT-SKII: Structure of low intensity shock waves 
in magnetohydrodynamics, Soviet Physics: JETP 12, 521-526, 1961 (Struktura 
udarnykh voln slaboi intensivnosti v magnitnoí gidrodinamike, Zhurnal éksperi- 
mental noš i teoreticheskoi fiziki 89, 146—153, 1960). 

[340] J. P. DOUGHERTY: A statistical theory of ionospheric drifts, Philosophical Maga- 
zine [8] 5, 553-570, 1960. 

[341] A. N. Kavrman: Plasma viscosity in a magnetic ficld, Physics of Fluids 8, 610-616, 
1960. 

[342] W. B. Ericson and J. Bazer: On certain propertics of hydromagnetic shocks, 
Physics of Fluids 8, 631-640, 1960. 

[343] J. A. FEJER: Scattering of radio waves by an ionized gas in thermal equilibrium, 
Canadian Journal of Physics 88, 1114-1133, 1960. 

[344] J. D. Jackson: Longitudinal plasma oscillations, Journal of Nuclear Energy, 
part C1, 171-189, 1960. 

[345] B. D. Friep, M. GELL-MaNw, J. D. JACKSON and H.W.Wyrp: Longitudinal 
plasma oscillations in an electric field, Journal of N uclear Energy, part C 1, 190-198, 
1960. 

[346] J. A. FEJER: Hydromagnetic wave propagation in the ionosphere, Journal of 
Atmospheric and Terrestrial Physics 18, 135-146, 1960. 

[347] V. I. TATARSKI]: Radio physics methods of studying atmospheric turbulence 
(Radiofizicheskie metody izucheniya atmosfernol turbulentnosti), Izvestiya vysshikh 
uchebnykh zavedenii: Radiofizika 8, 551-583, 1960. 

[348] N. G. Denisov: Statistical parameters of an electromagnetic wave transmitted 
through an inhomogeneous layer of magnetoactive plasma (Statisticheskie para- 
metry élektromagnitnoi volny, proshedshei cherez neodnorodnyi sloí magnito- 


522 References 


aktivnoi plazmy), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 8, 619-630, 
1960. 

[349] V. P. SILIN and A. A. RUKHADZE: Electromagnetic Properties of Plasmas and Plasma- 
like Media (Élektromagnitnye svotstva plazmy i plazmopodobnykh sred), Gosatomizdat, 
Moscow 1961. 

[350] E. A. BENEDIKTOV, Q. G. GerMANTSEV and V. L. GiNzBURG: Radio-astronomy in- 
vestigations using artifieial satellites and space rockets (Radioastronomicheskie 
issledovaniya s pomoshch'yu iskusstvennykh sputnikov i kosmicheskikh raket), 
lskusstvennye sputniki Zemli (T), 3-22, 1961. 

[351] V. M. AanANovicn and V. L. Ginzpura: Crystal optics with allowance for spatial 
dispersion; exciton theory. I, II, Soviet Physics: Uspekhi 8, 323—346, 1962; 
675-710, 1963 (Kristallooptika s uchetom prostranstvennoi dispersii i teoriya 
éksitonov. I, II, Uspekhi fizicheskikh nauk 76, 643-682, 1962; 77, 663—725, 1962). 

[352] M. E. GERTSENSHTEÏN: Energy relations in media with spatial dispersion (Ener- 
geticheskie sootnosheniya v prostranstvenno-dispergiruyushchikh sredakh), Zhurnal 
éksperimentalnoi 1 teoreticheskoi fiziki 26, 680-683, 1954. 

[353] G. Marx and G. Györar: The energy-momentum tensor of the electromagnetic 
field in dielectrics (Über den Energie-Impuls-Tensor des elektromagnetischen 
Feldes in Dielektrika), Annalen der Physik [6] 16, 241-256, 1955. 

[354] M. Leonrovicn: Generalization of the Kramers-Kronig formulas to media with 
spatial dispersion, Soviet Physics: JETP 18, 634-637, 1961 (Obobshchenie formul 
Kramersa-Kroniga na sredy s prostranstvennoi dispersiei, Zhurnal éksperimental not 
$ teoreticheskot fiziki 40, 907—912, 1961). 

[355] O. P. PoavursE and V. D. SHarranov, unpublished. 

[356] F. Borants: The electromagnetic energy density in dispersive media (Zur elektro- 
magnetischen Energiedichte in Medien mit Dispersion), Zeitschrift für Physik 159, 
1-6, 1960. 

[357] V. L. GINZBURG, A. A. RUKHADZE and V.P.SiLIN: Electrodynamics of crystals 
and the theory of excitons, Soviet Physics: Solid State 8, 1837-1347, 1961; 2110, 
1962 (Ob élektrodinamike kristallov i teorii éksitonov, Fizika tverdogo tela 8, 
1835-1850, 2890, 1961). 

[358] P. A. Sturrock: Kinematics of growing waves, Physical Review 112, 1488-1503, 
1958. 

[359] O. V. KoxsrANTINOV and V.I. PEREL: Particle collisions in a high-temperature 
plasma, Soviet Physics: JETP 12, 597-603. 1961 (Stolknoveniya chastits v vysoko- 
temperaturnoi plazme, Zhurnal éksperimental noi i teoreticheskot fiziki 39, 861-871, 
1960). 

[360] S. J. BuonsBAUM: Resonance in a plasma with two ion species, Physics of Fluids 8, 
418-420, 1960. 

[361] G. Backus: Linearized plasma oscillations in arbitrary electron velocity distri- 
butions, Journal of Mathematical Physics 1, 178-191, 1960. 

[362] J. A. RATCLIFFE, editor: Physics of the Upper Atmosphere, Academic, New York 
1960. 

[363] O. W. GREENBERG and Y. M. Trive: Shock wave and solitary wave structure in 
a plasma, Physics of Fluids 8, 769—785, 1960. 

[364] E. A. Jackson: Nonlinear oscillations in a cold plasma, Physics of Fluids 8, 831-833, 
1960. 

[365] V. E. Gotany: Microwave plasma diagnostic techniques, Soviet Physics: Technical 
Physics 5, 1197-1248, 1961 (Sverkhvysokochastotnye mctody issledovaniya plazmy, 
Zhurnal tekhnicheskoi fiziki 30, 1265-1320, 1960). 

[366] L. M. Kovrizunyxu: Stability of longitudinal oscillations of an electron-ion plasma 
in an external electric field, Soviet Physics: Technical Physics 5, 1122-1128, 1961 


References 523 


(O neustoichivosti prodol'nykh kolebanii élektronno-ionnoi plazmy, nakhodyash- 
cheisya vo vneshnem élektricheskom pole, Zhurnal tekhnicheskoi fiziki 30, 1186-1192, 
1960). 

[367] A. V. GurevicH: On the theory of runaway electrons, Soviet Physics: JETP 12, 
904-912, 1961 (K teorii éffekta ubegayushchikh élektronov, Zhurnal éksperimen- 
tal’not i teoreticheskoi fiziki 39, 1296-1308, 1960). 

[368] L. P. PrrAEvsxri: Electric forces in a transparent dispersive medium, Soviet Physics: 
JETP 12, 1008-1013, 1961 (Élektricheskie sily v prozrachnoi srede s dispersiei, 
Zhurnal éksperimental’not i teoreticheskot fiziki 39, 1450-1458, 1960). 

[369] J. P. Douanerty, D. T. Fartey and D. W. Barron: A theory of incoherent 
scattering of radio waves by a plasma. I, II, Proceedings of the Royal Society A 259, 
79-99, 1960; 263, 238-258, 1961. 

[370] W. E. Francis and R. KAngPrus: Hydromagnetic waves in the ionospherc, Journal 
of Geophysical Research 65, 3593-3600, 1960. 

[371] J. RENAU: Scattering of electromagnetic waves from a nondegenerate ionized gas, 
Journal of Geophysical Research 65, 3631-3640, 1960. 

[372] L. BRILLOUIN: Wave Propagation and Group Velocity, Academic, New York 1960. 

[373] F. H. CLAUSER, editor: Symposium of Plasma Dynamics, Pergamon, London 1960. 

[374] J. G. Linnart: Plasma Physics, North Holland, Amsterdam 1960. 

[375] M. DÉstiRANT and J. L. MIcHIELs, editors: Electromagnetic Wave Propagation, Acade- 
mie, New York 1960. 

[376] M. Hasixunt: The dispersion relation of plasma oscillations. II, Journal of Science 
of the Hiroshima University A 24, 23-29, 1960. 

[377] I. B. Bernstein, E. A. Frreman, R.M.KursnuD and M.N. RosEeNBLUTH: lon 
wave instabilities, Physics of Fluids 8, 136-137, 1960. 

[378] T. H. Strix: Absorption of plasma waves, Physics of Fluids 8, 19-32, 1960. 

[379] O. THEMER and L.S. TAYLOR: The dependence of the plasma conductivity on 
frequency and collision time, Annals of Physics 11, 377-392, 1960. 

[380] L. V. IocANsEN: Resonance diffraction of waves in lamellar inhomogeneous media, 
Soviet Physics: JETP 18, 1291-1295, 1961 (Rezonansnaya difraktsiya voln v 
sloisto-neodnorodnykh sredakh, Zhurnal éksperimental’not i teoreticheskoi fiziki 40, 
1838-1843, 1961); Theory of resonant electromagnetic systems that use total internal 
reflection, Soviet Physics: Technical Physics 7, 295—303, 1962 (Teoriya rezonansnykh 
élektromagnitnykh sistem s polnym vnutrennim otrazheniem, Zhurnal tekhnicheskot 
fiziki 32, 406-418, 1962). 

[381] E. E. SALPETER: Electron density fluctuations in a plasma, Physical Review 120, 
1528-1535, 1960; Plasma density fluctuations in a magnetic field, Physical Review 
122, 1663-1674, 1961. 

[382] V. L. Poxrovskii and I. M. KHALATNIKOV: On the problem of above-barrier re- 
flection of high-energy particles, Soviet Physics: JETP 18, 1207-1210, 1961 (K 
voprosu o nadbar'ernom otrazhenii chastits vysokoi énergii, Zhurnal éksperimentalnot 
i teoreticheskoi fiziki 40, 1713-1719, 1961). 

[383] I. B. BERNSTEIN and R.M. Kutsrup: Ion wave instabilities, Physics of Fluids 
3, 937-945, 1960. 

[384] N. Rosrokzn: Kinetic equation with a constant magnetic field, Physics of Fluids 
3, 922-927, 1960. 

[385] G.I. Fretpman: Reflection of electromagnetic waves in gyrotropic media from 
a magnetic-field wave, Soviet Physics: JETP 14, 165-169, 1962 (Otrazhenie élektro- 
magnitnykh voln v girotropnykh sredakh ot volny magnitnogo polya, Zhurnal 
éksperimental’noi i teoreticheskoi fiziki 41, 226-233, 1961). 

[386] Proceedings of the International Symposium on Magneto-Fluid Dynamics, Reviews 
of Modern Physics 32 (4), 1960. 


524 References 


[387] J. M. Kxrso: Doppler shifts and Faraday rotation of radio signals in a time-varying, 
inhomogeneous ionosphere. Part I. Single signal case, Journal of Geophysical Research 
65, 3909-3914, 1960. í 

[388] H. K. SEN and A. A. WYLLER: On the generalization of the Applcton-Hartree 
magnetoionic formulas, Journal of Geophysical Research 65, 3931-3950, 1960. 

[389] Y. H. IonrkAwA: On the kinetic equation for a high temperature plasma, Progress 
of Theoretical Physics 24, 1083-1108, 1960. 

[390] B. D. Frien and R.W. Gourp: Longitudinal ion oscillations in a hot plasma, 
Physics of Fluids 4, 139—147, 1961. 

[391] A. C. Prexin: Electrical conductivity of partially ionized gases, Physics of Fluids 
4, 154—158, 1961. 

[392] G. R. A. ELLIS: Spaced observations of the low-frequency radiation from the 
Earth's upper atmosphere, Journal of Geophysical Research 66, 19-23, 1961. 

[393] Yu. L. Kuimontovica and V. P. Sinn: Magnetohydrodynamics for nonisothermal 
plasma without collisions, Soviet Physics: JETP 18, 852-859, 1961 (O magnitnol 
gidrodinamike dlya neizotermicheskol plazmy bez stolknovenii, Zhurnal éksperi- 
mental'noi 4 teoreticheskot fiziki 40, 1213-1223, 1961). 

[394] V. P. Sitin: The relativistic Boltzmann equation for rapidly-varying processes in 
an ionised gas (Relyativistskoe kineticheskoe uravnenie dlya bystroperemen- 
nykh protsessov v ionizirovannom gaze), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika 4, 1029-1034, 1961. 

[395] A. A. RUKHADZE and V. P. Sirin: Line shape of cyclotron resonance absorption 
in a plasma, Soviet Physics: Technical Physics 4, 301—315, 1962 (Forma linii magnito- 
tormoznogo pogloshcheniya v plazme, Zhurnal tekhnicheskoi fiziki 32, 423—434, 1962). 

[396] J. D. Jukzs: Plasma cyclotron radiation and fusion reactors, Journal of Nuclear 
Energy, part C 3, 1-7, 1961. 

[397] V. P. Sitin: High-frequency dielectric constant of a plasma, Soviet Physics: JETP 
14, 617-622, 1962 (O vysokochastotnoi diélektricheskoi pronitsaemosti plazmy, 
Zhurnal éksperimentalnoi i teoreticheskoi fiziki 41, 861-870, 1961); see also Collision 
integral for charged particles, Soviet Physics: JETP 18, 1244-1248, 1961 (Ob 
integrale stolknovenii dlya zaryazhennykh chastits, Zhurnal éksperimentalnoi i 
teoreticheskot fiziki 40, 1768-1774, 1961). 

[398] J. E. Denissz and J. L. DELCROIX: Theory of Waves in Plasmas (Théorie des ondes 
dans les plasmas), Dunod, Paris 1961. 

[399] K. N. SrTEPANOV and V.I. Paknomov: Magnetic bremsstrahlung of a confined 
plasma, Soviet Physics: JETP 11, 1126-1129, 1960 (O magnitno-tormoznom iz- 
luchenii ogranichennoi plazmy, Zhurnal éksperimentalnol i teoreticheskoi fiziki 
88, 1564—1568, 1960). 

[400] A. B. Kirsenko and K. N. STEPANOv: Instability of plasma with anisotropic 
distribution of ion and electron velocities, Soviet Physics: JETP 11, 1323-1326, 1960 
(O neustoichivosti plazmy s anizotropnym raspredeleniem skorostei ionov i élektro- 
nov, Zhurnal éksperimental noi i teoreticheskoi fiziki 38, 1840-1846, 1960). 

[401] R. F. WurruER and E. B. Barrett: Nonlinear interaction of an electromagnetic 
wave with a plasma layer in the presence of a static magnetic field. I, IT, Physical 
Review 121, 661-668, 1961; 125, 1478-1484, 1962. 

[402] V. P. DokvcHazv: Motion of ionised gas in the upper atmosphere (Dvizhenie 
ionizirovannogo gaza v verkhnei atmosfere), Izvestiya vysshikh uchebnykh zavedenit: 
Radiofizika 4, 5-39, 1961. 

[403] E. A. BENEDIKTOv and N. A. MrrvAkov: The absorption of cosmic radio waves 
in the ionosphere (O pogloshchenii kosmicheskogo radioizlucheniya v ionosfere), 
Izvestiya vysshikh wehebnykh zavedenii: Radiofizika 4, 44-48, 1961. 


References 525 


[404] N. A. KRALL and M. N. RosENBLUTR: Stability of a slightly inhomogeneous plasma, 
Physics of Fluids 4, 163-172, 1961. 

[405] G. Bexert, J. L. HIRSHFIELD and S.C. Brown: Kirchhoff's radiation law for 
plasmas with non-Maxwellian distributions, Physics of Fluids 4, 173-176, 1961; 
see also J. L. HIRSHFIELD and S.C. Brown: Incoherent microwave radiation from 
a plasma in a magnetic field, Physical Review 122, 719-725, 1961; G. BEKEFI, 
J. L. HiRsHFIELD and S.C. Brown: Cyclotron emission from plasmas with non- 
Maxwellian distributions, Physical Review 122, 1037-1042, 1961. 

[406] B. A. TRuBNIKOv: On the angular distribution of cyclotron radiation from a hot 
plasma, Physics of Fluids 4, 195-198, 1961. 

[407] J. L. Hirsnrietp, D. E. BALDWIN and S. C. Brown: Cyclotron radiation from a 
hot plasma, Physics of Fluids 4, 198-203, 1961. 

[408] K. L. BowrEs: Incoherent Scattering by free electrons as a technique for studying 
the ionosphere and exosphere: some observations and theoretical considerations, 
Journal of Research, National Bureau of Standards 65 D, 1-14, 1961. 

[409] J. R. JoHrER: Magneto-ionic propagation in low- and very-low-radiofrequency 
waves reflected by the ionosphere, Journal of Research, National Bureau of Standards 
65 D, 53-65, 1961. 

[410] N. P. Ben’xova: Ionospheric studies in the USSR (Ionosfernye issledovaniya 
v SSSR), Geomagnetizm i aéronomiya 1, 4-20, 1961. 

[411] A. V. GurEvicH and E. E. TsEDILINA: The effect of a constant electric field on 
the electron temperature in the ionosphere (Vliyanie postoyannogo élektricheskogo 
polya na temperaturu élektronov v ionosfere), Geomagnetizm i aéronomiya 1, 34—40, 
1961. í 

[412] A. I. AKHIEZER, G. Ya. Lyuparsxit and R. V. PoLoviN: Stability conditions on 
the electron distribution function for a plasma, Soviet Physics: JETP 13, 673-676, 
1961 (Ob usloviyakh ustoïchivosti funktsii raspredeleniya élektronov v plazme, 
Zhurnal éksperimentaľ noi i teoreticheskoi fiziki 40, 963-969, 1961). 

[413] L. P. Gog'kov, I. E. DZYALOZHINSKII and L.P. Prraevskiï: Calculation of the 
fluctuations of quantities described by Boltzmann equations (Vychislenie fluktuatsii 
velichin, opisyvaemykh kineticheskimi uravneniyami), Trudy Instituta zemnogo 
magnetizma, ionosfery i rasprostraneniya radiovoln, No. 17 (27), 203-207, 1960. 

[414] M. A. GINTSBURG: Surface waves at a plasma boundary in a magnetic field (Poverkh- 
nostnye volny na granitse plazmy v magnitnom pole), Trudy Instituta zemnogo 
magnetizma, ionosfery i rasprostraneniya radiovoln, No. 17 (27), 208-215, 1960. 

[415] L. S. Sotov’Ev: Magnetohydrodynamic surface waves; Soviet Physics: Technical 
Physics 6, 294-301, 1961 (Magnitogidrodinamicheskie poverkhnostnye volny, 
Zhurnal tekhnicheskoi fiziki 31, 407-418, 1961). 

[416] I. B. Bernstein and S. K. TREHAN: Plasma oscillations (I), Nuclear Fusion 1, 3-41, 
1960. 

[417] P. Rosen: Generation of the third harmonic by an electromagnetic signal in a 
plasma, Physics of Fluids 4, 341—345, 1961. 

[418] S. F. Epwarps: The charge correlation function of a plasma in a magnetic field, 
Philosophical Magazine [8] 6, 61-69, 1961. 

[419] S. F. Epwarps and J. J. SANDERSON: A new approach to transport problems in 
fully ionized plasmas, Philosophical Magazine [8] 6, 71-87, 1961. 

[420] J. Hussar: The friction and diffusion coefficients of the Fokker-Planck equation 
in a plasma. I, II, Proceedings of the Royal Society A 260, 114-126, 1961; A 261, 
371-387, 1961. 

[421] B. D. FRIED and H. W. WYLD, JR.: Solution for the two-electron correlation func- 
tion in a plasma, Physical Review 122, 1-8, 1961. 


526 References 


[422] A. KILDAL: On plasma oscillations with special emphasis on the Landau damping 
and the Gross gaps in the frequency spectrum, Nuovo cimento [10] 20, 104—122, 1961. 

[423] E. E. SALPETER: Scattering of radio waves by electrons above the ionosphere, 
Journal of Geophysical Research 65, 1851-1852, 1960; Effect of the magnetic field 
in ionospheric backscatter, Journal of Geophysical Research 66, 982-984, 1961. 

[424] Y. S. N. Murry and S. R. Knasrarr: General expression for the group refractive 
index of the ionosphere, Journal of Atmospheric and. Terrestrial Physics 21, 65-69, 
1961. 

[425] H. GERsTENEORN: The formation of plasma waves in highly ionised gases (Über 
die Entstehung von Plasmawellen in stark ionisierten Gasen), Zeitschrift für Physik 
162, 363—381, 1961. 

[426] D. W. Barron: The numerical solution of differential equations governing the 
reflexion of long radio waves from thc ionosphere. IV, Proceedings of the Royal 
Society A 260, 393—408, 1961. 

[427] H. PogvERLEIN: Propagation of electromagnetic waves in a plasma with strong 
magnetic field, Physics of Fluids 4, 397-405, 1961. 

[428] S. B. PIKEL’ NER: Fundamentals of Cosmic Electrodynamics (Osnovy kosmicheskot 
élektrodinamiki), Fizmatgiz, Moscow 1961. 

[429] Yu. N. Dnesrrovsxii and D. P. Kostomarov: Dispersion equation for an ordinary 
wave moving in a plasma perpendicular to an external magnetic field, Soviet Physics: 
JETP 18, 986-990, 1961 (O dispersionnom uravnenii dlya obyknovennoi volny, 
rasprostranyayushcheisya v plazme poperek vneshnego magnitnogo polya, Zhurnal 
éksperimental not i teoreticheskot fiziki 40, 1404—1410, 1961). 

[430] A. Simon: Exact relativistic Fokker-Planck coefficients for a plasma, Physics of 
Fluids 4, 586—599, 1961. 

[431] J. A. FEJER: Scattering of radio waves by an ionized gas in thermal equilibrium 
in the presence of a uniform magnetic field, Canadian Journal of Physics 39, 716—740, 
1961. 

[432] K. G. BUDDEN: Radio Waves in the Ionosphere, Cambridge 1961. 

[433] J. E. DRUMMOND, editor: Plasma Physics, McGraw-Hill, New York 1961. 

[434] S. C. Brown: Basic Data of Plasma Physics, Wiley, New York 1959. 

[435] K. Harn, R. List and A. ScuLÜTER: Hydromagnetic waves of finite amplitude 
in a plasma with isotropic and nonisotropic pressure perpendicular to a magnetic 
field, Reviews of Modern Physics 82, 967-971, 1960. 

[436] V. N. Tsrrovicu: Spatial dispersion in a relativistic plasma, Soviet Physics: JETP 
19, 1249-1256, 1961 (O prostranstvennot dispersii v relyativistskoi plazme, Zhurnal 
éksperimental not i teoreticheskoi fiziki 40, 1775-1787, 1961). 

[437] A. V. GunEviCH: Behavior of multiply charged ions in a plasma, Soviet Physics: 
JETP 18, 1282-1286, 1961 (Ob osobennostyakh povedeniya mnogozaryadnykh 
ionov v plazme, Zhurnal éksperimental not i teoreticheskot fiziki 40, 1825-1831, 1961). 

[438] P. D. NOERDLINGER: Concerning certain collisionless plasma-shock wave models, 
Astrophysical Journal 138, 1034-1042, 1961. 

[439] J. NEUFELD: Space dispersive properties of plasma, Physical Review 128, 1-10, 1961. 

[440] T. Hacrors: Density fluctuations in a plasma in a magnetic field, with applications 
to the ionosphere, Journal of Geophysical Research 66, 1699-1712, 1961. 

[441] J. R. Warr: A diffraction theory for LF sky-wave propagation, Journal of Geophysical 
Research 66, 1713-1724, 1961. 

[442] G. BEKEFI and S.C. Brown: Emission of radio-frequency waves from plasmas, 
American Journal of Physics 29, 404—428, 1961. 

[443] M. S. Kovner: Instability of low-frequency electromagnetic waves in a plasma 
traversed by a flux of charged particles (propagation at any angle to the magnetic 
field) (O neustoichivosti nizkochastotnykh élektromagnitnykh voln v plazme, 


References 527 


pronizyvaemoï potokom zaryazhennykh chastits (rasprostranenie pod proizvol'nym 
uglom k napravleniyu magnitnogo polya)), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika 4, 444—454, 1961. 

[444] M. I. PETELIN: The propagation of electromagnetic waves in a non-equilibrium 
magnetoactive plasma (K voprosu o rasprostranenii élektromagnitnykh voln v 
neravnovesnoi magnitoaktivnoi plazme), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika 4, 455-464, 1961. 

[445] F. G. Bass: Fluctuations of parameters of an electromagnetic field propagated in 
a magnetoactive plasma with random variations of electron density and magnetic 
field (Flyuktuatsii parametrov élektromagnitnogo polya, rasprostranyayuschegosya 
v magnitoaktivnoi plazme so sluchainymi izmeneniyami kontsentratsii élektronov 
d RAN polya), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 4, 465-475, 
1961. : 

[446] J. R. Warr: Some boundary value problems involving plasma media, Journal of 
Research, National Bureau of Standards 65 B, 137-150, 1961. 

[447] D. A. TipMan and G. H. Wess: Radiation by a large-amplitude plasma oscillation, 
Physics of Fluids 4, 866-868, 1961. 

[448] J. Dawson: On Landau damping, Physics of Fluids 4, 869-874, 1961. 

[449] E. A. Novixov: Electron density fluctuations in the ionosphere, Soviet Physics: 
Doklady 6, 611-612, 1962 (O fluktuatsiyakh élektronnoi plotnosti v ionosfere, 
Doklady Akademii Nauk SSSR 189, 587-589, 1961). 

[450] Proceedings of the Conference on Plasma Physics and Controlled Nuclear Fusion 
Research, Salzburg 1961, Nuclear Fusion, Supplements 1-3, 1962. 

[451] F. V. Bunxin: On the theory of electromagnetic fluctuations in a nonequilibrium 
plasma, Soviet Physics: JETP 14, 206-209, 1962 (K teorii élektromagnitnykh 
fluktuatsii v neravnovesnoi plazme, Zhurnal éksperimental’not i teoreticheskoit fiziki 
41, 288-293, 1961). 

[452] A. P. KAzaNTSEV and I.A. GILINSKIÏ: Interaction of transverse oscillations in 
a plasma, Soviet Physics: JETP 14, 112-114, 1962 (O vzaimodeistvii poperechnykh 
kolebanii v plazme, Zhurnal éksperimental’not i teoreticheskoi fiziki 41, 154—158, 1961). 

[453] P. G. SarrMAN: Propagation of a solitary wave along a magnetic field in a cold 
collision-free plasma, Journal of Fluid Mechanics 11, 16-20, 1961. 

[454] T. NAMIKAWA: On the reflection and refraction of hydromagnetic waves in ionised 
gas, Journal of Geomagnetism and Geoelectricity 12, 117-128, 1961. 

[455] M. H. Conen: Radiation in a plasma. I. Cerenkov effect, Physical Review 198, 
711-721, 1961. 

[456] L. WETZEL: Electric-field-induced anisotropies in an inhomogeneous plasma, 
Physical Review 123, 722-726, 1961. 

[457] V. P. Demipov: The transverse refractive index of a plasma near the cyclotron 
frequencies and their harmonics, Soviet Physics: Doklady 6, 727—728, 1962 (Po- 
perechnyi pokazatel’ prelomleniya plazmy vblizi tsiklotronnykh chastot i ikh 
garmonik, Doklady Akademii Nauk SSSR 199, 1342-1344, 1961). 

[458] T. WATANABE: Alfvén waves in partially ionized gases, Canadian Journal of Physics 
39, 1197-1211, 1961. 

[459] A. I. AKHIEZER, I. A. AKHIEZER and A. G. SITENKO: Contribution to the theory of 
plasma fluctuations, Soviet Physics: JETP 14, 462-468, 1962 (K teorii fluktuatsil 
v plazme, Zhurnal éksperimental’not i teoreticheskot fiziki 41, 644-654, 1961). 

[460] C. S. Morawetz: Magnetohydrodynamic shock structure without collisions, Physics 
of Fluids 4, 988-1006, 1961. 

[461] K. Davizs and G. A. M. Kina: On the validity of some approximations to the App- 
leton-Hartree formula, Journal of Research, National Bureau of Standards 66 D, 
323-332, 1961. 


528 References 


[462] V. I. PEREĽ and G.M. ÉLrAsHBERG: Absorption of electromagnetic waves in 
plasma, Soviet Physics: JETP 14, 633-637, 1962 (Pogloshchenie élektromagnitnykh 
voln v plazme, Zhurnal éksperimental'noi i teoreticheskoi fiziki 41, 886-893, 1961). 

[463] E. Cooper: The properties of low frequency radio waves reflected from the iono- 
sphere, calculated by the phase-integral method, Journal of Atmospheric and 
Terrestrial Physics 22, 122-141, 1961. 

[464] Yu. V. KusuNEREVSKIÍ and S. F. Mixrotan: Motions of inhomogeneities in the 
ionosphere (Dvizheniya neodnorodnosteí v ionosfere), Geomagnetizm i aéronomiya 1, 
453-478, 1961. 

[465] I. P. FRENCH, Q. G. CLoumIER and M. P. BAcHyNski1: The absorptivity spectrum of a 
uniform, anisotropic plasma slab, Canadian Journal of Physics 39, 1273-1290, 1961. 

[466] V. P. Smin: The theory of electromagnetic fluctuations in plasma, Soviet Physics: 
JETP 14, 689-693, 1962 ( K teorii élektromagnitnykh fluktuatsii v plazme, Zhurnal 
éksperimentalnoi i teoreticheskoi fiziki 41, 969-976, 1961). 

[467] V. M. Kontorovicn and A. M. GLutsyvxk: Transformation of sound and electro- 
magnetic waves at the boundary of a conductor in a magnetic field, Soviet Physics: 
JETP 14, 852-858, 1962 (Preobrazovanie zvukovykh i élektromagnitnykh voln 
na granitse provodnika v magnitnom pole, Zhurnal éksperimentalnol i teoreticheskot 
fiziki 41, 1195-1204, 1961). 

[468] O. V. Konstantinov and V. I. PEREL': A more precise determination of the kinetic 
coefficients of a plasma, Soviet Physics: JETP 14, 944-945, 1962 (Utochnenie 
kineticheskikh koéffitsientov plazmy, Zhurnal éksperimentalnoi i teoreticheskot fiziki 
41, 1328-1329, 1961). 

[469] A. A. ANDRoNov: The damping and build-up of plasma waves (K voprosu ozatukhanii 
i narastanii plazmennykh voln), Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 
4, 861-866, 1961. 

[470] V. D. Suariro: The effect of electrostatic instabilities on the electrical conductivity 
and temperature of a plasma (O vliyanii élektrostaticheskikh neustoichvostei na 
elektroprovodnost! i temperaturu plazmy), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika 4, 867-874, 1961. 

[471] P. M. PLATzMAN and S. J. BuonsBAUM: Effect of collisions on the Landau damping 
of plasma oscillations, Physics of Fluids 4, 1288-1292, 1961. 

[472] J. R. JOHLER: On the analysis of LF ionospheric radio propagation phenomena, 
Journal of Research, National Bureau of Standards 65 D, 507—529, 1961. 

[473] L. V. DuBovot and A. G. PONOMARENKO: On the measurement of plasma parameters 
in a magnetic field, Soviet Physics: Technical Physics 6, 947-951, 1962 (K izmereniyu 
parametrov plazmy v magnitnom pole, Zhurnal tekhnicheskoi fiziki 31, 1302-1308, 
1961). 

[474] S. S. Braun (S. C. Brown): Elementary Processes in Gas-Discharge Plasmas (Ele- 
mentarnye protsessy v plazme gazovogo razryada), Gosatomizdat, Moscow 19061. 

[475] L. H. HEISLER and J. D. WHITEHEAD: The interpretation of F2 critical frequency 
measurements, Journal of Atmospheric and Terrestrial Physics 22, 186-191, 1961. 

[476] J. E. TITHERIDGE: The effect of collisions on the propagation of radio waves in the 
ionosphere, Journal of Atmospheric and Terrestrial Physics 22, 200-217, 1961, 

[477] K. G. BuppEx: The edge focusing of a radio signal received from outside the earth 
by an aerial within the ionosphere, Proceedings of the Royal Society A 268, 552-566, 
1961. 

[478] Yu. N. DxEsTROovskii and D. P. Kostomarov: The dispersion equation for an 
extraordinary wave moving in a plasma across an external magnetic field, Soviet 
Physics: JETP 14, 1089-1095, 1962 (O dispersionnom uravnenii dlya neobykno- 
vennoi volny, rasprostranyayushcheisya v plazme poperek vneshnego magnitnogo 
polya, Zhurnal éksperimental’noi i teoreticheskoi fiziki 41, 1527-1535, 1961). 


References §29 


[479] V. N. Luaovot: Cyclotron resonance in a variable magnetic field, Soviet Physics: 
JETP 14, 1113-1115, 1962 (O tsiklotronnom rezonanse v peremennom magnitnom 
pole, Zhurnal éksperimentalnoi i teoreticheskol fiziki 41, 1562-1565, 1961). 

[480] J. N. Hayes: Damping of plasma oscillations in the linear theory, Physics of Fluide 
4, 1387-1392, 1961. 

[481] D. K. VopENEEVA and N. A. Miryaxkov: Results of experimental studies of the 
“tripling” effect in the F layer of the ionosphere (Rezul'taty éksperimental’nykh 
issledovanii éffekta ‘‘utraivaniya” v sloe F ionosfery), Izvestiya vysshikh uchebnykh 
zavedenii: Radiofizika 4, 1013-1019, 1961. 

[482] A. HRUŠKA: Propagation of magnetohydrodynamic waves in an inviscid nonuniform 
plasma with infinite conductivity, Bulletin of the Astronomical Institutes of Czecho- 
slovakia 12, 224-228, 1961. 

[483] H. PorvERLEIN: Resonance of the space between earth and ionosphere, Journal 
of Research, National Bureau of Standards 65 D, 465-473, 1961. 

[484] I. YaBRorr: Computation of whistler ray paths, Journal of Research, National 
Bureau of Standards 65 D, 485-505, 1961. 

[485] B. N. Gersuman and V. Yu. TRAKHTENBERG: The effect of ions on the nature 
of propagation of whistlers (O vliyanii ionov na kharakter rasprostraneniyasvistyash- 
chikh atmosferikov), Geomagnetizm 1 aéronomiya 1, 671-678, 1961. 

[486] J. S. Zmurpzinas and Cuinc-SHene Wu: Electron distribution function of a weakly 
ionized gas in magnetic and time-dependent electric fields, Annals of Physics 
15, 387-402, 1961. 

[487] L. OSTER: Emission, absorption and conductivity of a fully ionized gas at radio 
frequencies, Reviews of Modern Physics 38, 525-543, 1961. 

[488] K. A. GRAF and M. P. Bacnynsxi: Transmission and reflection of electromagnetic 
waves at a plasma boundary for arbitrary angles of incidence, Canadian Journal 
of Physics 89, 1544-1562, 1961. 

[489] A. A. VEDENov, E.P. VeLIKHov and R.Z.SaapEEv: Non-linear oscillations of 
a rarefied plasma (Nelineinye kolebaniya razrezhennoi plazmy) (I), Nuclear Fusion 
1, 82-100, 1961. 

[490] A. A. WYLLER: Magneto-ionic theory for a fully ionized hydrogen plasma, Astro- 
physical Journal 184, 718-723, 1961. 

[491] G. J. F. MacDona.p: Spectrum of hydromagnetic waves in the exosphere, Journal 
of Geophysical Research 66, 3639-3670, 1961. 

[492] V. Ya. Eipman: Radiation of plasma waves by a charge moving in a magnetoactive 
plasma, Soviet Physics: JETP 14, 1401-1404, 1962 (Izluchenie plazmennoi volny 
zaryadom, dvizhushchimsya v magnitoaktivnoi plazme, Zhurnal éksperimental’not 
i teoreticheskol fiziki 41, 1971-1977, 1961). 

[493] G. W. Forp: Electromagnetic radiation from a source in a plasma, Annals of 
Physics 16, 185—200, 1961. 

[494] A. A. ANDpRoNov and Q. V. Goropinsxkit: Dipole emission of longitudinal waves 
(Dipolnoe izluchenie prodol'nykh voln), Izvestiya vysshikh uchebnykh zavedenst: 
Radtofizika 5, 234-239, 1962. 

[495] N. A. MrrvAkov and V. O. Rapoport: The possibility of measuring the electron 
density in the upper ionosphere and interplanetary space from the emission of 
plasma waves (O vozmozhnosti izmerenii élektronnoi kontsentratsii v verkhnel 
ionosfere i mezhplanetnom prostranstve po izlucheniyu plazmennykh voln), Iz- 
vestiya vysshikh uchebnykh zavedenit: Radiofizika 6, 464—467, 1962. 

[496] E. E. Lovzrskit and A. A. RUKHADZE: Hydrodynamics of a nonisothermal plasma, 
Soviet Physics: JETP 14, 1312-1314, 1962 (O gidrodinamike neizotermicheskot plaz- 
my, Zhurnal éksperimentalnoi i teoreticheskol fiziki 41, 1845-1849, 1961). 


530 References 


[497] F. V. Bonin: Contribution to the theory of electromagnetic fluctuations in a 
non-steady-state plasma, Soviet Physics: JETP 14, 1322-1327, 1962 (K teorii 
élektromagnitnykh fluktuatsil v nestatsionarnoi plazme, Zhurnal éksperimental not 
$ teoreticheskoi fiziki 41, 1859-1867, 1961). 

[498] Plasma, Proceedings of the IRE 49 (12), 1961. 

[499] D. Pines and J. R. SCHRIEFFER: Collective behavior in solid-state plasmas, Physical 
Review 124, 1387-1400, 1961. 

[500] D. MowrcoMERY and D. Gorman: Landau damping to all orders, Physical Review 
124, 1309-1313, 1961. 

[501] V. S. IMSHENNIEK: Shock wave structure in a dense high-temperature plasma, Sovict 
Physics: JETP 15, 167-174, 1962 (O strukture udarnykh voln v vysokotempera- 
turnoi plotnoi plazme, Zhurnal éksperimental’noi i teoreticheskoi fiziki 42, 236-246, 
1962). 

[502] J. HEADING: The nonsingular embedding of transition processes within a more 
general framework of coupled variables, Journal of Research, National Bureau of 
Standards 65 D, 595-616, 1961. 

[503] I. P. SuxarorsKy: Values of the transport coefficients in a plasma for any degree 
of ionization based on a Maxwellian distribution, Canadian Journal of Physics 
39, 1619-1703, 1961. 

[504] L. S. TAYLOR: Conductivity of slightly ionized gases, Physics of Fluids 4, 1499-1503, 
1961. 

[505] A. D. Pararaya: The propagation along a magnetic field of nonlinear oscillations 
in a plasma. I, Soviet Physics: Technical Physics 7, 97-100, 1962 (Rasprostranenie 
nelineinykh kolebanii plazmy vdol’ magnitnogo polya. I, Zhurnal tekhnicheskoi fiziki 
32, 139-144, 1962). 

[506] V. S. Tgarıca and N.V.Satranov: Nonlinear Langmuir oscillations, Soviet 
Physics: Technical Physics 7, 109-111, 1962 (O nelineinykh lengmyurovskikh 
kolebaniyakh, Zhurnal tekhnicheskoi fiziki 32, 156—160, 1960). 

[507] K. A. Barsuxov: Certain features of the Doppler effect in anisotropic media, 
Soviet Physics: Technical Physics 7, 112-116, 1962 (O nekotorykh osobennostyakh 
éffekta Dopplera v anizotropnykh sredakh, Zhurnal tekhnicheskoi fiziki 32, 161—167, 
1962). 

[508] V. L. YAEIMENKO: Oscillations in a cold plasma containing two ion species, Soviet 
Physics: Technical Physics 7, 117-124, 1962 (Kolebaniya kholodnoi plazmy, soder- 
zhashchei iony dvukh sortov, Zhurnal tekhnicheskoi fiziki 32, 168-179, 1962). 

[509] K. G. Buppen: The influence of the earth's magnetic field on radio propagation 
by wave-guide modes, Proceedings of the Royal Society A 265, 538-553, 1962. 

[510] A. A. RukHADZE and V. P. Sitin: Linear electromagnetic phenomena in a plasma, 
Soviet Physics: Uspekhi 5, 37-52, 1962 (Lineinyc élektromagnitnye yavleniya v 
plazme, Uspekhi fizicheskikh nauk 76, 79-108, 1962). 

[511] Problems of Wave Diffraction and Propagation. I. Radio Wave Propagation (Pro- 
blemy difraktsti i rasprostraneniya voln. I. Rasprostranenie radiovoln), Izdatel'stvo 
Leningradskogo gosudarstvennogo universiteta, Leningrad 1962. 

[512] É. A. Kaner and Yu. A. Betov: Penetration of an electromagnetic field into a 
magnetoactive plasma (O proniknovenii élektromagnitnogo polya v magnito- 
aktivnuyu plazmu), Izvestiya vysshikh uchebnykh zavedenii: Radiofizika 5, 47-60, 
1962. 

[513] V. F. ALEESIN and K. N. Sreranov: The theory of electromagnetic fluctuations 
in plasmas (K teorii élektromagnitnykh flyuktuatsii v plazme), Izvestiya vysshikh 
uchebnykh zavedenii: Radiofizika 5, 61-69, 1962. 

[514] A. I. AknurgzER, V.F. ALEKSIN, V.Q. BAR'YAKHTAR and S.V. PELETMINSKIL: 
Effect of radiation on electron relaxation and plasma electrical conductivity in a 


References 531 


strong magnetic field, Soviet Physics: JETP 15, 386-393, 1962 (Vliyanic radiat- 
sionnykh éffektov na relaksatsiyu élektronov i élektroprovodnost’ plazmy v sil’nom 
magnitnom pole, Zhurnal éksperimentalnoi i teoreticheskoi fiziki 42, 552-564, 
1962). 

[515] Ya. B. FaíwBERG. Interaction of charged-particle bcams with plasma, Soviet 
Journal of Atomic Energy 11, 958-979, 1962; Journal of Nuclear Energy, part C4, 
203-220, 1962 (Vzaimodeistvie puchkov zaryazhennykh chastits s plazmoi, Atomnaya 
Énergiya 11, 313-335, 1961). 

[516] B. A. TvERsKof: Propagation of one-dimensional self-similar plasma waves along 
a magnetic field, Soviet Physics: JETP 15, 581-584, 1962 (Ob odnomernykh avto- 
model’nykh voln, rasprostranyayushchikhsya v plazme vdol’ magnitnogo polya, 
Zhurnal éksperimental not i teoreticheskoi fiziki 42, 833-838, 1962). 

[517] T. PRApHAN: Causality and the dispersion formulas for waves in a plasma, Annals 
of Physics 17, 418-425, 1962. 

[518] Radio wave absorption in the ionosphere, Journal of Atmospheric and Terrestrial 
Physics 23, 1961. 

[519] S. A. BownuiLL and E. R. SCHMERLING: The distribution of electrons in the iono- 
sphere, Advances in Electronics and Electron Physics 15, 265-326, 1961. 

[520] Yv3s-Cnow Wnasa and CHIEH-CHIEN Cuawa: Structure of weak shock wave in a 
plasma, Physics of Fluids 5, 228-233, 1962. 

[521] A. G. ENGELHARDT and A. A. Dovcar: Dispersion of ion cyclotron waves in 
magnetoplasmas, Physics of Fluids 5, 29-37, 1962. 

[522] G. R. A. Err1s$: Use of Z-mode propagation for observing cosmic radio noise from 
Earth satellites, Nature 198, 862-863, 1962. 

[523] S. Icumtarv, D. PrxEs and N. RosrokER: Observation of critical fluctuations 
associated with plasma-wave instabilities, Physical Review Letters 8, 231-233, 
1962. 

[524] J. E. WirnnETT: Effect of electron random motion on microwave propagation through 
a plasma parallel to a magnetic field, Journal of Applied Physics 38, 898-906, 
1962. 

[525] Yu. L. Kurmonrovicu and V. P. SILin: Theory of fluctuations of the particle dis- 
tributions in a plasma, Soviet Physics: JETP 15, 199-206, 1962 (K teorii fluktuatsii 
raspredelenii chastits v plazme, Zhurnal éksperimental noi i teoreticheskoi fiziki 42, 
286-298, 1962). 

[526] A. M. FEDoRENXO: Conversion of a transverse electromagnetic wave into a longitu- 
dinal wave at a dielectric-plasma boundary, Soviet Physics: Technical Physics 7, 
428-430, 1962 (Preobrazovanie popcrechnoi élektromagnitnoi volny v prodol'nuyu 
na granitse diélcktrik-plazma, Zhurnal teknicheskoi fiziki 82, 589-592, 1962). 

[527] R. R. RAMAZASHVILI and A. A. RukiapzE: On electromagnetic waves in magnet- 
ically active plasma in the region of large refractive indices, Soviet Physics: 
Technical Physics 7, 467-469, 1962 (Ob élektromagnitnykh volnakh v magnito- 
aktivnoí plazme v oblasti bol'shikh pokazatclei prclomleniya, Zhurnal teknicheskoi 
fiziki 32, 644-647, 1962). 

[528] V. V. AnskNIN: Propagation of electromagnetic perturbations along a magnetic 
field in a rarcficd plasma (Rasprostranenie élcktromagnitnykh vozmushchenii 
vdol' magnitnogo polya v razrczhennoi plazme), Izvestiya vysshikh uchebnykh zave- 
denii: Radtofizika 5, 240-245, 1962. 

[529] J. BERGHAMMER: Landau damping of space-charge waves, Journal of Applied 
Physics 38, 1499-1504, 1962. 

l [530] B. B. Ronixsow and I. B. BERNSTEIN: A variational description of transport ple- 

nomena in a plasma, Annals of Physics 18, 110-169, 1962. 


532 References 


Although the publication of the English edition of the book has been delaycd, the author 
has not had an opportunity to bring the list of references up to date, and has therefore 
confined himself to mentioning a few recent papers, and a book, of which he is joint author 
and which relate to the subjects dealt with in the present book. 


[531] V. L. GrNzauna, V. V. ZHELEZNYAKOV and V. Ya. ÉipMax: The radiation of electro- 
magnetic waves and the instability of electrons moving at super-light velocity in à 
medium, Philosophical Magazine [8] 7, 451-458, 1962. 

[532] V. L. GixzBuRG and V. Ya. Eipman: Radiation reaction in the casc of media with 
negative absorption, Soviet Physics: JETP 16, 1316-1320, 1963 (O reaktsiiizluchcniya 
v sluchae sred s otritsatel'uym poglosheheniem, Zhurnal éksperimental noi i teoreti- 
cheskoi fiziki 48, 1865-1871, 1962). 

[533] V. L. Gryzpure and N. N. Mriman: On the dispersion relations for the refractive and 
absorption indices, Soviet Physics: JETP (in press) (O dispersionnykh sootnosheni- 
yakh dlya pokazatelci prelomleniya i pogloshcheniya, Zhurnal éksperimental noi i 
teoreticheskoi fizikt 46, 243—253, 1964). 

[534] V. L. GinzBure and V. V. PrsAREvA: Polarisation of the discrete sources of cosmic 
radio emission and the study of the Metagalaxy, the Galaxy and the space in thc 
neighbourhood of the Sun (Polyarizatsiya radioizlucheniya diskretnykh istochnikov 
i izuchenie metagalakticheskogo, galakticheskogo i okolosolnechnogo prostranstva), 
Izvestiya vysshikh uchebnykh zavedenit: Radiofizika 6, 877-888, 1963. 

[535] K. A. Barsuxov and V. L. GinzBura: The direction of the ray and the group velocity 
in an absorbing anisotropic medium (O napravlenii lucha i gruppovoi skorosti v 
pogloshchayushchei anizotropnoi srede), Izvestiya vysshikh uchebnykh zavedenii: 
Radiofizika ?, No. 6, 1964. 

[536] V. L. Grnzpure and S. I. SvnovaT.sxil: The Origin of Cosmic Rays (Proiskhozhdenie 
kosmicheskikh luchez), Moscow 1963. 


INDEX 


Acoustic waves 69—71 


Boltzmann equation 20ff. 
Breit and Tuve’s theorem 383 


Carrier wave vector 261 
Cherenkov 
absorption 139—147 
radiation 65, 126, 127 
Coefficient of absorption 55 
Collision frequency 14, 91 
critical 111 
effective 40ff. 
integral 20, 24 
Collisionless 
absorption 125—129, 417 
damping 65 
Combination frequencies 456—458 
Conductivity 5, 39—41; see also Permit- 
tivity, complex 
Conservation law in dispersive medium 


(App. B, C) 477ff. 
Corona, propagation of radio waves in 
401—420 


Cosmie conditions, propagation of radio 
waves in (VII) 400ff. 

Cross-modulation 452 

Cross-sections 25—26, 35, 41 


Damping 56, 65-69, 140 
collisionless 65 


Dead zone 383 
Debye 
length 27 


screening 26—29 
Deviating region 362n., 396 
Dielectric constant, see Permittivity 
Dispersion, see Spatial dispersion 
relations 53, 62—64, 466 
Distribution function 20, 22—25 
deviation from equilibrium form 37 to 
39 
Doppler broadening 126, 132, 136 


Effective 

field 15—17 

height of reflection 352—355, 374—378 
Electromagnetic wave propagation, 

absorption and emission 116—118 

fundamental theory (I) 1ff. 

in anisotropic dispersive medium 

(App. A) 461 ff. 
in homogeneous isotropic mcdium (II) 


12 ff. 
in homogeneous magnetoactive medium 
(II) 81ff. 


high-frequency 94ff. 
low-frequency 157 ff. 
in inhomogeneous isotropic medium 
(IV) 178ff. 
in inhomogeneous magnetoactive medium 
(V) 251 ff. 
various types of 9—11 
Electron density in various plasmas 2 
Elementary theory 12—15, 82—87, 91 to 
93, 430 —437 
Energy density in dispersive medium 240 
to 248, (App. B) 477 ff. 
Energy-flux vector 264—265 
Establishment time |. 357—358, 377—378 
Extraordinary wave 96, 97, 98, 252ff. 


Field 

effective 15—17 
equations 4ff. 
Frequency 


collision, see Collision frequency 
complex 57—58 


Geomagnetic ficld, dipole character 
of 398—399 

Geometrical optics approximation 
in isotropic medium — 180—192 
in magnetoactive medium 252—200 
for oblique incidence 207—209, 323—330 
in reflection from ionosphere 366--367 


533 


534 


Group 
delay time 231 
path length 231 
velocity 232 
in absorbing medium 248—250 
in magnetoactive medium 261—265, 
(App. A) 461ff. 
Gyration frequency 81 
Gyromagnetic resonance 90—93, 117, 167 
Gyrotropic medium 85, 264 


Height-frequency characteristics 353 to 
355, 375—377, 395—397 
High-frequency waves 94 ff. 


Homogeneous media, propagation in (II 


and III) 12ff. 
Hydromagnetic 
approximation 148—150 
waves 157—163 
Index 
of absorption 54ff., 94—98, 112 to 114, 
116 
of refraction 54ff., 94—95, 112 to 114. 
116 


imaginary 56 
with singularities 
Inhomogeneous 
layer 267—282 
media, propagation in (IV—V)  178ff. 
Interaction of plasma and electromagnetic 
waves 213—298, 416 
Interstellar medium, propagation of radio 
waves in 420—427 
Jonisation, degrec of, in various plasmas 2 
Ionosphere 
parameters 114—115, 346—358 
propagation in 344 ff. 
reflection from 187—188, (VI) 344 ff. 
Isotropic medium 7 
propagation in (II) 12ff., (IV) 178 ff. 


282—295 


Kinetic theory 20ff., 39—41, 61—64, 88 to 
90, 124—125, 437—444 
validity of 29—30 
Kirchhoff's law in magnetoactive plasma 
418—420 
Linear layer 193—198 
Longitudinal 
propagation 96, 109, 129 
waves, see Plasma waves . 


Index 


Lorentz polarisation term 16, 395n. 
Low-frequency waves  157ff. 
Luxembourg-Gor kii effect 452 


Magnetic 

bremsstrahlung 127n. 

dip 86n. 

field, effect of S81 ff. 
Magnetoacoustic waves 159 
Magnetoactive medium 85 

propagation in (III) 81 ff., (V) 251 ff. 
Martyn’s theorem 384 
Maxwellian distribution 21 


Microprocesses in plasmas 31—34 


Naturally active medium 85, 343 

Neutral particles, density of, in various 
plasmas 2 

Non-linear phenomena (VIII) 428ff. 

Normal waves 97, 105—110, 260 

Notation  xvii—xix 


incidence 205—212, 214—220, 
322—344, 378—386, 397—398 
One-dimensional problems  6ff. 

Optical path length 231 

Ordinary wave 96, 97, 98, 252 ff. 


Oblique 


Parabolic layer 
369 
Peaking of field 293—295 
Permeability of plasma 19—20 
Permittivity 5 
complex 5—6, 47—56 
elementary derivation 
82—87, 91—93 
validity of 18—19, 83, 90, 93, 110 
kinetic theory 39—41, 88—90 


198—200, 355—358, 368 to 


of 12-165, 


at low frequencies 47—49 
tensor 82—93 
Perturbation method 189, 298—303 
Phase 


delay time 231 

integral method |. 311—315 

velocity 55, 232, 261 
Plane-parallel media 178 ff. 
Plane waves 7ff.. 94 ff. 

inhomogeneous 54 
Plasma 

dynamics 148—156 

frequency 8 


Index 


Plasma 
oscillations 8-9 
parameters 2-3 


in strong electric field | 21—22 
waves 8—9, 58ff., 223—227 
in magnetoactive plasma 
Plasmas 
homogeneous 
isotropic (IT) 12ff. 
magnetoactive (IIT) 
inhomogeneous 
isotropic (IV) 178 ff. 
magnetoactive(V) 251ff. 
properties of 3—4 
wave propagation in 1ff. 
Polarisation 
coefficients 103 
limiting 275—282 
in longitudinal and transverse propaga- 
tion 97—98 
of extraordinary and ordinary waves 
103—105, 107—108, 253-254 


123—124 


81 ff. 


term 16, 395n. 
Precursor 233 
Pulses 


propagation of 
in isotropic medium 
to 250 
in magnetoactive medium 
spreading of 233—238, 261 


229—240, 248 


260—267 


Quasihydrodynamic method 71—74, 121 
to 124, 150—156, 163—167, 226 

Quasilongitudinal and quasitransversc pro- 
pagation 110—111, 264, 396 to 
397 


Radio wave propagation 
in corona 401—420 
in interstellar medium 420—427 


Ray 
paths 331—337, 379, 391—395 
treatment | 208—209, 260, 264—265. 
378—389 


Reciprocity theorem 340—344 


535 


Reflection of waves 
effective height of 352—355, 374--378 
from arbitrary layer 348—352 
from inhomogencous layer 267—274 
from ionospheric layers 187—188, (VJ) 
345 ff. 
Refractive index, see Index of refraction 
Resonance 133—139 
gyromagnctic 90—93, 117, 167 
Rotation of plane of polarisation 425—427 


Self-interaction 448—452 
Signal veloeity in absorbing medium 
248—250 
Skin layer 57 
Slowing-down time 34—37 
Solar corona, see Corona 
Spatial dispersion 9, 56 
allowance for 58ff., 343—344. (App. C) 
496 ff. 
inanisotropic medium 
(App. A) 461 ff. 
in inhomogeneous medium 
222, 295 
kinetic theory 61—64 
Summaries of principal formulac 
173—177 
Symmetrical layer 


120—121, 295, 


320 to 


75—80, 


202—204 


2—3 


1211. 


Temperature of various plasmas 
Thermal motion, allowance for 
169—173, 224—227 

Total refleetion 186—188, 208 
Transition layer 204—205 
Transport cross-section 24 ff. 
‘Transverse propagation 97, 109 
Tripling of reflected signals 

at normal incidence 295—322 

at oblique incidence 337-339 
'wo-temperature plasma 71-74 


Variational method 303-311 


Wave(s), see Electromagnetic waves; see 
also various types of waves 
normal paths 330—337 
packet 132; sce also Pulses 
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